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Abstract
A Comparison of Price Controls and Quantity

Controls Under Uncertainty

Gary Wynn Yohe

:

1.

i Yale University
8

— - 4-«'5

May 1975

The prices-quantities comparison is conducted within a cost-benefit

model in which the output of a profit maximizing enterp~‘=e is to be

controlled. The regulator is constrained to the issuan of either one

price order or one quantity order, determining that cont. ,1 specification

by maximizing expected benefits minus costs. Uncertainty is introduced
from three separate sources: imprecise knowledge of the ;oét fap& benefit
functions themselves, the possibility that a quantity order from the
center will not be fi;led exactly, and the chance that the quantity con-
sumed need not equal the quantity actually produced. Any pollution
example provides motivation for the final source of uncertainty. The

- vehicle of comparison is the comparative advantage of prices over quan-
tities, defined to be the expected value of the algebraic difference
between the level of benefits minus costs achieved with price controls
and the corresponding level achieved with quantity controls.

Throughout a variety of models, including the regulation of the
;:otal output of an industry of producers of the same good, the simul-
taneous control of complements, substitutes, and joint products, and the
regulation of an intermediate good imbedded in a vertically integrated
hierarchy, the variance of output is shown to be a crucial factor. The

decision-maker whose output ~decision is subject to the smaller variance,

| Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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taking into account the amplifying-dampening effects of any non-zero
correlations between the various sources of uncertainty, should, in
general, make the quantity deciéion. The importance of the result to
social welfare depends upon the relative curvatures of the two parts

of the social loss function: benefits and costs. The propriety of
mixing controls over an industry is similarly shown to hinge on the
existence of a firm for which the opposite mode of cc;ntrol is preferred
when that single firm is considered in the context of its position in
the industry. That position is defined by the fraction of tofal output
for which it is responsible and the correlation of its uncertainties
with the uncertainties facing the other firms. The induced effects of
output variation in one good on the marginal costs and benefits of a
second ncnseparéble good must be considered when either of Quch-dependent
goods is to be controlled. The elasticity of substitution in production
is.also shown to influence the importance of the benefit side of the
prices-quantities comparison when the control of an intermediate good

is contemplated.
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- Chapter One
INTRODUCTION

Most western economists prefer price control over direct quantity
intervention whenever an economic éctivity requires outside regulation.
Their preference for tariffs over any quantitative trade restriction is
formally recorded in the General Agreement on Tariffs and Trade. When
it was necessary to conserve fuel last winter, most economists similarly
argued for ta# increases instead of rationing; if rationing were to be
impos_ed, they recommended that the ration tickets be marketable at the
very least. This general preference for prices exists despi_.té the theo-
retical equivalgnce of price and quéntity contrcls under perfect cer-
tainty and knowledge. The presumption that price controls are better
must be founded, therefore, upon the observed breakdown of one of the

two qualifying assumptions. We propose to study the validity of this

presumption, and while we will focus our attention primarily on the in-

fluences of uncertainty on the prices-quantities choice, we will also
note the similar effects of imperfect information in s'everal important
cases.,

Recent comparative systems literature has given considox;abie effort
to the understanding of the relative merits of prices and quantities as
economy-wide planning tools. When we ask whether to impose a tariff or |
a quota (eg.), hdever. we are not taking the macro perspective of this
literature, but rather focusing on the regulation of a limited range of

goods. Professor Martin Weitzman was the firat to construct the pricea-

-

-l-
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quantities ccmparison on this micro scale in 1973;1 the present volume
is a formal extension of his pioneering work in several illuminating

directions. We begin, therefore, with a cursory review of the major -

arguments advanced for the general use of price controls in this more
restricted context,

it is sometimes supposed that price controls have the inherent
advantage that producers, being rewarded for positive profits, strive
to maximize those profits., If these same producers Lear .'.xy portion of
costs themselves, however, they are similarly motivated to minimize costs

when required to produce a given quantity. The equivalence of these two

responses, assuming normal convexities, is a straightforward derivative
of elementary principies. .

If we expand our model to include many firms producing a single
good whose total output is to be regulated, a second argument for price

~ control proposes an "economy of information" for prices over quantities.
We can easily see that the computation of an optimal price is no less .

- involved than the corresponding computation of an optimal quantity menu.
In both cases, the output of each firm must be determined to guarantee
that total output is indeed equal to the p?escribed level, The informa-
tional advantage, then, must lie in tﬁe need té communicate an individual
quant’ity order to each firm rather than posting a single price order for
all to see. Yet, as many authors have noted, to realistically modgl the
control of the total output of such a collection of firms, we must postu-
late some kind of iterative determination of the optimal orders. The

center must then receive a quantity response to the given price order

lyartin Weitzman, "Prices vs. Quantities," MIT Discussion Paper,
April 1973,
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from each firm, just as it must receive a marginal cost respdnse to each
quantity specification. A network of infomationa:l flows between the
center and each of the firms must therefore be established under eifhér
mode; it would be surprising if the additiohal cost of using that net-
work twice rather than once were significant.

Were price controls universally preferable to quantity contmls;
one would indeed expect to see many 'examples of multileveled firms and
governmental age_ncies administered by a collection of transfer prices
set into a structure of personal self-interest. We observe, however,
the exact opposite. This simple observation is perhaps the strongest
justification for rejecting a universal presumption towards prices,
and therefore the strongest reason for raising our question. .In some
cases, institutional constraints will surely preclude one of thé two
possible controls. Once wé have concluded that there‘does not exist a
transcendent rationale for harboring a general bias towards one or the
other mode of control, it becomes meaningful to seek economic criteria
. which may be applied, on a case by case basis, to construct economically
valid comparisons of prices and quant.iies. |

To that end, we postulate a central governing body, the center,
that acts in the best interest of its population by setting either price
controls or quantity controls on produétive activity under its jurisdic-
tion so as to maximize benefits minus costs, In veaponae to a price
order, the periphery--the individual preduction units under the center's
control--determines its output by maximizing profits; in yeaponse to a
quantity order, it simply minimizes the costs of producing that required

output, We have chosen & cost-benefit framework because it facilitates
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&etailed interpretation of the results. If; should be clear, however,
that any well-behaved loss function could be employed in its place.

The first area of uncertainty that we will consider lies i.n,thé :
specification of the benefit and cost functions themselves. Day to da
disturbances in production and other elements of pure randomness surely
affect costs. We will be considering random effects that occur before
the periphery makes an output decision, but after the center issues an
output or price order. The periphery can therefore maximize actual
profits in response to both these random effécts and the price order;
the center can maximize only expected benefits minus costs in deter- .
mining the single order that it will issue. We require that the center
be unable té change that order as the production period proceeds and the
relevant random variables become known. Such a molel is the logical ex-
treme of the notion that the periphery has more information upon which
to base a quantity deéision. While this is surely a restrictive model,
it does allow us to concentrate upon the prices-quantities comparison
. in the absence of the distracting complications created by any of the
various control revision schemes that could be devised. Since only the
center respohds to benefits, on the other hand, we can treat the socially
unknown aspects of thé benefit function in addition to the random shocks
that naturally influence benefits. o |

By way of illustration, consider the regulation of the sulfur
‘dioxide emissions from a power plant. If power and sulfur d.i.oa?ide are
produced in fixed proportions, the simple model that we have presented
to this point is perfectly applicable., Costs may be uncertain due to

the uncertain reliability of technology, a dependence on weather for

| Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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the efficient operation of the effluent cleansing 'appératus, and the
_sulfur content of the fuel. Benefits are even more uncertain due to
their dependence on a myriéd of atmospheric variables, the ever-chaizging
maké-up. of the poﬁulation affected, and the impredisely specified polln-
tant disage response curve. Quite obviously, the random variables in-
fluencing costs and benefits may be identical, or if different, they
may be independent, positively, or negatively correlated.

It seems reasonable to suppose that the quantity ordered by the
center, or by the plant manager, need not be the quantity that is ac-
tually produced. For example, shortages in inputs, equipment failures,
and labor disputes only begin a list of variables that could cause output
to fall short of its target, despite the best efforts of the plant ad-
ministration. We will therefore attempt to incorporate these uncertain-
ties into the model. Notice that these variables could also affect
costs, so that they will appear not only as an output distortiom, but
also as an element in the cost function. N

The third source of uncertainty with which we will deal is 'primarilyb
motivated by the pollution example noted above. In that case, the amount
of sulfur dioxide that anyone breathes is related to the amount emitted
by the power planf by a weather-dependent diffﬁsion equation. Thus, we
have an example in which there exists ; random distortion between the
quantity produced, the quantity that enters the cost function, and the
quantity actually consumed, the quantity that enters the benefit function.
Inspired by the impértance of this application, we will explore the
effeéts of this uncertainty fully.

Finally, because they are of great practical importance, we will

‘V-Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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be concerned with errors in the observation of marg.i.nél cost, Such
errors are mathematically a simple extension of‘thg first group of un-
certainties listed above, however, and do not require extensive analyéis
in isolation. To see this point, suppose that in simultaneous respbnse
to a price order p and a vector of random variables ¥, a firm selects
its output q by maximizing profits. In that case, p = 01(6,3). | How-
ever, if the fim is in error in measuring marginal costs, we have
instead that p = Cl( 51,.5) + € where € represents that error. Alterna-
ti#ely, we may assume that marginal costs are:of the form cl(q;ﬁ) + €,
Notice that the periphery is umable to observe € before it makes its
quantity response to the price order and must, therefore, maximize the
conditional expectation of profits, given the values of ] it observes.
We may further spécify the problem by allowing the periphery a more
accurate subjective distribution for € than the center.

As we have already noted, we will conduct our comparison in a
cost-benefit model that will be molded into a variety of forms. Follow-
. ing the 1eéd of Professor Weitzman, we represent both costs and benefits
by a specially devised second order Taylor approximation. We will be

careful, however, to note when this assumption causes us to overlook

a significant third order effect. The vehicle of comparison is the same -

"comparative advantage of pr:i.ces-. over éuantities" defined by Weitzman.
This statistic is the expected value of the algebraic difference between
the level of benefits minus costs achieved under price control and the
corresponding level aéhiéved under quantity control. If the comparative
advantage is positive, then prices are preferred; if if is negative,

then quantities.

Réproduced with permission of the copyright owner. Further rep
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After this brief introduction, Chapter 2 will préseht the one firm,
one good case, The simplicity of this case makes it the best forum for .
a detailed description of the various sources of uncertaint& listed. |
above, as _wéll as the introduction of the formal Taylor approximations
of costs and benefits. The one firm assumption also affords us the
opportunity of presenting geometric illustrations of the forces influ-
encing the comparative advantage of prices. Despite the obvious narrow-
ness of this example, it is not without significant results; in fact,
the crucial :mfluence of output variation on the prices-quantities com-
parison is most eas;ly understood in the absence of cross terms and
multiple producers.

.- Oup first extension will be to increase the number of firms that
produce a single output (Chapter 3). Output variation remains .c;'.t'ucial,
but we must recognize that each firm can influence only a fraction of
total ou*!;puf. In response to this modification, one section will deal

with the possibility of mixed control over the group of firms; that is,

. We evaluate controlling some of the firms by prices and the rest by

quantities. The effect of the number of firms on the comparative advan-
tage of prices will also be investigated.

A second extension will be the simultaneous regulation of two or
more goods (Chapter 4). We will first\ trace the influence of indepen—
dently produced complements and substitutes on the control decisions,
taken jointly and individually. Secondly, we will study the .regulation
of joint products of the same production process, paying'partiéular

attention to the various sources of substitutability this model allows

us.



Perhaps thg most imporfant generalization of our ‘-ini'tial model is
the insertion of the regulated commodity into a vertically integrated
production pfocess (Chapter 5). In this case, if 'ﬁe conlnod:lty to be.' ‘
controlled is an intermediate good, it enters the benefit function only
indirectly, through the final good of the prdcess. One should expect
that the elasticity of substitution between inputs will play a signifi-
cant role in determining variation in the output of the final good given
any particular variation in the delivery of the controlled intermediate
good. That expectation is extensively explored. We will also detect
circumstances in which either mode of control creates sufficient pressure
for a firm to profitably avoid that control by producing its own inputs,
and provide policy alternatives to alleviate such pressuie when it
occurs.

A casual study of automobile emission standards will be conducted
throughout the dissertation as an expanding example of the potential
applicability of the analysis in each step of its completion. Despite
~ its casual nature, however, this study will simultaneously demonstrate
that automobile emission control is a tractible and timely application

that should be, pursued with far greater precision.

. ip;(‘)duc‘:ed with permission of the copyright owner. Further reproduction prohibited without permission.
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Chapter Two

THE REGULATION OF ONE FIRM PRODUCING ONE GOOD

We begin our discussion with the one firm/one product case. The

various sources of uncertainty that will come under our scrutiny are

m&st easily introduced in this simple czse. The fundamental economics
underlying the prices-quantities comparison are similarly most accessg~
ible when they are not camouflaged by the interdependencies of more com-
plicated models. We will find, hpwever, that despite the obvious
naiveté of the simi)le model, the results derived in this chapter are
extremely robust. There is no sacrifice of general validity for the

expositional ease afforded us by the simplicity.

Section 2.1: Uncertainty in the Cost and Benefit Functions

2.1.1: A Geometric Presentation of the Basic Weitzman Hodel2

The one firm Weitzman model ﬁostulates costs and benefits, denoted
by C and B respectively, depending explicitly on two random variables,
0 and n respectively, as well as the quantity of a particular good, q,

being produced:

w
u

B(q,n)

(o]
L

C(q,8)

2This subsection will reproduce the Weitzman result from a geometric
basis. We do not, however, follow his convention and assume that the ran-
dom disturbances of costs and benefits are independent. Nonetheless, the
analysis is fundamentally Weitzman's; the geometry evolved in private
discussions with Professors Montias and Brainard at Yale University.

-9-
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6 and n are envisioned to represent random states of nature that disturb
costs and benefits. They are assumed to be ex ante unobéerved dis‘-' |
turbances in the functions as viewed by the central fegulating body that
are jointly distributed by fen(e_,n). The center will attempt to set the
production of q at the socially optimal level (i.e,, the level that
maximizes benefits minus costs) by issuing either a quantity order or a
price order, despite the uncertainty of the economic environment. Thé

periphery, however, is capable of observing the disturbance in the cost

function before it makes its profit maximizing output decision. Under -
this assumption, the periphery is not interested in the benefit side of
thé social loss function; thus n can be thought to also reflect impre-
cise knowledge of the benefit function. The situation we have described
is the logical extreme of the notion that the periphery possesses better
information about costs than the center simply because it is closer to
the aéfual production process. It remains only to specify the mathe-~

matical characterization of the model. We assume that

Bu(q’n) < 05 V(q,n);

Cn(q,e) > 0; V(q,0);

cl(q,e) & Bl(q,n). > 0; V(q,8) & (q,n);
Bl(O,'n) > Cl(0,0); V(e,n); and

3M such that q > M implies Bl(q,n) < Cl(q,e)

for any (6,n).

The first best instruments of control are contingency messages

RS
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p*(8,n) and q*(6,n) that satisfy the condition that
Bl[q*(e,n),nl = cltqﬁ(a,n),el = p*(6,n).

These contingency orders have clearly transformed ex ante uncertainty

into ex post certainty. Observe further that the quantity decisions

under both modes of control are characterized by price equals marginal
cost.3 The two means of regulation are therefore perfectiy equivalent.

Practical considerations render such contingency messages entirely
infeasible, and we turn to a "second best" problem of finding the single
price or quantity order that optimally regulates production. The social-
ly optimal quantity instrument, c'io, then maximizes expected benefits

- minus expected costs and is characterized by

E(Marginal Cost) = E[C,(3_,8)]

E[B,(3,,n)]

E(Marginal Benefits).

ﬁ ’ To determine the optimal price order, the center must know how the
periphéral firm will react to any given price, p. That firm still
reacts precisely to 0 in making its output decision q(8,p), and maxi-

mizes profits by setting

Def:mmg q*[p*(e,n),8] to be the profit maximizing quanti.ty to
p*(e,n) we have that ,

c [q*(p*[ﬂ,n] 8)] = p*(e,n) = C,[q*(e,n),61].

The strict concavity of costs then implies that q*[p*(6,n),8] is pre-
cisely q®*(9, n)

Repfoduced with permission of the copyright owner. Further reproduction prohibited without permission.
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cl[q(p,e),e] = p. (2.1.1)

We may summarize this behavior by writing the firm's price reaction

function:
q(p,8) = h(p,8).

We have assumed that the center knows this function and selects the
price order, p, that will again maximize expected benefits minus costs.

The first order condition of this maximization can be reduced to

) Enlfhcﬁ,e),n] . h1(§,8)

P - Ehl(ﬁge) (2.1-2)

by using (2.1.1).

Given the optimal price order implicitly defined by (2.1.2), the
profit maximizing output is q(8) = h(p,0). Note that except in cases
of negligible probability', price control will surely yield a different
level of production than will the corresponding quantity control. 1In

addition, except in cases of zero probébility,

Bl(ao,n) # cl(ao,e), and
Bl[a(e),n] # clti(e),e)

for the duration of the planning period; that is, without extraordinarily
good fortune, neither mode of control yields an ex -B_gsitoptimun output.
The entire question is therefore re.dﬁced to determining which of the

two comes gloser. Weitzman responds to that query by computing the

"comparative advantage of prices over quantities," designated by A in

REed
————— e
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the following definition:

E(B(qlel,n)-C(ql06],0)] - B[B(ﬁo,n)-C(ﬁo,e)l = A (2.1.3)

When A is positive, prices are preferred; when it is negative, quantities.
Expanding both the cost and benefit functions around &o renders the

mathematics of computing A tractible. We assume that the variances of

the random variables are sufficiently small to justify halting both
approximations after three terms. Throughout the dissertétion, however,
' attempts will be made to discuss any economically significant third

order effects that are missed by our second order equations. In summary,

we assume that

C(q,8) = a(8) + [C'+a(8)1(a-3,) + 3 C;(q-4 )> (2.1.5a)

where we define
a(8) = C(q_,e),
c' = E[c(q,8)], and
a(8) = cl(ao,e)‘- c'.
The form of the benefit function is similap:™
1

B(g,n) = b(n) + [B'+8(n)X(q-§,) + 3 By,(a-4 )% (2.1.4b)

Notice that implicit in equations (2.1.4) is the assumption that

e similarly define b(n) = B(&o,n), B' « EBi(io.n), and

'ﬁeproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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cll(ao’e) and Bu_(io,n) are independent of the random variables 0 and n,
respectively. In a ne:‘.ghborhbod of io, marginal costs and marginal bene-
fits are therefore assumed to be linear functions of q in.which uncertain-

ty appears only in the verticle intercepts:
Cy(a,8) = C' + a(8) + Cjy(q-q) - (2.1.5a)
By(q,n) = B' + B(n) + B, (q-q,) (2.1.5b)

These assumptions will now be extended to global dimensiomns fozf the sake
of geometric exposition. We should always keep in mind that we are
formally constrained to a neighborhood of &o.

As a first example, suppose that benefits are devoid of uncertainty.
Figure (2.1) illustrates the situation for an arbitrary value of 8. The
optimal output, q opt(s)’ occurs at the intersection of marginal benefits

and marginal costs for the given 8. Area 1 therefore represents the loss.

under price control by p when 8 occurs;5 area 2, the loss under quantity
control by c'io One result is particularly striking in this example.
Assume for the moment that By, = -Cy,. Referring to Figure (2.1), we

can see that ¥(fac) = ¥(fec) and, as a result, A(fac) is congruent to

A SThe optimal price order, p, equals EB.(q ,n) for the following
reason. The reaction function of the firm 1s given by (2.1.5a); since
h,; (p,8) = (1/011), equation (2.1.2) reads

~ _ - p-a(6)-C'
1'% Ty

so that p = B' = C', By the definition of B', then, EBl(ao.n) equals p.

n)
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A(fec) by angle-angle-side. Consequently, length ;equals length ec
and since ¥(bac) = ¥(dec), A(abe) is similarly cqngrueht to A(ced).
Area 1 is therefore precisely equal to area 2. Since neither Bll nor

¢

taken by 6; both modes of control will always involve equal losses. We

, vary with 8, the areas in question are equal regardless of the value

expect, therefore, that under the equality of °11 and -Bll’ the center
will be indifferent between the two methods of regulation; i.e., that ‘
A =0.

Figure (2.2) reverses the crucial assumption; costs are now certain
and benefits are subject to a random disturbance indexed by n. The

reaction function of the firm is no longer stochastic and we can see

from the graph that q o and h(p) always coincide. The variance in benefits
must therefore be affecting bothN modes of control equally; we should not
expect terms in the comparative advantage of prices to contain terms
derived solely from the random variable n. In addition, we zhould ex-
pect that the center is indifferent between the two controls when, as in
- this case, costs are certain.

Turning to the general case in which uncertainty exists in both.

functions, we can produce the Weitzman result directly from the geometz'y' :

and confirm the intuitivé expectations developevd in the previous two
examples. Selecting n and @ arbitrariiy, we construct Figure (2.3) by
graphing the marginal functions along side their expected values. The
important points, &o, a°P*(5,n), q(0), and p, are all determined as
before. Observe that length AD equals length EF because'expectad mar-
ginal costs and marginal costs given 8 are parallel. By definition,

C,, = tan(¥%ADG), and we have that

1l

iR
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cll = tan(¥ADG)
= (AG/AD)
= (AG/EF)
Thus, |
Ci;1 ° [a(é)/(&o-&tél)l.

Since 8 was arbitrarily selected, we have demonstrated that
- A Tt
q(e) 'qo [a\e)/cn] (2.1.6)

Equation (2.1.6) is the reaction function of the firm to the random
variable 6 given the optimal price order p. We are now able to compute

the comparative advantage of prices with the aid of Figure (2.3). On

that graph, -(area 2) is the loss in benefits over costs sustained by
producing at q(8) rather than at qopt( 8,n); (area 1), the loss from
excess costs over benefits sustained by producing at &o We can define

the conditional comparative advantage of prices given & and n to be

(-area 2) + (area 1).

ACB,n)

More precisely, 3
o
a(8,n) = - I [B,(q,n) - C(q,8)1dq

q(e)

The center, however, is interested in the expected value of these con-

ditional statistics so that the completé calculation is:

h';.-'—'—-—-—'-‘—”'““ S e e e e ce———— e s s - et o e W B . .
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%

-E I [8,(q,n) - €,(q,8)] dq

[~
1]

q(8)

n

2C. .E[a(6)] B,,-C
- [- Y - [ n u B[a(9)32] + 528 . g(n))
23, 2], J n .

'g(e)] + Cov [-'—g-(-e-)- s BNl . (2.1.7)
11 n |

1
5-(311 + °11) Var [

In both of the special examples discussed above, either costs or
benefits were known wit_h certainty. As a result, COv[(u[e]/Cll);a(n)ko
and we observe that as predicted, A is indeed zero either wl;ex; Bll = -Cu
or when costs are perfectly certain (Var[-a(e)/C_u] = 0). We can also
note that random disturbances in the benefit function do not influence
A at all. The reason for this second result lies in the reaction of the
firm at the periphery to costs only. It can be demonstrated that were

" the firm publicly minded and set price equal to marginal benefits rather

than marginal costs, [Var(-8[nl/B,,)] would replace [Var(-a[€]/C;,)] in

(2.1.7). In either case, however, the term in question represents the
variance in output under the price regime.

We are beginning to see that the variation of output under price
controls plays a crucial role in the comparison of prices and quantities.,
The convexity of the benefit function implies that the expected value

of benefits under price regulation is less than the level of benefits

that would be achieved if the mean of the price induced quantities were

produced with certainty. This loss will increase as the curvature of

"Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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_ the benefit function increases (Bil —_—e w),
We can illustrate these points with a graph of a simple example.
~ Suppose that 6 L and 8, are two equally probable states of nature affect-
ing costs and that these states exhaust the realm of possibility. Assume
further that q(el) = c'io - L and q(ez) = &o + L. If benefits are certain,
we need only compare (l/2)fB(&°-L) + B(&°+L)] with B(&o); that is, we
compare point B with point A in Figure (2.4). Output variation under
prices has ciearly created a loss in benefits. Furthermore, as the
benefit function becomes more curved, the loss is accentuated; we see
easily that AB < AB', | |
A similar result is true on the cost side. The concavity of the
.cost functio.n implies that the expected value of costs under price regu-
lation is greater than the level of costs that would be incurred if the
mean of the price induced quantities were produced with certainty. This
loss is also increased as the curvature of the cost function increases

(C,, — =). When we regulate production by prices, therefore, we

11
- encounter these two losses to the degree dictatedlv by the curvatures of -
the functions and the variance in output. There is, in addition, an
efficiency gain in guaranteeing that price is always equal to marginal
cost. These three effects are summarized in the first term of equation
(2.1.7). | |

The second term of (2.1.7) registers the covariance of output varia-
tion under prices and the marginal benefit function. If this covariance
is positive, output tends to increase as the benefit ﬁmétion reflects

an increased desire for the good. Since this is the correct direction

for output to move, we note-a positive bias in favor of prices. An
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opposite bias toward quanfities is’vsimila‘rly recognized when the co-
variance is negative and output tends to ﬁove against henef.i;ts.

We end this subsection by examining the implications of allowing
the curvatures of the cost and benefit functions to approach their ex-
tremes. The following expressions record thé results:

lim ‘ |

B+ - A=-w | (2.1.8a)

>
u
!

8

C,,+> 0 (2.1.8b)

= C, ,Var(22 ) + Cov(a= :8)
Bj;* 0 11 c:]‘_l | cu’ (2.1.8¢c)

C..rm 8=0 (2.1.8d)

In light of our previous discussion on the .influence of increased curva- .
ture on the loss produced by output variation, equations (2.1.8a) and
(2.1.8¢c) are no surprise. Variation is extremely harmful when IBul is

| large énd of little consequence when | Blll is small, Notice that
(2.1.8c) implies that the efficiency gain must always exceed the loss
registered by costs due to outpﬁt variation, regardless of the valueA of

as the limiting factor may, however, be a small

C The role of Cl

11 1
mystery; we have neglected the effect of Cn on the magnitude of the
output variation itself.

The effect of a cost disturbance on output when marginal cost is

steep (Cu is large) can be compared graphically to the effect of an

equal disturbance when marginal cost is flat (C,, is small). Figure (2.5)
T 11 '
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illustrates the situation and reveals that the smaller °11 becomes, the
- larger are the changes in output produced by cost fluctuation. The ex-
treme bcases are then quite easily explained. As marginal cost apbmaches
the horizontal, output variation in response to cost disturbances becomes
infinite and quantity control is surely preferred. The gecmetry has
generated equation (2.1.8b). Similax'ly;, as marginal cost nears the
vertical, output variation disappearc and both modes of controi yield

an output of &o;s equation (2.1.8d) accurately predicts 'indifference.7

®From (2.1.6) and the definition of a(B), it is clear that Eq(0)

equals &o’ , :
Tas C,, increases arbi{:rarily, Cov 69- 38) also disappears.
11
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.In summary, there are three important cases:
1) A is driven negative (and thus quantity coritrols ‘
more preferre_d) as, in the neighborhood of ao,' ,
either the cost function approaches a straight
line, or the benefit function becomes more

sharply curved (either C,, *O0or B, +- ®),

2) If costs and benefits are independent, A is
driven positive (and thus price control more
favored) as, in the same neighborﬁood, the bene-

fit function becomes a straight line (B.'Ll + 0).

3) A is driven to zero from above (and thus the -
center is indifferent between controls) as the
cost function becomes more sharply curved

+> =),

(cll

Most of the specific examples that Weitzman cites conform well to the

. conditions of the first sentence., For a productibn' process that is most
accurately described in terms of an activity analysis model, €y =0
except at a finite number of points where marginal costs are undefined
and statement 1 is relevant. When a pollutant :I'_.S‘ to be regulated near
the critical level in the dosage response curve, Bll is very large in
absolute value and statement 1 again applies. The simple model that we
have discusséd thus far can be applied to pollution examples only if the
pollutant and the product of the polluting p.rocess_‘always occur in fixed

proportions so that they may be thought of as one good. Thé benefit
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function can then accurately summarize the value of the product as well -
as the harm of the pollutant. The very same argument vis-a-vis Bll‘ can -
bé casually applied to the case of an intermediate good with no available
close substitute in production; this is tﬁe "Genefal Motors: case" and the
prediction given by A < 0 conforms well with the actual confrol practices
of General Motors (or the Soviet ec-:onomy).8 On the other hand, if we
consider a final good (an intermediate good) with a very close substitute

in consumption. (in production), then, in this context, Bll is nearly zero

and statement 2 suggests that price controls are superior.
2.1.2: Errors in Observing Costs

The errors we intend to study in this subsection can be thought to
.arise from either incorrect measurement of, or unobserved random dis-
turbances in, marginal costs. In either case, we represent them as
additive distortions of the marginal cost schedule and index them By e;

that is
él(q,e.e) = cl(q,e) + e

where Cl(q,e) is the marginal cost function described in the previous

subsection, Total costs are then of the form

C(q,08,¢) = C(q,0) + eq , (2.1.9)

8'x'he following explanation of the "General Motors" case has been

suggested to me verbally. The heads of management at GM are worried pri- .
marily about total sales and are extremely risk averse., It is this large
risk aversion that is indicated in our model by a large absolute value in
B.,.  Although the validity-of this observation requires further investi-
g%%ion, it does illustrate an important point. The benefit function in
our model need not reflect a social welfare function; rather, it can simply
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for both the center and the peripheral firm. We assume further that
difference, however, lies neither in the source of the errors nor in .

is unable to observe e before it makes its output decision in response
to a price order p. The firm must therefore observe 6 and select its -
output, q(p,8), by maximizing the conditional expectation of profits.

It solves, in the context of our model, the following problem:

a(p.0) (Pa(P:0) - J I [C(qlp,6],8) + eq(p,8)] £(n,e:0)dnde} (2.1.10)

en

where

£ ane(0sM s€) ]

[ [ £(8,n,e)dedn
ne

f(n,e:0) = [

is the conditional distribution of (n,e) given 6.

Evaluating (2.1.10) reveals that the reaction function of the firm

to any price order, p, is implicitly defined by

C' + a(e) + C,,[q(p,0) - q_1 + Ege. (2.1.11)

The notation E e(---) in (2.1.11) represents the integral operator

ff (--=) f(n,e:08)dedn,
n e
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Rearranging, we have that

p-c¢' -a(d) -E

afp,0) = q_ +
- % 1)

ee
2 h(p,H8) (2.1.12)

and finally that

h, (p,0) = (1/C);) | (2.1.13)

is non-stochastic.

We can now easily deduce the behavior by the center, haiingﬂthe com-
plete characterization of the peripheral reaction function to any price
order at hand. The loss for any quaﬂtitz order, q, is geometrically
represented by the shaded area in Figure (2.6); 8, n, and € have been

selected arbitrarily. Algebraically, that area is

a%P%(5,n,)

~ |[B,(q,n)-C,(q,B)-€]dq = L(q;8,n,e).

q
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The center seeks to minimize the expected value of such losses when it
sets its optimal quantity order, q; the relevant first order condition is
= ? - ! - - - o - s

0 = E{B' + Bny -~ € a(6) - e + (B, Cyy) (q qe)}.
" As a result,
'—""""_) . | (2.1. 1“)
The optimal price order is computed by combining equations (2.1.2),

(2.1.12), and (2.1.13):

. _ EB;[h(p,8),n] * h,(5,0)

Eh,(p,0)
= EB,[h(p,8),n]
o P-c'-al®) Ee g
= B! + Bl]_ ( C ). (2.2.15)
11
. Since B' = C', equation (2.1.15) reduces to
B. .
B =Cl 4 (G—Tte—) Ee,
: 11 11

and the peripheral response curve for the optimal price order is

E,e B, ,Ee
O = R R e (2.1.16)
un Cn o’ CaBptn

gIn deriving (2.1.15), we use the fact that E(Eee) = Ee. The proof
is immediate., '

R
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The comparative advantage of prices is now available:

‘a

q
A,=-E [ [Bl(q,n) - Cl(q,e) - eldq
a(e)
- a(0) - -
W%T % %

11 ;
- E {[ (Bl -C - e)dg + | (B -Cl)dq - | edq + | (B B,~C -e)dq}

__e

(o] °11

60"——'
dn)h—-—-\p)

q(e)

No BRI e

2.
i

The second integral is familiar; equation (2.1.7) records its solution:

-a(8) a(O)

Cn

%(sn +Cy;) Var( ) + cov(-22. 3.

. We refer the reader to the last pages of subsection (2.1.1) for detailed
interpretation of these terms. The other three integrals, although thgy
are most easily solved when confronted individually, should be inter- |
preted together. The first is the most difficult:

: - a :

(o] Cll

(Bl - cl - e)dg
q(e) -

' Ege Eqe By Ee
P s LBy gt - el e

E,e B, .Ee ’ a*E_e

1 ) 11 )
= 5 (B,,-C.. X[ g——-] + 2 )},
2 "Y1 11 c11 C, (B11 11) . 2 }
11
D ‘ | (2.1.17)
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We demonstrate in a footnote that E(eE,e) B(Eee)2.lo Equation (2.1.17)

can therefore be reduced in the following manner:ll

10e need to show that E(eEee) = B(Eee)z. Notationally,

£, _(6,n,¢) '
one *°? -
Ee=ffe (———??———-—j———-ddcdn £ [[ ¢ £(n,e:6)dedn
0 ne ff o ,n,e)dedn ne .
ne
. Then, we can observe the following sequence of equations:

EeEge) [[f Le [ ¢ £(n,e:8)dedn] Fone® M se)dedodn
ne : .

noe

[ Tff e £(n,e:0)dedn] [f e £(8,n,e)dedndo
0 ne : ne .

| UEge) ff e £n,e:0)(ff £L6,n,eldedn)dedn]de
0 ne ne .

since

£ (8,n,e) = f(n,e:0) ff £(8,n,e)dedn.
e’"’e . ne

Because

f] £(6,n,e)dedn
ne

is not a function of ¢ and n,

E(eEge) = {(Eee)(nac) ££ £g.n, e 82ns€)dedndo
= [ff (€4e)? £(6,n,e)dednde
one
2
= E(Eee)
n . -0 -Eee - -
We note that'E(E— yjr—d«is the covariance because E(E— )=0
11 11 . 11

-

and Cov(X;Y) = E(XY - EXEY).
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q.- =2
0 cll
—Eee -Eee
- E | (B)=C,-e)dq = - {-c Cov(-é— — ) t Cov(—g— ; B(n))
;o 1 fu 1 —
q(8) :
-E_ e
1 ~a 0
- = (B,,-C,,) Cov(=— )
2 ‘117111 c,;’
- % @y,-c)) rz(z—"a-)2 - E(z"e)
11 11
‘( B, Bu2 2
W—mr -]](Be)
llzBll-cll Pu~un c lz(sn-c )2
( a -E e -Eee
= - {-B,., Cov(— ; ) - cOV(--—- B(n))
1 C1a °11 C11
E e 2
1 2 1 2 (Ee)
-——(B ¥ )E( —)" = =B ( )}.
2 £ 5 Ry 211 ‘C Ii cu)
(2.1.18)
The third integral is immediate;
q,
-E | - e dq =-(Cov(e =) .
) 11
q_-a/C., : - -
A ¢, Covizt—; 2. (2.1.19)
11 11

Similarly for the fourth integral,

’
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The second equality follows because a(6) is a function of neither n
Notice that

- e, )( @ . PGy yrey G
(B]_l 11)
because, from elementary algebra
2 2, _
(Bll -cll ) = (Bll Cn)(Bll+cll).
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q
‘ 1 " Ee 2
-E| (B,~C,~e)dq = - E {~e(=—E2) + L (B, -C, ) (LE)?)
J 171 . Bll cll 1l 11 Bll-cll, .
%%
= - & gtEe) (Ee) (Ee)” 4 (2.1.20)
: ll ll '
Combining equations (2.1.7), (2.1.18), (2.1.19), and (2.1.20),'12
= B, #0, ) Var(E) + Cov(ZE8) + X ) (-E 5
Var + Cov{—B) + B E
2 ll ll Cll ll’ ll ll
-E_e ) N -] 2
+ (B ) Covl—— 3 22) + Cov(— 5 B) - £(8,,%-c, , %) (—LE€) )
1% Ci1 ' S C1a 271 "1 . 2(p ¢ )
‘ n Pn*n
is YVar(z2) (% e _E°°;J'
= +C Var{(—) + Var + 2 Cov(—3
11 711 Cll cll cll i Cll
+ COV(-(-:-—- 38) + Cov( = +8)
1l 1
i( ~a-Eqe -a-E e
= 2(B,,+C, . )[Var( )] + Cov( sB). (2.1.21)
2711 1) cll °11
12
Cov(a;e) equals Cov(asE e) because
E(aBee) = E(E u-e) = E(u°e).
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Observe that (-a-Eqe)/C,, represents the cumulative variation in;

; output caused by two sources of disturbance in the cost function: acﬁuﬁl
random effects to which the peripheral firm reacts and the changes those
effects create in the conditionai expectations of the eriors. The form
of (2.1.21) is precisely that of (2.1.7); the economic influences on the
comparative advantage of prices are therefore identical to those dis-

covered in Subsection 2.1.1l.
2.1.3: The Flow of Cost Information

There exist two possible methods available to the center for the

collection of information about costs prior to the decision making
process. The rélevant data could be obsefved'by a subagency.gf.the
center, the operation of which would be a ﬁontrivial expense. The al-
ternative method is to depend on the peripheral firm to accurately report
its costs to the center. Under the second scheme, however, there is an
incentive for the firm to report higher than actual costs. Wer§ this

' to. happen, quantity control on the basis of that déta would yield an
actual output that would be socially too small; price control would yield
an output that would be too large.

Figure (2.7) illustrates this point. The dotted line represents
the expected marginal cost schedule that the center would use if mar-
ginal costs were systematically over-reported. The optimal quantity
order, as computed then by the center, would be &L < &o, while the
optimal price order would rise to EL > P. Quantity control would there-

fore net &L, and price control would meanvhile average .

. - B -P-® _ _  p-p .
Elg.  + ( )] =q_ + ( ) > A
° Cia ° ¢, b
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because the lying firm would still place the true marginal cost equal to

the higher ﬁL .

£ Cilq. 0

ot

FicuRre L
2.7 P

\ € 8,lq.n)

.qu.

Various penalty schemes exist to abate the temptation of lying.

Each has associated with it an expected dead-weight loss that must be
compared on the margin with the cost of the center's observing costs -

for itself before a system of information collection cum penalties is .

imposed.

Section 2.2: Uncertainty in Output under the Quantity Regime

Consider a production activity under the quantity control of the
center. There will often be circumstances that appear after the quantity
order has been issued under which the required output cannot possibly be |
achieved, despite the best efforts of the plant nianéger. We th‘ez_'efore '

make a distinction between the quantity planned and ordered by the

-
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center, qp, and the quantity actually produced, q,. Assuming that these
output distorting circumstances are random and indexing them by &, we o

presume that their effect is additive and write
- 13
qa = qp + ¢(E)-

It is reasonable to assume that the random variable that distorts output
must also influence costs. We therefore incorporate £ into the argument

of the cost function. The second order approximation is then"

C(q,0,8) = a(6,8) + [C' + a(0,8))(a-q ) + 5 C; (a-3 )% (2.2.1a)

where
a(8,£) = c(q_,8,E),
c' = Ecl(c‘io,e,e), and

0(9,5) = cl(aoge’g) - C'o

The benefit function is unchanged and we assume that 8, £, and n are

jointly distributed by fegﬁ(e,s,n).
2.2.1: The Comparative Advantage of Prices

There is an efficiency loss associated with any single quantity
order, ap’ issued by the center; following the same geometric argument

used in ‘subsection 2.1.2, we see that this loss is

13The random variable £ can be either a scalar or a vector. To
handle both cases, we represent the distortion by the function ¢(E).

%0 derive this expression from (2.1.4a), think of 6 in subsection

2.1.1 as the vector (6,f). The derivation is then immediate. '

- The point q_ is still defined by EBl(qo’“)-"Ecl(qo’Q"E)’ so we main-
tain the conditiSn that B' = C'.
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q°P%(8,8,7)
(3, 5-8,E,) = - |[B(q,n)-C,(q,8,8)1dq,
| 3+ D

for arbitrarily selected values of &p, 8, £, and n. The center then

selects the optimal quantity order, ap,.by minimizing the expected

value of these losses:
- min
E[L(qp)] =q, {E[L(qp)]} 3
the first order condition reads:

0 = E{8(n) - a(8,§) + B' - C' + (nll-cll)(ap+¢(;) - ao)}

Since C' = B' and EB(n) = Ea(6,E) = 0, the optimal quantity order is

o~

%

We see that the optimal quantity order has been altered so that the

a, - E®(E). (2.2.2)

expected value of actual output is still &o‘
Output distortion has no effect on a firm under price control since
the manager can observe § before making his output decision. The price

response curve is therefore undisturbed and the optimal price order is

still implicitly defined by
o= c

Recalling that B' = C', we have that p = B' = C' and the quantity re-
sponse to the optimal price remains

-
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a0.8) = § - 213;51 : (2.2.3)

These computations have submerged one important ramification.of

the assumption.that marginal costs and marginal benefits are both linear:
the loss derived exclusively from the distortion in output is a constant
multiple of (Bll-cll). Consequently, distortions of equal magnitude but
opposite direction receive the same weight in the social loss function
applied by the center. To see‘this point, consider Figure (2.8a) in
which El and 62 are defined such that ¢(£l) = ¢(£2). When El occurs, the
loss perceived by the center is represented by [-(area 1 + area 2)];

that is,
L(E;) = -[56(5,) [4(E)Itan v+ FLH(E, )1 tans]
= (,,-¢,,)[4(£;)7%.
Similarly, the loss is (area 1' + area 2') when §, occurs;
L(E,) = (By,~C. ) I(E,)T = (B -, )0(6)7? = L(E)).

But are large inventories as deleterious as equal shortﬁges? If one
believes not, a strong argument can be stated for the inclusion of third
order terms in the approximations of the cost and benefit functioms.
Figure (2.8b) shows. the effect of that change on the shapes of the nai—
ginal functions and the corresponding changes in the loss areas. We
will explore this extension in the next subsection.

Returning to the question at hand, we are ready to compute the

comparative advantage of prices:
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q, - E$ + ¢(E)
A, :=. - E [B'li(vq,ﬂ) - cl(q’eae)ld'QN

_ a(6,E)
© Cll

1 -a -a
= =(B )Var( )+Cov(z=— ; B(n))
7B *ey Warle Heovie T

- %(Bll-cll)var ¢+ Cov(asi¢) - Cov(B;¢)

= A - %{B Yvar ¢+ cOv(c,¢)-Cov(B,¢)

1171
(2.2.4)

The first two terms are the comparative advantage of pﬁices when quan-
tity orders are filled with certainty. They will serve as a benchmark
against which the remaining terms of the equation will be mea;ured; the
reader is referred to section 2 for their detailed interpretation. Out-
put variation under quantities causes the ﬁean of benefits to fall

below (and the mean of costs to rise above) the level that would be
achieved were ao produced with certainty. Notice that unlike output
variation under price control, there is no counterbalancing efficiency
gain in this case. The expression (1/2)(B,,-C,;)Varé records these
losses and is always negative; the entire term is subtracted from the
base A -to reflect a positive bias toward price#. If Cov(B3;¢)} is positive,
then output under quantities tends to increase as the marginal benefits
curve shifts upward. Since this is the correct direction, it constitutes
a positive bias toward quantities and must also be subtracted from A.

If Cov(aj¢) is positive, on the other hand, output under quantities fends
to increase as costs increase; since this is the wrong direction, we

should note a positive bias for prices. COV(d;¢) is therefore appro-
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priately added to the original A.

Table (2.1) reflects the changes these.new'ferms create in the
compaiative advantage of prices when Bll and Cll assume their extreher
values. One significant change occufs when Cll becomes arbitrarily
large. Output variation is extremely harmful, in this case, and we

.note that prices are oéerwhelmingly preferred. This result is not
$urprising when we recall that output variation under prices disappears
when c11 is infinite; variation under quantitf control is not affected

by C,, and is therefore shackled with huge losses.

11
A second change occurs when Bll becomes arbitrarily negative. Again
we note that output variation is painfully felt, but the value pf A3
depends crucially on the sign of [Var(éfzo - Var ¢]. If that..expression
is positive, the variance of output under price control is greafer than
the variance of output under quantity control, and quantities arevpre-
ferred. The converse, of course, is also true.. Notice that the in-
fluence of C,; is felt even here. As C,, increases (i.e., as marginal.
costs become steeper), the variance of output under prices decreases,
and it becomes more likely that prices are favored.

Table (2.1): The Pure Effect of Output
Distortion Under Quantity Control

Factor Qualifications (section 2.2) fg
°11’°< (pone) - o -
’Cu-n- | (none) 0 ’ + o
B0 "~ (none) ~ (amb) (amb) -
By * - Var(éfIQ>Yar ¢ - - o
N Var(ég-o<Var ¢ - e + @
11l :
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2.2.2: The Impact of Third Order Terms

In using quadratic appﬁoximations of the cost axid benefit vfunctions, |
we have implicitly made the following assum],ﬂ:ions:]'5
i) The underlying probabillity distribution is compact.

ii) The variances of the relevant random effects are suf-
ficiently small to guarantee that the quadratic approxi-
mations yield only negligible discrepancies from the

general case.

While we do not doubt the validity of the Samuelson approximation
theorem, we do ask whether our making the above assumptions has obscured
any significant economic results. Our interest will be focused particu-

larly on providing an asymmetric loss function in which equal shortages
16

and surpluses are given unequal absolute weights. The desired assym-

metry can be achieved by inserting third order terms into both benefits

and costs:
- . - 1 a2 1 ~ .3
c(q,0,£)=a(8,£)+[C'+a(6,£)1(q-q )+ icn(q-qo) + 5C111(a-9,)"s (2.2.5a)
B(q,n)=b(n)+[B"+8, ) J(a-4 )+ 38;,(a-3,)%+ §8,,,(a-3,)°, (2.2.5b)

where C,,, = c.ul(ao’e »§) and By S Bln(ﬁo,n) are both nonstochastic and

non-negative.

lsA compact distribution is loosely defined to be a distribution
that converges to the sure outcome as some parameter goes to zero. In
this case, that parameter is the variance.

16Recall that one of the implications of linear marginal costs and
benefits is a symmetric social loss function.
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By the end of this subsection, we will have shoprﬁ that this céompli-
cation yields little in the way of new economic insight. The analytics -
will have become quite involved, however, and most of the intermediate
results are therefore simply stated witﬁout proof; uhén this is done,
their intuitive foundations will be recorded in accompanying footnoteé.
Our first lemma demonstrates precisely how the third order terms release

us from the equal valuation constraint 7

Lemma 1:
For costs and benefits represented by equations (2.2.5), if
shortages are always deemed more severe than equal surpluses,

then 8111 > cm. If shortages are less severe, thep Blll < clll'

For any quantity order a‘p’ and arbitrary 8, £, and n, the social
loss is
%Pt (5,E,7)
L(q, ; §,E,1) = - [[B,(q,n)-C,(q,8,E)]dq.
q, + #(8)

The center minimizes the expected value of this loss in selecting its

optimal quantity order and therefore confronts the first order condition

-17Suppose that £, and £, are defined so that ¢(€l) = -¢(52). Then
if shortages are morelharmfuz than equal surpluses, area 1 is greater
than area 2 in the graph below. Lemma 1 follows from tracing the influ-
ence of this observation on the sign of the coefficient (Bln-cm).
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0 = (Bll-cll)(ap +Ep-q)+ %-(glll-clll)(&p+s§-ao)2.

Therefbre,

q =4 -Ep+ Ve PRI (2.2.6)
"% (8, 11Coa) I |
18

The following lemma allows us to select the appropriate root:

Lemma 2:
If (Blll'clll) 2> 0, then the optimal quantity order is given
by the negative root of (2.2.6). If (Blll'clll) < 0, then

the positive root is selected.

For the remainder of the subsection, we will assume, without loss of
generality, that shortages are always worse than equal surpluses.

Lemma 1 then instructs us that (Blll'clll) > 0 and therefore

~

qp

since ao - BE($) + 2 [(Bll-cll)/(Blll—clll)] is the lower root.

&o - E(¢),

laAs a function of q, expected benefits minus costs appear in two
forms depending on the sign of (Blll'clll)‘

7 a
' (8“. -Cu)l O \Sm'c«\’ 3

Fioure 4 FIGLUAE 2
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The determination of the optimal price order, 5, creates even more

difficulty; recall that in the general case,

EB,(h,n) * h
- l l (2.2.7)

Bhl

Defining p o t° be the minimum value that marginal costs can assume at
q = 0 over all (8,f), we can combine the realistic constraint that
profit maximizing output be non-negative with this definition to state

equivalently that the optimal price order is

- EBl(h,ﬂ)‘hl
p = max { P [ T 1} (2.2.8)
B §
The response curve of the profit maximizing firm is then]'9
2 -
A -C.. + /C..° - 2¢,,.[a(8,E)+C'-p]
§(0,e) = q  + |[——22 L (2.2.9)

111

Notice that (2.2.8) implies that the radicand is always non-negative,
even in the costliest state of nature. In addition, we can observe that

hy(p,0,8) # E[h)(,0,€)3;as a result, p # E[B,(3 +4[£1,n)]. This second

Constraints on the slopes of benefits and costs confine our attention to
the local maxima and minima. To assure that we are maximizing E(B-C), we
must select the lcwer root when (Blll'clll) > 0 and the upper root when

(Bm'cul) < 0.
1981ope conditions imply that the firm must always choose the posi-

tive root. Indeed, [pq-C(q)] looks like Figure 2 above, and the higher
root guarantees a maximum.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ETY I

- observation causes great difficult& in evaluating p explicitly, so we

allow p to be implicitly defined by (2.2.8) and write q(6,f) =

&o + gla(8,£), p] for the firm's reaction function tc the optimal price.
The relevant properties of gla(8,E), p] can be deduced either from

(2.2.9) or from the underlying geometry. For instance, we note imme-

diately from (2.2.9) that (g&) < 0;20 i.e., as costs rise, on the margin,

output is reduced. The various moments of g(a,p), on the other hand,

are most easily examined in a geometric context. The first of tﬁo lemmas

sets the stage:

Lemma 3:

There exists a real number, M, such that

gla(8,£),5] < (z2(8.E),

To prove this conjecture, we refer to Figure (2.9) for the case in which
a(8,€) > 0. Notice immediately that C;, = tan ¥. Then, selecting (8,E)

arbitrarily, we observe

length AB length EF

<length DF/tan =)

length FG

-gla(8,£),pl.

Since (8,E) was arbitrary, we can define M = C,, and conclude that

gla(o,£),p] < (Iﬂ‘é—ilﬂ ,

20 We can easily see that (—50 < 0 since the firm always chooses the
positive root.
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for any (8,£) such that «(6,E) > 0. The case in which a(O,E).< 0 is
demonstrated in exactly the same manner.

One implication of Lemma 3 is of particular note: the output gain
caused by a negative disturbance in costs is less, in absolute terms,
than the output loss caused by an equal, but positive disturbance in
costs., If a(el,El) = -0(02,52) > 0, then we can observe directly from

the Lemma that

- gla(e, ,£,),p]

“(61’61)]
M

|eCace, ,&,),5]]

> [

-a(6,,E,.)
2°*2
D——Tr__—q

v

g[u( 92"‘9 52 ) 95]

n

lelace,,£,),B]] .

A second lemma is more involved, and its proof is relegated to an

Appendix A:

Lemma 4:
There exist real numbers M' and M" of the form (a + bC,;)
such that
(i) for any (6,E) such that a(6,£) > 0,

3[u(9,5) sP] > (_(_l_(_e_,__).
(ii) for any (6,£) such that a(6,£) < 0,

gla(e,E),p] > (-a(:n ))

We can employ both results to put limits on the first three moménts of
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the reaction function. For the mean, observe the following sequence of

inequalities:
{ I [ (“(3.5)) £opn(0>6,n)dEda + f f (°(:"£)) £4gn(@sE5n)dEd0}dn
n (0,8)ext (8,E)eX”

(l/M')EG(Q,E) + (—T,—-) III C(O,E)fegn(e,s,n)dﬁdedn
(6,8)ex”

2 'Eg[a(e’E) ’f’] .>_ [E?(_g'!';—)' s

where

-+
[11]

= {(995): a(GQE) z_o} ]

<
1]

z {(8,E): a(6,E) < 0} .

Since Ea(8,E) = 0, the sequence reduces to21

u_ - "
x— .

Recalling the general forms of M, M', and M" in terms of cll’ we see

that all three proceed to infinity at the same rate as c11 becomes ar-

bitrarily large. We conclude, therefore, that

lim  _ E gla(6,8),p1 =0 (2.2.11)

h*

21The left hand side is negative. This is consistent with the earlier
observation that equal, but opposite, cost disturbances cause larger
losses than gains in output.

-
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An equally valid approach to thisvconclusion would have been to
use the two lemmas directly on the reaction function to observe that
g[a(e;E),ﬁl tends to zero as C,, goes to infinity. Equation (2.2.11)
would then follow immediately from interéhanging the limit with the
integral that defines the expected value operator.22 We will illustrate
this procedure in examining the variance. For any (8,f) such that

a(8,£) > 0,
(22802 > g%1a(0,8),5] 2 (2THEL2; (2.2.12a)
for (6,£) such that «(0,£) < 0,

(EL2 5 2la(e,5),5] > (2EaE)y, (2.2.12b)

Therefore,

0< cl’l“,'f L 2,p1 <o

and

cl’j_'f . Var[ g(al6,£1,5)] = cﬁf“, - (&%, - [Eg(a,P)TD) =

The very same argument reveals that

Lim

Cl+n

(uatg(ate,ﬂ,p)]) =0

22In the proof given in the Appendix, we have guaranteed that the
function gla(8,£),p] is bounded from above by specifying a maximum pos-
sible price order. Since g(a,p) is also continuous in a(6,f)--see equa-
tion (2.2.9)--the Lebesgue Dominated Convergence Theorem justifies our
switching limits and integrals.
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where ua(g[a(e,e),ﬁl) is the third moment of the reaction function.
Having fully explored the relevant properties of the reaction
function, we return, for the moment, to the case in which quantity orders
are produced with certainty. This digression, along with the assumption
that costs and benefits are independent, will allow us to discuss the
influences of the third order terms in the simplest possible case. Be-

havior at the center is then summarized by the following equations:

=asand

&

EBl([q +g(a,p)1,n) 'gz(aap)
Eg,(a,p) )

ot

The firm's reaction curve is still q(0,&) = &o + gla(6,£) ,131.23 In this

contéxt, the comparative advantage of prices is given by:

~

qO
8, = -E|[B,(a,n)-C,(q,8,6)1dq

‘-‘io + gla ,1;)
= ~E[a-g(a,5)] + (B, ,~C, ) Warlg(a,5)] + §(B),,-C, ) uy(gla,31)]

+ '];( By ;- u)(Eg) M '(3111 lu)[(Es) + 3Eg Var g]. (2.2.13)

The extreme values of Bll and cll' provide a revealing arena in which

to begin our discussion of 8,- Observe that these parameters still re-
flect the curvatures of the benefit and cost functions, respectively.
We note first of all that

lim A

= =0

231n this digression, the random variable & remains as an index of a
second source of cost disturbance.

-
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On the other hand, we have just demonstrated that

1im
cll+eo
1lim
C,, > o

11

1 -
c if o Wyle(a,p)] = 0.
11

Elg(a,p)] =

var{g(a,p)] = 0, and

Since g(a,p) is zero at the same limit,

° - 1lim
Cll-beo

Cov[a;g(a,p)] = 0.

Equation (2.2.11) can be used to show that

lim
C. +o

C, Var[g(a,p)] = 0,
11 11

as well.zu As a result, we conclude that

lim A =o0.

Cp >

2“Prom equations (2.2.12),

nw Cn

for (6,£) such that a(6,5) > 03 for (6,£) such that a(0,E) < O,

2 €48 (a.ﬁ) >C (

¢, (X2EH2 > ¢ g%(a,p) > cut"‘—:;—’-z.

In either case, since M' and M" are both of the form (a + bcll)’

lim

C.., > o

< °>
i 11

[Cllg (a,p)] > 0.
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In both cases, variation in output under prices is deemed undesirable
because of large curvature in the loss function. The.effeci of - cost
disturbances on output is diminished, however, as cll increases. The
resulting indifference in the limiting case provides strong evidence
that output variation under prices remains the powerful determinant of
the comparative advantage.

Consideration of the third moment term in (2.2.13) will strengthen
this conclusion even further. Suppose that positive divergences from
the mean in marginal costs are larger than the corresponding negative
divergences; that is, suppose that marginal costs are positively skewed.
We have already noted in Lemma 3 that an increase in costs will create
a larger change in output (a reduction) than will an equal decrease in
costs (that will create an increase in output). Quantity shortfalls
are therefore larger than surpluses. Recalling that shortfalls have
been assumed more harmful than surpluses, we easily see hoﬁlthis bias in |
output variation becomes_an additional 1iability to price regulation.
The effect of cost disturbances on output is diminished, however, as
°11 increases; in the limit, the third moment term vanishes. Observe,
as a final note, that if costs were negatively skewed to a degree suffi-
cient to create a positive output bias, then output skewness would be in
the correct direction and would weigh~positively on the comparative ad-
vantage of prices.

The third moment term, together with (%J(Bll-cll)var[g(u,p)] measures
the losses that price controls incur because of output variation around
aAmean, &o + E[g(u[e;zlp)]. Recall that such variation results in less

benefits and higher costs than certain output production at the mean.
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The counterbalancing efficiency gains'are captured by the covariance of
a and g(a,p). Since profit maximizers react correctly to changes in
costs, this covariance is always negative (as costs increase, i.e.

a(0,5) increases, output is diminished ceteris paribus; g(a,p) falls).

Only price controls allow this reaction, so the negative covariance is
subtracted to provide a positive bias in the comparative of prices.
There are several remaining terms in the expression for Au that

warrant at least passing mention. We can easily show that since B' = C',

q, + (g-Eg)

-1 2 1 3 1
-E (Bl-cl)dq = 5-(311-011)(Eg) + 3-(8111-0111)(33) + 5-(8111-C111)(53)Var g.

q, + (g-Ee) + g

The last three terms in equation (2.2.13) therefore represent the extra
loss attributed to price control because the expected value of output
does not equal &o-—the point at which expected marginal costs and benefité
are equal. Notice that when Eg < 0, for example, that the "straight line
loss," measured by (%J(Bll-cll)(ﬁg)z, is dampened by the third order term.
The same curvature in the marginal functions that introduces ,asymmetry
into social losses also tends to reduce this particular liability for
prices, in this particular case. There are, to be sure, other possible
cases in which the third order term ahplifies the loss.

The effects that are created by the reintroduction of non-trivial
outpuf distortion under quantity control are entirely predictable. In

this case, the comparative advantage of prices is given by A& below:
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8, = -Ela-g(a,p)] - E[a-$(£)]

+ = l (B Y(Var g(a $) - Var ¢)

11 11

+ § (B);,-Cy 1, Ing(ela,p] - - ugle D

+ 18,0 pE? + 1 ‘3111 ¢,y (Ee)® + 3(Eg)Var gl.

(2.2.14)

11 ll

In the limit as Cil becomes arbitrarily large, we now find prices over-

vhelmingly preferred;

01?2 - A& = Cov(asd) + (%QCIIVar(¢) ==,

11
Output variation is, of course, detrimental at this extreme, and while

increasing C,, will decrease the variance of output under prices, it has

11
no effect on the variance of output under quantities. Similarly,

+ =3 Varlg(a,p)] < Var(¢)

- = Var[g(a;ﬁ)l > Var(¢);

the relative degree of output variation is again crucial. Output varia-
tion is likely to be less under prices than under quantities for large
values of cll’ and price controls are therefore to be favored. Con-
versely, when Cll‘is small, the effects of costs disturbances in a price
regime will likely dominate and quantities will be preferred.

The third moment term in (2.2.1%) functions precisely as it did
in (2.2.13). The dichotomy of effects--¢(§) influencing only qna&tity

controls and g{a,p) influencing only the price modeé-generatea the
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opposite signs. The final new term is the covariance of the random -
variable influencing output under quantities and the random changes in
marginal costs; we have seen it bgfbre. If that covariance is negétive,
output under the quantity mode of control tends to decrease as marginal
costs are increasing. Since this is the correct direction, we cbserve
a positive bias toward the quantity mode. Output tends to move in the
wrong direction and produces a corresponding liability to quantities if
the covariance is positive. '

The lesson of this subsection is, at this point, intuitively clear:
the third order terms create a great deal of mathematical havoc and
reveal very little new economics. The new effects that were revealed
could have been demonstrated just as well by heuristic reasoning. We
return, therefore, to the realm of linear marginal functions. Any sig-"
nificanf third order effects that we thereby submeige will be deduced
heuristically in the context of the geometry that originally inspired

this subsection.
2.2.3: The Impact of a Capacity Constraint

We have noted in Subsection 2.2.1 that central planners "totally
adapt" their quantity orders to the output distortion that they face;
_that is, the order is specified so that the output mean is precisely
equal to the output level that would be required were quantity orders

filled‘with certainty.25 It is often argued, however, that in the face

25 Equat;on (2.2.2) observes that - E¢. Actual output,
therefore, has a mean given by E[q qB + ¢?£)] =
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of a capacity constraint, planners hedge, in the short run, against the
severe cost penalties of producing above normal capacity by not adapting’
their quantity orders completely. We can conceive of these cost in- -
creases emerging from a variety of sources; overtime wéges and increased
maintenance on overworked and accelerated machinery are but two entries
in a long list. In this brief subsection, we examine this conjecture
and infer its effect on the prices-quantities comparison by applying a
previous result.

There is no need to become swamped by equations in this study;
geometric reasoning will suffice. We can incorporate a capacity con-
straint into our linear model in the following manner. Define a point
qcap at which marginal costs become suddenly steeper for all states of
nature. Figure (2.10i illustrates our definition for several arbitrary:
values of (0,£). If there exists a state of nature such that ao + ¢(E)
exceeds qcap (a reasonable formalization of "facing a capacity con-
straint"), then that state is burdened with a penalty of higher costs.
The shaded area in Figure (2.11) illustrates this penalty graphically.

These penalties achieve an increase in expected costs of
ca
q p

E {|(cy, + cf_l)(q - §)q} > 0
a, + $(€)

As a result, the optimal quantity order is reduced;

6p=& - E(¢) - A,

(~]
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where A > 0.2% ye conclude, as expected, that the center no longer
fully adapts to the output distortion of quantity orders.

The effect on the comparative advantage of prices is also easily
deduced. If there exist states of nature such that the optimal price
order intersects the steeper cost schedule, then there is a positive
bias toward prices, since output variation under prices is less, in
these states, than it was without the capacity constraint. When we
state this result, we are, of course, drawing on the fully developed

influence of C.. in transforming cost disturbances into output variation

11
under price regulation.

Section 2.3: Uncertainty Between Production and Consumption -

The motivating example for this section is any air pollution case
in which the amount of pollution being emitted from a smokestack (fhe
quantity produced) is typically far greater than the amount being breathed
by the immediate population (the quantity consumed). To model this exam-

ple, we write

qQ, = qa + y(d),

The first order condition that determines the optimal quantity
order is now

EL(C,) =By, (G +0(5)-3,) + (CF)-CT))max(03(3 +6(E)- qcap))]] =0

Under the constraint lJ.sted in the text
1l cap
(Ci;- 11)[max(o [qp+¢(5) -q ]) > 0.
Therefore, we can conclude that

2-1
. c
§ = d,- - (Cii Bii)n[max(o,[qp + $(6) - °P]I,
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where q, is the quantity consumed, q, is the quantity actually producéd,
and ¥(A) is the distortion created by the vector of random variables A. -

The joint distribution of the four random variables is now
féngx(e’nsgﬁx)‘

Costs are, of course, a function of Q> and benefits depend on q,-
For any quantity order issued by the center, Ep, and arbitrary

values of 8, £, n, and A, the efficiency loss is

°PE+u(R) q°P*

L(ap§69gsaox) 8 - Bl(q’ﬁ)dq + Cl(q,gig)dfb
§p+¢<2>+w(X) ap + ¢(E)

The center selects the optimal quantity order by minimizing expected

losses and must therefore solve the following first order condition:
0= -BuE(qp +0(E) + ¥(d) - q ) + an(qp + ¢(8) - q)

The optimal quantity order, then, is given by

R B, .EV
,qp = qo - B¢ - B 1}c . (2.3.1)
11 11

The corresponding optimal price order can be seen to equal

5=t o (RLY
B;-Crp)

by noting that the "effective" reaction function of the firm to any

price order 1827

27By "effective response function," we mean the quantity actually
consumed, given Y(1A), after the firm reacts to B, 6, and £ in deciding

to produce the profit maximizing amount.
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q(p,0,E,1) = &O + P;C'_Ealfe_!i)_ + Q).

The production response function to the optimal price is

B., By
A (0,£) 11
q(0,€) = q_ ~ alf.g) | T . (2.3.2)
° C11 B Cnh

The comparative advantage of prices over quantities is deduced

from (2.3.1) and (2.3.2):

ap + 6E) + (1) ap + 6(8)
85 = -E {|B,(q,n)dq - |c,(q,0,6)dq }
Gee,g) + ¥(1) d(e,£)
3(0,£) ap+¢(e) ap+¢t:)+vp(x)
= -E { B,(q,n)dq  + [(B;(q,n)-C,(q,0,£))dq + |B,(q,n)dq '}
3(0,E)+p(1) €6 ,£) c‘.p+¢(e)
Observe initially that
ra(esﬁ) .
E [¢8,)d L5 (Ep? + 2E(y-(329)) Bll(m)z) E(B(n)*¥(1))
q = - + (7)) ¢ =) - n)e 3
1 2°11 | o B,;-C1p
Jate,g)+p(x)
(Q +$(E)+p(A) :
qp 1 2 YO A. Bll(E'p)2
*§p+¢(5)
Therefore, we conclude that
8g = = By, (Cov(psyp) - Cov(%ﬁz-; ¥) + Ay, (2.3.3)

where A3 is defined in subsection 2.2.1. The two covariances reflect
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the correlation between the potential sources of output variation and

o 1f Cov ($3;¥) is positive, for example,»

the consumption distortion.?
the consumption distortion and the output distortion under quantities
tend to move in the.same direction, amplifying each other. Such an
increase in variance is harmful, and we note a positive bias toward
price controls; Since these effects enter the model only through the
benefit function, Bll is the lone coefficient. It is also important

to note that, aside from these correlation effects, the consumption dis-
tortion is neutral.

The reasons for this neutrality are twofold; both are revealed by

the following theorem:

Theorem 1:
Given a quadratic valuation function and two disturbances
around identical means, the relative expected valuation of

the two disturbances is invariant under arbitrary translation.

Notice that our present example easily satisfies the conditional clause
of the theorem. Our valuation function is simply the benefit function,
since the consumption distortion affects only the quantity consumed.

The benefit function is indeed quadratic. Observe further that

) - B,, E¥
Eq = E G (8,8) =q_ - (7—) »
c 0 Bll °11

28‘l‘he correlation effect between (1) and the benefit function in-

fluences both modes equally, and therefore cancels.
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and that since $(A) is additive, we are effectively adding E(¥(A)) to
both ac and §(6,8) for all (6,£). Theorem 1l therefore reestablishes
the conclusion of (2.3.3) when A is independent of 8, £, and n.

To prove the theorem, let
- 2

be the valuation function and dl(x) and d2(x) be the two disturbances
around a single mean X Assume that fx(x) distributes x and that there

exists a subset S of the domain of fx(x) such that
d;(x) # d,(x) for any x S, and

[ x£f (%)dx # 0.

xeS

Rewrite (2.3.4) in the following form:

_ 2
V(x) = v, + vi(x - xo) + vll(x - xo) ’

where

vl = V1 + 2V11x°,

v

11 = Vyp» and

2
X, + Vll(xo) .

vb = Vo + Vl

The expected value of the first disturbance before translation is

then

E(V(d,(x))) = v_ + v,Ed, + v E(d,)?

= v, + VEd; + v 1(Var(dl) - (Edl)z)

171 1l
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. Similarly, for the second disturbance,
- : 2
E(V(dz(x))) = v +vEd, + vll(Var(d2) - (Edz) )

We define the "relative expected valuation" as the difference of these

two expressions and thus,
E(V(dl)-v(d2)) = v,(Ed,-Ed,) + v,,(Var(d,)-Var(d,))
2 2
+ vll((Edl) - (Ed2) ).

Suppose, for the sake of argument, that we translate the first disturbance

by an amount Ll and the second by an amount L2. Then,

E(V(dl+Ll)) = v, + vl(Edl+Ll) + vll(Var(dl))

2 2
+ vll((Bdl) + 2L1Ed1 + (Ll) ).

There is a similar expression for E(V(d2+L2)) so that the relative

valuation after translation is given by
‘ 2 2
vy(Ed}-Ed,) + vy;(Var(d))-Var(d,)) + v,,((Ed,)*~(Ed,)")
+ v, (L 2-L %) + v, (2L.Ed ~2L,Ed,) + v,(L.-L,)
1171 72 11V77171 22 17y T2

The relative valuation will remain constant if Egl = Ed2 and Ll = L2.
We also note, for future reference, that when Edl # Ed2, the relative
valuation is altered by 2vllLl(Ed1-Ed2), even if L1 = L2. It was there-
fore crucial, for the validity of our neutrality result, that both output
distortions have the same mean.

It is also instructive to note the necessity of the quadratic valua-

-

tion function in our result. The relative expected valuation will aliways
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be altered by translation if the value function is nontrivially cubic,
even when the disturbances have equal means and are translated equal
distances. To see this, observe that in the cubic case when Edl = Edz,

the relative expected valuation is

v) (Var(d, )-Var(d,)) + 3v,,, (Ed)(Var(d, )-Var(d,))
before translation, and

v,1(Var(d, )-Var(d,)) + 3v,,,(Ed+L)(Var(d,)-Var(d,))

after translation (of an arbitrary length L). The difference of these

"expressions is the crucial statistic; it is

3vlllL(Var(dl)-Var(d2)), i.e., (2.3.5)

the change in the slope of the marginal value schedule between (xo + Ed)
and (xo + Ed + L) times the difference in the variance of the two dis-
turbances .

The relative effects of the variances of the two disturbances on
the expected valuation are therefore increased (deereased) if the trans-
lation moves the disturbances into a region in which the value function
is more (less) highly curved.29 Returning to our model, if Ey(A) < 0,
for example, then the mode of control that allows the greater variance
in output is shackled with an even greater negative bias in the compara-

tive advantage of prices, when Blll > 0. Notice, however, that (2.3.5)

29
Note that if i1

highly curved region. Alternatively, if V131 > 0 and L > 0, they are
moved into a flatter region.

> 0, L < 0 moves the disturbances into a more
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guarantees that this third order effect of the consumption distortion
only accentuates or dampens the overall effect of output variatibn.ao
We have, nonetheless, discovered a significant economic influence that

was submerged by the symmetry of our quadratic approximations.

Section 2.4: The Impact of Inaccurate Information

We have required, in the previous sections of this chapter, that
the center issue either a price order, or a quantity order, before the
values of the random variables that influence the production outcomes
of those orders become known. The center has been equipped, thus far,
with precise knowledge of the distribution of the random variables. It
is quite likely, however, that the center is not so equipped.” The sub-
jective distribution with which it makes its decisions will be inaccu-
rate for one, or many, of a variety of reasons (an unperceived bias in

measurement, an insufficiently fine measurement grid, etc.). In this

section, we require that the center issue orders on the basis of expected

value computations performed with an inaccurate distribution

(?GEnl
any, this complication has on the comparative advantage of prices in

(6,E,n,A) # fee“l(e,s,n,x) for example), and ask what effect, if

the cases that we have just studied.

2.4.,1: Uncertainty under Quantity Control

For any quantity order, ap, and arbitrary values of 8, £, and 1,

30
sumption distortion, prices were slightly preferred, even though
Var(%g—o > Var(¢), the consumption distortion could reverse the overall

ll s
prices-quantities preference.

We are discussing only the variation effect. If, without the con-
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there exists an efficiency loss given by
‘ t
q°P
L(Ep;ﬁ,f,ﬁ) = - |(B,(q,n) - C,(q,8,8))dq.

ip + ¢(E)

The center selects the optimal quantity order, qp, by minimizing the

subjective expected value of these losses,
E(L(a,; 8, E, 7)),
where f:(---) represents the integral operator

I I [(-'°) fogn(8s&sn)dndEde.
9 En

The first order condition of this minimization determines

= 4§ - E6(E) + (Eace’g)'Es‘“’\ (2.4.1)
ol F By-Cy) o

The reaction function of the firm for any price, p, is

ap,8,6) = g + B 0E) = yp 0.8y, (2.m.2)
1

so that

hy (p,8,£) = (1/¢;,).

The center knows the reaction function, and the optimal price order is

computed through the following sequence of equations:
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) B(Bl(h,n)°hl

~

EB, (h(5,6,£),n)

B - -
B + (El-l-)(ﬁ - ¢' - Ea) + EB.

11
Combining terms,
B B B, . .
Q-Fhp=a-Fe - +is,
11 11 11
and finally, R .
. Bll Ea 11 EB
pP=C *+5 - "B.C. °
1 "1l 11 11

The quantity response to this order is

Y

| i . "
g - o088 (AL, Ea , EB_,  (54.3)

Q(e 95) = = —
°© Cp Gy ByCyy ByyCyy
Defining
Q= (i;%-)’ and Q' = (B—B'E—c-—).
1l "11 11 "11

we can rewrite (2.4.1) and (2.4.3) in more manageable form:

q =4, - E(#) +§-@', and (2.4.1)"
B

3(8,6)=q_ - (X8 4 1Lyj . G, (2.4.3)"

: ot ey Ty

We are now capable of computing and interpreting the comparative

advantage of prices under imperfect information.sl

31The "hat" notation over delta indicates that the center used the
incorrect distribution f in making its decisions. The subscript refers
the reader to the previous delta that was computed under the same be-
havioral conditions when the center had the correct distribution.
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r&p + ¢(8) ,
33 = -E (Bl(q,n) - cl(q,e,ﬁ))dq
7§(0,£)
PN a - -
(9 - EII- qo-B¢+¢(€) qp+¢(€)

= -E{ (B,-C,)dq + |(B,~C;)dq + [(B,~C,)dq }.

7§(6,6) I q,-E¢+4(E) (2.4.4)
11

The second integral is familiar; it is 8,. Its solution is recorded by
equation (2.2.%4) and its interpretation is presented in great detail in
the subsequent text. The first integral represents the loss caused by
the discrepancy from the éerfect information case in the output response
to the price order. The firm is still able to react-precisély to p, 6,
and € in deciding its output, but the incorrect subjective probability
distribution distorts the optimal price order by (Bllﬁ - °11°')‘4 The
last integral similarly represents the loss caused by inaccurate speci-
fication of the optimal quantity order.

Solving equation (2.4.4) explicitly, we see that

=7 By 11’3‘—5-0” + By + 5 (B1,=C ) WG-8'4E(4-E$))

w
[

1
2

(8,1-¢,) ) (Var(2 a4 (E292) + L ¢ )(Var($)+(E4-E4)°)

B
11 S 1"n

11 ll

+ [COV(—-—1B)+(EBE( =21 + [cov(a;¢)-(Ea)(E4-Ep)]
11 ll

- [Cov(B3¢) - (EB)(E$-E$)] (2.4.5)

Equation (2.4.5) is easily interpreted. Consider the second moment of
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the output variation allowed by prices around (-EF-E-), the center's per-
' 11

cept:m Al dha maane

the output variation allowed by prices around (——-), the center 8 per-
, ll

ception of the mean: 7 7 7
‘11 11 ‘11 ‘11
Notice that this is precisely the first term of (2.4.5) without the

coefficient. Similarly,

E($%) - (E$)% + (E4)? - 2E9Ep + (£4)2

Var(¢) + (E¢-E¢)°

E(¢ - £9)2,

the second moment of ¢ around the center's view of its mean, §¢. The

covariance terms can also be thought of as the covariance of two effects

around incorrect means. For instance,
Cov(B3¢) - (EB(E¢4-E¢)) = E(B+¢) - EBEp + Ef¢
E(B+$) - EBE$ - EBE$ + EBE$
E(8-£B)(4-E9).

The incorrect subjective distribufion has accomplished nothing but a
change in the points around which the variation is measured. The entire
analysis of variance that was fully developed in Subsection 2.2.1 can
therefore be applied here, totally intact; we need only recall the

change in the expansion points.
2.4.,2: Output Uncertainty at the Firm

The first subsection discusses the largest gap in knowledge that

can exist between the center and the firm. We modify that condition in
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this subsection and assume that the firm, as well as the center, cannot
view the values of the relevant random variables before making_its output
decision. In addition, we introdu;e output unhcertainty, still indexed
by &, into the quantity orders issued at the firm (in response to a
price order). The ex post reaction to the value of E that actually
occurs in this context should be independent of the origin of the quan-
tity order. The divergence in actual output from a quantity order issued
at the plant level should therefore be equal to the divergence in output
from a centrally issued command, for any €. The difference betweeﬁ
actual output, q,» and ordered output, qp, is represented by ¢(£) regard-
less of the source of the order. Allowing that the manager of the peri-
pheral firm will have a different perception of £ (finer measurement |
grid, more recent data, etc.), we further assume that the manager works

with a subjective distribution, £ # f. Information need not be perfect,

even at the firm level, so f# f, as well.

Computation of the optimal quantity order remains the same as

before:

§p=§°*ﬁ¢+ﬁ-ﬁ‘- o (2.4.6)

The price reaction function of the firm has changed markedly, however,
and the computation of the optimal price reflects this change. The firm
now maximizes expected profits, given any price order, p, to select its

output order, qp(p). The first order condition for this maximization is

P = E(C)(q (p) + $(5),0,)

' + Ea + Cyy(q (p) + E¢ - )
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where E(---) represents the expected value as computed by the firm:

E(==-) = I I I (--=) Eegn(ﬂ,ﬁ,n)dndzde.
6 &En .

The reaction function is therefore
-~ - - 1 - v
(] Cll

The center, however, must deduce the firm's reaction function from its

own information, and therefore believes that it is
-~ ~ o \ - 5
11

As a result, it is equation (2.4.7)% that is used to compute the optimal

price order:

™
"

E(B) (qa5(p) + $(£),n)

~ - ' - r L3 ~
B'+E8 + B (L._C___E(.’.+E¢-E¢),
11 cll

so that

= . o _ Ot A
P C cllQ + BllQ .

The reaction to the optimal price order is now constant:

= B
- -~ Ea g 11
z=q - () - E + (=) g - q'. (2.4.8)
%" % T e, Cia

Notice that (2.4.8) was derived by inserting p into (2.4.7), not (2.4.7)%.

The comparative advantage of prices over quantities is again avail-

able: .
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ip + ¢(8)
_ - 1 B2y
g = -F |(By-C,)dq = (B,,- ll)[(a¢-£¢+Q-Q )2 - (E¢-Ep+ TlQ < u 41121

qp + ¢(8)

Observe that since (- -;'—)( -C,.) > 0,

A

11 "11
b 3 0 <> (E¢-E4+G-G")? 3 (n¢-E¢+( 2 & - & - 92
: l ll
<> |E¢ - E¢ + G - Q]
> |E6 - ¢ + (——-OQ - ( 2 - Q. (2.4.9)
l .

With perfect infomat:‘.on,32 &_p = &O - E(¢) = a_p The expression
[EC$) - E(¢) + Q - Q']

is therefore the absolute magnitude of the error made by the center in
setting its quantity order;
: Biis  Ea -
|E($) - EG#) + (=00 - (=) - Q']
11 11

is the absolute magnitude of the error made by the peripheral firm in

making its quantity decision. Equation (2.4.9) reveals that the decision
maker who makes the smaller error in issuing a quantity order should be
allowed to do so; i.e., if the absolute value of the error made by the
center in 5 quantity decision is less than the error made at the periphery,

the center should issue the quantity. Otherwise, the center should _issue

32Per:[’ec*t: information here is loosely defined as perfect knowledge
of the relevant distribution; i.e., £=F=¢f,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



=72-

a price order and the peripheral firm decides the intended output.
2.4.3: The Consumption Distortion with Errors

We now test the general validity of the results of Subsection 2.4,.1
by reconsidering the random distortion between the quantity produced.
and the quantity consumed in the context of the model presented there:
the peripheral firm is able to observe 0 and £ before making its output
decision, while the center is burdened with an inaccurate subjective
distribution in deciding its order.

Noting the standard efficiency loss for any quantity order, the
center selects the optimal quantity order, qp, by minimizing the ex-
pected value of these losses. It solves, therefore, the first prder

condition that33

E By (q, + 6(8) + ¥(),n) - EC) (4, + 4(8),8,8) = o.

The optimal quantity order is thus

A s 4 B,, E¢
§,=4, - B ¢+ (g" _CEB) - (Bll-c ). (2.4.10)
11 "11 11 "11
Recall that (3 s (B—E-(_’—c-—-) and Q' = (-E-P-f%—), and define
11 "11 11 "11
" = ﬁ“’
Q" = (3——:7——0-
11 "11

Equation (2.4.10) can be written

33Recall that Y(A) is the random distortion between the quantity
consumed and the quantity prioduced (see Section 2.3).
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- - ~ -~ - A' _ A" - ' "
4, =4, - E6 + Q- Q' - B, Q" (2.u.;o) :
The reaction function of the firm is independent of ¥(A), so thét
B = £ B, (h(5,8,8) + ¥(A),n),

where h(p,9,£) is defined by equation (2.4.2). The optimal price order

is therefore
= ot o - ' - a4
p=c'+B,0Q-¢, 8 -3,c,48, (2.41)

and the response curve for p is

B
3(0,8) = ¢ - “éi;z) + (cﬁ) Q-4 -3B,0" (2.8.22)

Equations (2.%4.10) and (2.4.12) combine to generate the comparative

advantage of prices:

Qp+¢(€)+¢'(k) Qp + $(£)

85 = -E [Bi(q,n)dq  +E |c,(q,0,E)dq
3(0,&) +v(2) q(0,£)
B
(e g) 11 ~ ~ »~ o~ PS
- =gl ==Q-Q (4, -Ep+Q -8 +e)
(o] Cll c11 (o
= «E { B, (q,n) dq +°'|(B,(q,n) - C,(q,8,8)) dq
B
3€8,£) + v(A) q -2+ 25§
° Cn |
B .
a. + ¢(E) Q-+ 1L gt - +4(E)
% o T, T, . %
+ |B;(q4n) dq = -]¢;(q,8,8)dq - |¢,(2,9,8)4q.
d, - Bo + Q- Q' + () Jq(e,8) q - 2 4 Lg_g
o . % ¢, ©Cp
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The second integral is familiar; equation (2.4.5) records its solution.
The subsequent text explains it fully. Manipulation of the other inte- -

grals reveals that

Ag = B, - B ,[(Cov(d3¥) + (Eb - E$)(EV - E¥)

- Cov(z—3¥) - E‘EEE?‘E* - £)] (2.4.13)
11 _

Observe that

(Cov(é;¥) + (E¢ - E¢)(Ey - Ep)

(E($y)~EEY) + (EQEY - E¢Ep - EEY + EEW)

E($-E¢) ($-E¥).

Since (E(éii?) = 0, a similar result holds for (COV(éEI? )-(ﬁ(éﬁ;é(?#-ﬁt)).
The arguments of the Bll coefficient are thus the covariances of the two
possible output disturbances and the consumption distortion computed
around what the center believes to be the means of these effects. The
analytics of section 2.3 can therefore be applied directly to this
example, keeping in mind that all.variation is measured from the incor-
rect means. The spirit of subsection 2.u,1 is also preserved.

Recall that in section 2.3, the neutrality of the consumption dis-
tortion was noted under the assumption that A be independent of the other
random variables. We also observed that if the two potential output dis-
turbances had different means, then there would be a secondary effect
even with independence. Ih the context of the present example, we will

read the value of that effect from (2.4.13), demonstrate the derivation

of that value from the valuéfion function argument of Section 2.3, and
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provide a geometric description of its ordgin.
The relevant result from Section 2.3 reads as follows: for any
. _ - . Y2
valuation function of the form V(x) = vyt vi(x xo) + vll(x xo) s the
relative expected value of two random disturbances in x, dl(x) and dz(x)
is altered by 2v11L(Ed1-Ed2) when both disturbances are translated a

distance L. Allow that q is x, ﬁo is x, and define
d,(q) = §(6,§), and
d,(q) = qp + ¢(8).

Therefore, Bdl-Ed (E( . 2 )-(E¢-F£¢)). The output that is inserted into
the benefit function is translated a distance of (Ey - Bllﬁﬂ)wunder
either mode of control by the introduction of the consumption distortion.
The result of Section 2.3 predicts a change in the relative expected
valuation of the two disturbances (i.e., the comparative advantage of
prices over quantities) equal to

- ANV (B (=S E
Bn(r:w - By, )(B(q;) - (E¢ - E$))

C
=B (( 11 ) (E¥ - ) - (z—2g—) B¥ (E(E) - (E¢ - £9))
11 11 ll ll

The output that is inserted into the éost function is similarly trans-
lated (-Blla") under either mode. The change in the relative expected

valuation for this translation is
c, ((r-g—) Ey (EG) - (B¢ - )
11

The total change in the relative expected valuation from these two effects is
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Bll(Ew-B¢)(E(E;IQ - (E¢-E¢)) . (2.4.14)

This expression is precisely equal to 35-53 under the assumption that A
is independent of 6, £, and n; it is therefore the change in the com-
parative advantage of prices that results entirely from the center'é
inaccurate knowledge of the distribution of the consumption distortion.

We can construct a geometric arena in which the genesis of this
result becomes quite clear. Figure (2.12) illustrates the case in which
E¢-ﬁ¢ = D > 0. We begin by assuming that Ex = 0 and define

a, = (Qp + Q(E) - 4) 5o
v(}) = Ey.

The increase in benefits that is created by D > 0 when y(A) is held at
EyY is

' - A .l— A A A2
(B' = g(n))D + 5 Bll (2D CI D)

The corresponding gain in benefits, however, when Y(A)-Ey < 0 is
' £ “ ~ _ -~ A2
(B' + 8 + 5B, (2qa°p + 2D(¥(1) - E¥) + D°)
so that the extra gain in benefits is
B,y D(¥(A)-E¥).

This extra gain exists because (¥(A)-Ep) < 0 pushes the quantity consumed
into a region in which the benefit function is more steeply sloped (see
Figure (2.12)). Note that Bllﬁ(w(x)-ﬁ¢ois the extra loss that results

when D < 0 from the same steeper slope.

-
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The quantity consumed enters the benefit function in a flatter
region when, on the other hand, w(l)-ﬁw > 0. We observe through parallel

reasoning that

i) Bllﬁ(W(l)-ﬁw) is the loss in increased beﬁefits over
the case in which (1) = ﬁw when B > 0 rather than
D =
ii) Bllﬁ(w(x)-ﬁw) is the decrease in lost benefits over

the same case when D € 0 instead of ﬁ = 0.

Since the optimal price order is independent of D, the above are the
only effects when Ea = 0, and reflect changes under quantity control
only. The expression Bllﬁ(Ew-ﬁw) is therefore added to the .expected
benefits achieved under quantity control, or equivalently subtracted
from the comparative advantage of prices.au

Similar reasoning can be employed to explain the appearance of

B (E( Z))(EY-EP) in AS The crucial difference here is that the error
11

3u'l‘he following table shows that addition is the .proper operation
in all of the permutations of the signs of D and (E#-Ew)

(Ey-Ey) < 03D > 0 => gain in benefits => B (Bw-Ev)D > 0 added
under quantities

(Ey-Ey) < 0;5 <0 *> loss in benefits = Bll(Ew-E*)D < 0 added
under quantities

(E¢-ﬁ¢) > O;B >0 = loss in benefits == Bll(EW'ﬁ*)ﬁ < 0 added
under quantities

(Ew-ﬁw) > 0;5 < 0 => gain in benefits => B (Ew-ﬁW)D > 0 added
under quantitles
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made by the center in evaluating the mean of marginal costs influences

not only the quantity order,but also the price order. We begin as

- before, defining
(qp+o(e)-4) and Q(GE)-(q(OE)-q)

Ea-O Ea‘-'O
w(x)-zw ﬁ(l)-E*

0.3

and assuming that ﬁ = E$ - §¢ = If Ea > 0, the decrease in benefits

under quantity control over the case where Ea = 0 is

(B' + B(n)) § + 3 lg (2q Q +Q ) - (2.8.1%)

11

this very same éxpression represents the increase in benefits when E

becomes negative. The term

B
(B' + B(n) (2L Q) + (24 (e,e)c Lo+ ‘11 &?).
1y 2 By (2q, c,. ),

similarly represents the increase in benefits under price control when
ﬁa > 0 instead of Ea = 0, and the decrease in benefits when ﬁa is
negative.

The additional loss in benefits under quantity control for the case

in vhich ﬁc > 0 over the case in which Ea = 0 ig, however,
- ~ . . ~ P a2
(B' +B(n)) Q + 5 2 B,, (2q], Q +2(+(X)-E$)Q + Q) (2.8.15)

when ¥(A\)-E¥ < 0. We see by comparing (2.4.14) and (2.4.15) that

35Treating each error individually by assuming the other is equal

to zero is permissible since their effects are entirely separable.
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Bll(¢(l)-3¢)q

is the extra loss incurred under quantity control when &(A)-ﬁw < 0 and
pushes the quantity consumed into a more steeply sloped region of the
benefit function. The extra gain under price control is similarly
B, (¥(2) Ew)( )Q
u ‘i
As a result, B (sw-éw)é should be added to the expected loss under
quantities and B (Ed:-Bw)( )Q should be subtracted from the expected

11
gain under prices;

B, (Bv-E¥)4 - B, (E¥- Ew)( 258 = B, Ee-ENED)
‘n 11
should therefore be added to the comparative advantage of prices
(summing the two effects). Perfectly analogous arguments produce the
same result in the other three permutations of signs.
¥We have demonstrated that the consumption distortion moves the
quantity consumed around in the domain of the benefit function. Since
the means of the two possible output disturbances are different, the
effect of this movemént is gaymmetric ‘and the coneavity of the benefit

function generates

-

- < a - -
311(5*‘5*)(E(E;I° - (E¢-E$)) '

in the expression for the comparative advantage of prices over quantities.
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"“Séction 2.5: An Example--Automobile Emissions

The proposed control of automobile emissions will provide an arena
in which we can apply our analysis. Carbon monoxide standards will b§
studied in this chapter and the next; nitrous oxides will be included
later in Chapter Four. These applications will be quite casual in
nature, serving primarily as an illustration of the potential value of
our results. We will, however, draw upon the empirical work of other
researchers to provide this illustration with a bridge td remty.

| Our present results reveal that the curvatures of the benefit and
cost functions in the neighborhood of the desired emission levels (Bn
and cn) are of crucial importance. Benefit functions for the reduction
of vehicular carbon monoxide and nitrous oxide emissions have"been com-
puted recently by William Ahern, Jr.ss From a variety of sources, he
has expressed benefits, in terms of "equivalent days of restricted ac-
tivity" (EDRA) per year, as a function of the percentage reduction over
the CO and NO » emissions levels of a typical 1967 automobile. We will
use his upper estimate of the average cost of an EDRA,37 $2I.:I..00,38 to
express these benefits in dollars per year. We hope, in that way, to
capture not only the human health effects recorded by an EDRA, but also

at least part of the other pollution related damages.>° Table (2.2)

36William Ahern, Jr., "Measuring the Value of Emissions Reductions,"
in Jacoby and Steinbruner, Cleaning the Air, pp. 175-205.

37This is the amount that people are willing to pay to avoid an EDRA,

381pid. , p. 202.

39Non-hmnan biological .effects on plants and wildlife, property
damage, etc. '
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Table 2.2

EDRA Estimates for Carbon Monoxide

1967 Levels . 50% Reduction 75% Reduction
1.42 x 10° 2.35 x 10° 1.90 x 10’

Source: William Ahern, Jr., "Measuring the Value of Emissions Reductions,"
in Jacoby and Steinbruner, Cleaning the Air, p. 198.
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and Figures (2.13) summarize Ahern's findings for carbon monoxide, The
curvature of benefits can then be approximated geometrically by esti-
mating the slope of marginal benefits in Figure (2.131:). |
Donald Dewes has calculated marginal cost schedules for the reduc~
tion of carbon monoxide and nitrous oxides as a function of the percentage

40 Since no

reduction of the typical emissions of a 1963 automcbile.
pollution devices were required nationally between 1963 and 1967, the
emissions of a typical 1963 automobile should nearly equal those of a
1967 vehicle. We will assume exact equality of these base levels and
summarize the Dewes results for carbon monoxide under that assumption
in Table (2.3)*! and Figure (2.14)."? The slope of this marginal
schedule will give the relevant curvature for the cost function.

The variances of emissions under both modes of control are, of
course, also essential. Recall that the center must issue either a
single, binding price or quantity order before actual costs are known.
The level of emissions produced under price control would therefore be
unknown to the center until the actual production costs are perceived.
To explore this output uncertainty before making its decision, the
center could collect a set of cost estimates for each of the systems

listed in Table (2.3). The expected cost and standard deviation for

l'oDo'nald Dewes, Economics and Public Policy: The Automobile Pollu-.
tion Case, MIT Press.

uIbid., Appendix C.

uzDewes lists his data in dollars per mile, while marginal benefits
are recorded in dollars per year. To correct this units discrepancy, we
extrapolate the total mileage figures for the last few years as reported
by the automcbile manufacturers and suppose, quite reasonably, that 1.4
trillion vehzcle miles will be driven in 1975,
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System Emission

System (A):
System (B):
System (C):
System (D):

- 17

Table 2.3

The Cost Side for CO

Positive Crankcase Ventilation
1968 Clean Air Package plus (A)
1970 Controlled Combustion System plus (A)
Low-Lead, Low Octane Engine plus 1971

Catalytic Exhaust Converter plus (C)

% Reduction

Co::rol 76.7
(A) 76.7
(B) 38.3
(c) 25.0
(D) 2.3

(gm./mi.)

Change in Total Cost

.00027
.00022
.00008

.00688
($/mi.)

Source: Donald Dewes, Economics and Public Policy:

Marginal
Cost

A x 107
4 x 1070

' 25 x 1070
'$/(gm./mi.)

5

The Automébile

slyr. (x1o")

!

20

fo

50'/9
FicuU&RE 2.4

5%

Cost

Pollution Case, MIT Press, Cambridge, 197%, Appendix C.
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each system could then be computed and used to quantify the cost/profit
motivated uncertainty that the center faced. |

We can illustrate this procedure with the data collected by Dewes.
Each cost figure that he lists for a particular system has been derived
from a set of estimateé provided by the Environmental Protection Agency,
the National Académy of Sciences and the automobile manufacturers them-
selves. The range of theée estimates for each system will sﬁggest
standard deviations in marginal costs similaf to the statistics that |
the center would compute. If costs are quadratic, these standard devia-
tions in marginal cost can be translated into standard deviations in
emissions by dividing by the curvature of the cost f‘unct:ion.u3 This
computation will provide a rough notion of the profit motivated variance
in vehicular emiésions that the center would confront in this particu-
lar problem.

The total costs of system (D) for the manufacturer are, for example,
given by Dewes to be $4.3 x lOglyr. The estimates of the EFa, the
National Academy of'Sciences, and the manufacturers suggest a standard

" The marginal cost of

deviation around that value of $5.4 x 108/yr.u
‘system (D) over system (C) is then $3.5 x 108 ¢ $1.9 x 107 per yeax'.“5

From the point of view of the center, then, this cost uncertainty implies

usWhen costs are quadratic, disturbances in marginal costs and dis-
turbances in output are related by a factor of (1/C,,), the inverse of
the curvature of the cost function. As will become Clear in the exam-
ples, this is a system by system computation.

“1pid., p. 191.

usSystem (D) produces an additional 28% reduction in carbon monoxide
emissions over system (C). _$5.4 x 108/yr. divided by this 28% yields
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a profit motivated standard deviation in emissions around the 97% reduc-
tion expected of system (D) equal to $1.9 x 107/yr. divi&ed by the cur- -
vature of the yeérly cost function in that neighborhood. Between C and

D, that curvature is $1.3 x 107/yr. per 1% reductién, so that system

(D) achieves its 97% reduction plus or minus 1.4%. The center must

therefore work with a profit motivated variance in carbon monoxide

emissions of
(1.4(76.7) x 10'2)2(gm./mi.)2 = 1.1 (gm./mi.)2
if it tries to achieve a 97% reduction in CO by price controls.

A similar computation for system (C) reveals that the total cost
to the manufacturer is $5.5 x 108/yr. plus or minus S$1.4 x»log/yr. for
a 69% reduction. This cost uncertainty implies a profit induced vari-
ance in carbon monoxide emissions under prices of .3 (gm./mi.)2 from
the center's point of view.

An éutomobile manufacturer must also deal with production varia-
bility in its emissions reducing devices as he responds to a control of
either mode. This variability produces a second source of ex ante
uncertainty with which the center must deal as it makes its control
choice. Carbon monoxide emissions from automobiles subject to the 1975
quantity standards have exhibited a standard deviation of 20% of the

required 3.4 gm./mi., for example.us The variance in CO output can

uanilton Weinstein and Ian Clark, "Emissions Measurements and
Testing of New Vehicles," in Jacoby and Steinbruner, Cleaning the Air,
p. 106.
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therefore be estimated at

(.2(3.8))%(gm./mi)2 = .4 (gm./mi.)

in this case under this quantity control. Such variability in output
is directly attributed to the conscious quality control decisions of
the automobile manufacturers. The center must therefore determine
vhether this variance in output would be set at the same level under an
equivalent taxation scheme. To answer this question, the manufacturer's
response to a quantity standard must be studied in greater detail. We
will again attempt to illustrate the center's assessment procedures
with the limited data that we have available. |

An automobile manufacturer faces not only a guantity standard, but
also the uncertainty of the testing procedures used to compare his
product to that standard. Production variability as well as measurement
error therefore contruct an output distribution around his expected ob-
served emission level, e. He would never set his e equal to the given
standard because such policy would imply a 50% chance of exceeding that
standard. He would obviously pick a lower mean so that hé meeés the
requirement x% of the time, where x is determined by equalizing the
marginal cost of increasing x and the expected loss of exceeding the
standard (100-x)$% of the time. The situation is illustrated in Figure
(2.15) below for the 1975 ceibon monoxide standard; e can be shown to

equal 2.4 gm./mi. when x is 97.5%.""7

*71bid., p. 107.
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Fiocure 2.0

Notice that in this situation, quality control would be logically
geared to avoid disasters; the tails of the distribution would be kept
small. Were a per unit charge levied, however, this strategy would give
way to one in which the entire distribution is scrutinized. The variance
in emissions would then depend crucially on which emissions levels were .
cheaper to avoid. Since these implications are impossible to predict
with the available data, we will compare price controls and quantity
controls under three assumptions: the standard deviation of production
induced variability in CO emissions under price regulation is 50% of, -
equal to, or 150% of the corresponding standard deviation under quantity
regulation. If the standard deviation were reduced by 50% under prices,
for instance, the variance in CO outpﬁt due to production variability ‘
would fall to .12 (gm./mi.)2 at the 3.4 gm./mi. level. If it were in-
creased by 50%, on the éther‘hand,‘the variance in CO emissions due to
production variability would rise to 1.0 (gm./mi.)2.

We have noted how production variability will create a nonzero

variance in the emissions of carbon monoxide under quantity standards;
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2

we now designate that variance ai and assume that oq = .4_(gm./mi.)2

everywhere. The analysis of this chapter has emphasized the decrease
in expected benefits and the increase in expected costé that such
variance in output would cause. In terms of our previous notation,
these losses are summarized by (l/2)(Bll cll)o and are subtracted from
the comparative advantage of prices that the center would compute. We
have also noted a similarly created variance under price controls,
indicated here by °§° This variance causes corresponding losses under

prices, so that the term (1/2)(Bll ll) og is added to the comparative

(oi) under prices that creates a decrease in expected benefits, an in-
crease in expected costs, and an efficiency gain. The net of ‘these

three effects is given by (1/2)(B )a and is also added to the

ll 11
center's comparative advantage. If the profit motivated variability

and the production variability under price controls are independent,
then the comparative advantage of prices over quantities is the sum of

the above three terms taken with the indicated signs:

) 2

)o + (1/72)(B ) - (1/2)(B,,-C,, %

(1/2)(B

u* ll 117 ll

02)

= (1/2)(81 )o + (1/2)(]3ll ll)(o - 9y

(2.5.1)

Figure (2.16) reveals that at the original 1975 carbon monoxide
quantity standard of 3.4 gm./mi. (96% z'educ':‘l::i.on),“8 marginal benefits

disappear (i.e., Bll = 0). The comparative advantage of prices then

“afederal Register, 36:228, Nov., 1971, p. 22u52,
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turns on the sign of the cost side:

2 2 2
(1/2)01‘1_(‘:1’r + oq - op).

Table (2.4) summarizes the results for the assumed three values of o:;

the values of the other parameters have been derived in the text above.

Table 2.4

Comparative Advantage of Prices at
96% Reduction of Carbon Monoxide

By, =0
c;, = $1.3 x 107 /yr. per 1%
o2 =1.1 (gm. /mi.)>
oi = .4 (gm./mi.)?
2
p A
.12 (1/2)(1.3)C1.1 + 4 - .12) x 10’ > 0 .
4 (1/2)(1.3)(1.1 + .4 = .4) x 107 > 0
1.0 (1/2)(1.3)(1.1 4+ .4 - 1.0) x 107 > 0

-
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Price controls are preferred in all three cases; a per unit charge of

approximately $25 x lo-sl(gm./mi.) would achieve the prescribed 96%

reduction.

'

Conéider, as a second example, a more nearly efficient requirement
of 24 gm./mi. (70% reduction). The slope of the marginal benefit curve
is nearly -$9.0 x loslyr. per 1% in the region around 70%; the slope
of the marginal cost curve is similarly $13 x 106/yr. per one percent.
Table (2.5) summarizes the results for this case.’ Prices are still
preferred in the first two cases; a tax of about $.4 x lo'sl(gm./mi.)
per automobile would regulate average emissions to the required 24 gm./mi.
When the standard deviation of production variability under price con-
trols is 50% greater than that under quantities, however, quantity

standards clearly carry the day. In the center's ex ante view,'output

-variation under prices is expected to be too harmful to allow, despite

the inherent efficiency gains.

Table 2.5

Comparative Advantage of Prices at
70% Reduction of Carbon Monoxide

-$9.0 x 106/yr. per 1%

By =
C)y = $1.3 x 107 /yr. per 1%
ai = .3 (gm./mi.)2
o® = .4 (gn./mi.)?
q
52
P A
.12 (1/2)((4.0)(.3) - (20)(.12 - .4)) x 10° > 0
) (1/72)((4.0)(.3) - (20)(0)) x 10° > O
1.0 (1/2)((%.0)(.3) - (20)(1.0 - .4)) x 106 < 0
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Price controls are preferred in all three cases; a per unit charge of
approximately $25 x 10’5/(gm./mi.) would achieve the prescribed 96%

reduction.

»

Conéider, as a second example, a more nearly efficient ﬁequirement
of 24 gm./mi. (70% reduction). The slope of the marginal benefit curve
is nearly -$9.0 x loslyr. per 1% in the region arcund 70%; the slope
of the marginal cost curve is similarly $13 x 106/yr. per one percent.
Table (2.5) summarizes the results for this case.. Prices are still
preferred in the first two cases; a tax of about $.4 x lo'sl(gm./mi.)
per automobile would regulate average emissions to the required 24 gm./mi.
When the standard deviation of production variability under price con-~
trols is 50% greater than that under quantities, however, quantity
standards clearly carry the day. In the center's gg_ggzg_view,'output

variation under prices is expected to be too harmful to allow, despite

the inherent efficiency gains.

Table 2.5

Comparative Advantage of Prices at
70% Reduction of Carbon Monoxide

Bjy =
¢y = $1.3 x 107/yr. per 1%
0: = ,3 (gmo/mj--)2
02 = .4 (gm./mi.)2
52
p A
.12 (1/2)((4.0)(.3) - (20)(.12 - .4)) x 10° > o
A4 (1/72)((4.0)(.3) - (20)(0)) % 10° > 0
1.0 (1/2)((4.0)(.3) - (20)(1.0 - .4)) x 106 < 0
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Section 2.6: Conclusion

Either mode of control can easily allow variation in the output

" that is actually produced. The fundamental result of this chapter has
been the vital role played by these output variations in the prices-
quantities comparison. The relative magnitudes of their variances has
a direct bearing, especially when the curvature of either costs or
benefits approaches an extremum. Output is also varying in the context
of shifting marginal costs and benefits. The simultaneity of the#e
variations weighs on the comparison to the ‘extent that output under
either mode tends to move in the correct, or incorrect, direction.

The correctness of the output shift is defined, of course, l?y the di-

rections of the shifts in the marginal functions thémselves.
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Chapter Three

THE REGULATION OF MANY FIRMS PRODUCING ONE GOOD

The logical first extension of Chapter Two is the case in which
many firms produce the same good. We therefore examine the multifirm
case to determine when industry-wide price controls are preferred to
industry-wide quantity controls, and when a policy mix is preferred to
either of these two schemes. All of the major uncertainties introduced
in the previous chapter are treated in turn, and the strength of our

previous results is carefully noted.

Section 3.1: A First Modell

We begin our investigation of the miltifirm-single product case by
returning to our most elementary analytic framework. We disregard, for
the moment, both the output distortion and the consumption distortion
and confine uncertainty to only the random elements that influence
benefits and costs. Some important results which, although they remain
valid in the more complicated models, are most easily discussed and
understood in the context of our simplest case.

Consider, the: a benefit functién depending only on one product,

denoted B(q,n), and a total cost function

n o,
Zlc (a;48,),

1This model corresponds to the case originally discussed in
Section 2.1.
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i

where C~ is the cost function facing individual firm-i,2 Qg is the

output produced by firm i, and q'is total output defined by

The random variables n and the ei once again explicitly incorporate the

th firm, respectively,

uncertainties over benefits and costs at the i
into the analysis. The center maximizes expected benefits minus costs
with an accurate subjective distribution of n and the ei to select its
optimal price and quantity orders. Each firm at the periphery reads its
corresponding 61 before selecting its profit maximizing output in
response to a price order from thé center. We are now equipped to in-
vestigate the comparative advantage of industry-wide price control over

industry-wide quantity control in this rather simple environment.

The optimal quantity order, in this example, is a list of orders,

-~

9z (i=1, ..., n), determined at the center by solving
n n .
max i
EBC ) q..) - § c'(q.,8.)).
CIRTEL P A - =1 b3

The first order conditions require that the optimal orders be computed

by the simultaneous solution of the following system of equations:

rs

n N
- i s o

2He assume that the cost functions all behave as the one cost
function of Chapter Two. Thus,

i i
€1(a;40;) > 0 and €7,(q;,0,) > 0 for all i.

i
S

Reproduced with bermission of the copyright owner. Further reproduction prohibited without permission.



-95-

Our assumptions concerning the shapes of the cost functions guarantee

that nonnegative solutions to (3.1.1) exist. We define, for notational

ease,

i1 t~3 3

g4 =

4 ..
1 [« §

i
Having established the existence of the qoi, we can expand the
benefit function around § and the individual cost functions around their
corresponding ﬁoi' We assume, as before, that the random variables
enter the marginal functions only through the intercepts and that a

second order approximation is sufficient; i.e., we assume that the

benefit function may be approximated arbitrarily well by

B(q,n) = b(n) + (B' + B(n))(q - Q) + = 2 B, (q- Q)2 (3.1.2a)

.th

while for the i™" firm, the cost function is written

chays0,) = 8,000 + (€] + a;(0,0)(a;-4,) + & L8 )7 (3.1.20)

EC (d .+0.), we also guarantee that

: ' = '
By defining B EBl(d,n) and C} 0i %

3

Eg(n) = Ea; (6 ) (3.1.3)

o’ vi = l’.‘.’n.

‘These approximations are the final assumptioné'required to complete the
analytics of this section. Observe, before we proceed, that (3.1.1) and
(3.1.3) imply immediately that B' = ¢} for any i.

For any price order, p, each firm maximizes profits, given ei, by

3
The term b(n) is defined hy B(4,n), while for any i, a;(e; ) =

j.(qcﬂ.’e:l)
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producing the quantity, qi(p,ei), that sets marginal cost equal to the
given price; that is

= o i
P=Cj+ ai(ei) + cll(qi(p’ei) - qoi).

The firms' reaction functions to any price order are therefore

C! + a,(8,) -p .
_ A iti - hl(p,ei);

9 = 84,5 o
11

quite trivially, then,

hi (p,8,) = (cil)‘l. (3.1.4)

The center has precise knowledge of the reaction function of each firm,

and selects the optimal price order, P, by solving

max ne ¥ niepie0,m - 1 cinicp,e.),6,))
P 12 P i’ 15 P ‘i 94 .

The price order is thus determined by the first order conditibn that

- ] n [ o
i i, _ i, 1
E B,(Zh",n) + (Zh)) = z c; * hy .
i=1
By recalling that under price controls, the given price is always equal

to the marginal costs at every firm, and by employing equation (3.1.4),

we have the following implicit expression for P

n -
EB.(} ni(p,8.),n)
1 igl $

p =
n -ci + P
= B' + Bll ( z (————)). (3.1.5)
Pt 1
i=l Cll
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Since B' = C! for any i, (3.1.5) reduces to

) Vi=1l,...50. (3.1.6)

The reaction function of the ith firm to this price order is therefore

“i(ei)

ai(ﬂi) = qoi - ( ci )o A (3.1.7)
11

3.1.1: The Comparative Advantage of Prices Over Qﬁantities

He can easily compute the comparative advantage of prices in its

most general form by recalling the definitions of the qoi and equation
(3.1.7):

n
rizl i 4
: n
A =-E gl(q,n)dq +E i£1 ¢,(q;,6,)da,
n
Jizl g(8,) Jagep)
I N (“i“’i)"j“j)) NPT ("i“i))
= 2 1 R zZ L o
T 1 "1 - 11
n a.(0.)
+ 1 £ smn.
i=1 11

a, '

Notice that E(—E-; f%4) is the covariance of the output disturbances
c c
1 11

allowed by prices at firms i and j, if i # j, and is the variance of
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the output disturbance at one firm if i = j-u We can rewrite the ex-

pression for An as follows:

1 -, (01) n —al(e )
): 7 (B + 11) Var (—————) + ) Cov (_T— 8(n))
i‘l °11 i=1 °11
n n -a.(6,) -a,(6.)
+ } B, Cov (—i - ; A0, (3.1.8)
'Zl j=1 11 cl cj

11 11

He will shortly be interested in the ceteris paribus effect on An

of a change in the number of firms (n). To correct for the pure in-
fluence of n, we propose the following transformed cost function:
x

i - i i .

r (xigei) =N c (‘;‘—‘,ei) ; Vl = 1,...,!1,
where x, is total om:put.5 Observe that I‘i may be interpreted as total
cost ‘given as a function of total output under the assumption that each
firm is an exact duplicate of the ith. It will be I'" and not ¢' that
will be held constant to insure that we are capturing only the effects
of a change in n and not the effects of some secondary production/cost
changes. .

The characteristics that make the above transformation particularly

useful are summarized below:

ry=cisdi=1,..,n;

l‘iz = 012; i=1l,...,n; and
i i .

rll = cll; i1=1,.0050.

“We see this by observing that Eéi(ei)°aj(95)=E(ui(61)~3ui)(aj(ﬂj )—Baj).

5He:t:t:zmam, op. cit., p. 23,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-99-

We have, as a direct consequence of these relations that the variance-
covariance matrix of marginal cost, and thus output disturbances under
prices, has survived the transformation intact. Equation (3.1.8) can

now be rewritten

2 ¢ B j
=(/m)* ] 1 B, Es;a, /rllrll)
i=1 j=1

+ (1/n) Z (c y Var ‘“1” ) + Cov (-a, /r11 ;8)  (3.1.9)
i=1
2
= (1/n) izl (Bll + P ) Var (ai/rll)
+ (1/n)? Z Z B,, Cov (a./rll s a. /rJ )
: i=1l j=1 . i
+ (1/n) Z Cov (-a; sri 1 8- (3.1.10)

i=1

Even casual consideration of (3.1.9) reveals that, in this initial
multifirm model, the spirit of the single firm case has been preserved.

We see that an increase in the absolute magnitude of B 1 causes the nega-

1
tive impact of total output variation to increase; An is diminished. An

increase in cll’ and thus in P for a given n, similarly reduces output

11
variation under prices and favors price control. The second term in

(3.1.10) registers the influence of outﬁut covariance across firms; it
can best be explained by comparing_the case in which these covariances
are all zero with a case in which only one covariance is nonzero. Sup-

pose that covariance is between firms 1 and 2., If Cov(cllril;u2lri1) > 0,

outputs of firms 1 and 2 tend to vary in the same direction under prices
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and therefore increase total output variation, over the case of complete
interfirm independence, by amplifving each other. Such increased varia-

tion is detrimental and is an additional bias against price control

@, o, @, a,
(B Cov(—= 1 ,—3-) < 0). Conversely, when Covcfr 3 -5-) < 0, outputs of
l..'I.J. rll rll I‘l.l.

1 and 2 tend to vary in opposite directions and cancel; the resulting

decrease in the variation of total output is a positive bias for prices
a a

over the independent case and B, Cov( i H —%-)-’ 0.
™ ™n

3.1.2: The Effect of a Change in the Number of Firms

We now consider the case in which all of the firms are identical,
so that we can totally isolate the effect of a change in the number of

firms, n, on the comparative advantage of prices over quantities, i.e.,

r..=sr..;i=1,...,n; and

var(ai/ril) ] 02; i = l,o.o’nos

We further assume that the ei are distributed such that the correlation
between the marginal costs of any two firms is equal to one particular

constant:

COV(— -i ) = i#i].

Iy Ty

6'l'hese two statements are not precisely equivalent to requiring
that the firms be identical, but rll and 02 are the two parameters that

appear in our expression for the comparative advantage of prices.
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The parameter p is the constant correlation coefficient.7 The compara-

tive advantage of prices is now

A ‘(l)B = + n( 1) £ 2]+-—I‘ o2+00v(—a—'8)
n - ‘27 P11 ’i" nin- 11 T.. }
n 11
2 o2 2 2
0 g [+ ]
= P(Byy 5—+ Ty 3 + (1- °)(" nrths
+ Cov(z— 3 B). (3.1.11)
11

In considering a ceteris paribus change in n, we will be holding the

benefit function, the transformed cost function, 02, and p fixed.
Observe that with any finite degree of interfirm independence,

a ceteris paribus increase in the number of firms contributing to the

total output of the single good in question produces a correspondingly
great.ez: comparative advantage of prices. A few remarks are in order
before the economic forces behind this result are explo;fed. Notice,

first of all, that a large n does not guarantee that A n will be 1:«:)9.:11::1‘«.3.8
‘mrthermore, this result in no way depends on our assumption that all
firms are identical; consideration. of (3.1.10) directly would reach the
same conclusion by means of more arduous reasoning. The identical firm

assumption, therefore, serves only to render the exposition simpler.

7'I‘he parameter p is constrained by [-1, 1], and although it is usu-
ally positive in practice, it will not be so assumed.
8'l'he crucial 1limit is B T
Hn e = (B2 + G
11 11
which need not be positive.
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Turning to the economic ‘genesis of the result, the first effect
that comes to mind is the ex post efficiency gain afforded price con-
trols by their guarantee that marginal costs are equal across firms;

that is
i = cJ - :sd=
Cl (qi(ei),ei) - cl (qj(ej)’ej) - 6 v:l.,j—l,...,n.

Price controls, therefore, automatically screen high cost producers
and encourage them to produce less. Low cost producers are similarly

encouraged to produce more. Under quantities, however, we have that
et (§..,0.) # ¢l (8.,0) Visj=1,....m
1 (Go3583) # €1 (35418 33 2 Lyeeesmy

except on a set of measure zero. The very special case in which the 0 i
are perfectly correlated (p = 1) lies within that set. The efficiency
gain disappears, in that case, because marginal costs are equal across
"all firms even when quantity controls are im]posed.9 Our observation
requires, therefore, at least a finite degree of interfimm independen;:e.
A second influence can be uncovered if we compute the set of points

(aoi: i=1,...,n) such that

;=

1 ol

UM e |
1} o~
e

, q
i j=1 of

i - - j g . { o = .
] (qoi,ei) =C (qoj,ﬂj) 3 Vizgi=1l, ..., n;

that is, the aoi are selected not only to equalize marginal costs across

firms, but also to maintain total output at the level prescribed by

gf’or identical firms, qo i° qoj .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-103-

quantity controls. We can solve for the aoi in the general case using

~ Cramer's Rule and induction on the number of firms (see Appendix B):

n
(n-l)ai(ei) - I a,(8,)

k=1

- . K#i

Yi = %i ool *
11

We have .assumed, in this subsection, that all of the firms are identical

so that
n
(n-l)u(ei) - kzl a(ek)
- _ i A
9, = qoi - e . (3.1.12)
11

Equation (3.1.12) will illustrate the second effect: a diversification
gain afforded price controls as the number of firms increases.

Obﬁerve, first of all, that if the ei are perfectly correlated,
then a(8,) = °(°j) for all i and j and §_; = aoi' In this case, there
can be no gain in setting marginal costs equal because they already
are equai under quantities; we have noted this point befbré. On the

other extreme, if the 9i are independently distributed, then

n
] a(8) = (n-1) E (a(8)) = 0
k=1 .
xF#i
as n grows, and
lim - _ lim (n-1)a(6,)
n+o%i "n+e qoi - nC,
- al8y) (
=4 .- = g,(e,).
ol Cll i1
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In the limit, therefore, we can set an output for each firm so that the
marginal cost of each firm is precisely equal to the optimal price order
without moving total output from the level set under optimal quantity
control. Most cases lie between the two extremes, but the iﬁtuit'on
these extremes provide can certainly be extrapolated. The gain from
diversification lies in the ability, as n increases, to set marginal
costs -of each firm closer to P without altering total output. Put
another way, the total output variation that results from setting mar-
ginal costs at each firm equal to p becomes monotonically smaller as
the number of firms increases. Since it is that output variation that
"hurts" prices, the diminishing of that variation is a positive bias in
the comparative advantage of prices.

The following proposition serves to summarize the import of this

subsection.

Proposition 1:

A ceteris paribus increase in the number of firms contributing

to the total output creates a corresponding increase in the
comparative advantage of industry-wide price control over
industry-wide quantity control, given any finite degree of

interfirm independence.

We have seen that there are two economic forces that simultaneously
contribute to the genesis of this proposition. The first is the effi-
ciency gain caused by the equalization of marginal costs across firms
under price control. The second is a diversification gain that diminishes
the variation of total output under the same industry-wide price specifi-

cation.
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Section 3.2: Mixing Policies Within an Industrg;o

In this section, we begin to investigatg the existence of circum-
stances in which a mixed policy set--i.e., the regulétion of §ome of
the firms in the industry by prices; the rest, by quantities--would be
preferable to uniform industry-wide control by either mode. We still

conform to the model specified at the beginning of Section 3.1; in
summary :

(1) The center maximizes expected benefits minus expected
costs with the correct distribution for the random
variables.

(2) The peripheral firms maximize profits by observing the
value of Oi that appears and setting the ordered price
equal to marginal costs.

ka) There is no output distortion under quantities and no

consumption distortion at all.

Consider, as a first example, the case in which one good is produced
by n firms that are divided into two groups by differences in their cost
functions. Assume, to be more precise, that we can number the firms so

that the first m confront cost functions of the form

clg,,0,) = 3,(8,) + (C! + 6,(8,))(q;-80)) + 3 €1, (a3-80y)

1oUntil we consider the general case in Section 3.2.3, we assume
for expositional ease that the ei and n are independent.
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while the remaining (n-m) face
cay.0;) = 8,(87) + (€3 + 05(8:0)(a5-85p) + 7 O3 (a-8,)"

We further assume that the correlation coefficients of output variation

vunder prices are unequal, both within and between the two groups. This .

final assumption is mathematically specified as follows:'u

2 s

Var(a /rll) 3 1=1,...,m3

Cov(aill‘_u,a /I‘ ) CIC A iand j = 1,...,mwith i # 3;

2

Vazv(ak/rfl) = t0°; k= (m+l), ..., N3

tpzo2; k and 2 = (m#l),...,n with £ # k; and

k L
C°V(ak/P11’“2/r11)
i k
COV(uilril;ak/rll) = v/t p302 s i=1,...,m and k = (xn-fl),...,n.

The comparative advantage of prices for this example can be com-

puted directly from (3.1.10):

i o2 o2 2
g
4= 5 {"1( B11 7+ Ty 2 7+ (- °1)(n Bll 7t Ty 3}
2 2 2
2 T, .to B,.to T, ..to
n-m n-m to 11 11 117
+ (— ){92( Byy ot 3 ) + (1-p,)( 5t =5 )}
m, ,n=~m 2
+ (;)(-;—)(Bnpao /t). : (3.2.1)

llﬂe will shortly correct for the pure effect of n, so that we list
these assumptions in their transformed notation. These conditions are
simultaneously constraints on the variance-covariance matrix of marginal
costs. The covariance between the groups appears in its peculiar form
because given any two random variables, x and y, the correlation coeffi-

cient is defined
= (2 [2 2
pxy s (oxy/ o, oy).
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when the twc groups of firms are independent (pa =0), Ar'l equals the
convex sum of a modified expression for the comparative advantage of
prices for 2ach group taken alone. The modification, exhibited by the
fractional coefficients in ( 3.2.1), reflects the diversification gain
afforded price control by the grouping; each group, taken individuvally,
can now affect only a fraction of the total industry-wide output. Each
group can therefore provide only a fraction of the variance in total
output that appears in the benefit function. Within each bracket of

(3.2.1), then, is the comparative advantage of prices over quantities

for each group, taken in the context of that group's relative position

in the industry. We make that distinction notationally by rewriting

(3.2.1) as follows:

= m/m) a1 @/m) + () a2 &) & @D B, 0,0MF.

(3.2.1)

Postponing a detailed discussion of the origins of this change
until later in the section, we can easily note an example in which a
policy mix would be preferred. Suppose that, taking its position in
the industry intc consideration, prices are preferred in group one,

while quantities are similarly favored in group two. In our new notation,
slmm) >0 & (B <o,

A simple counting argument reveals that a mix with price controls over

group 1 and quantity controls over group 2 outranks industry-wide
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control of either kind when p3 = 0.12

3.2.1: Optimal Decisions Under a Mixed Scheme

Having demonstrated the existence of cases in which policy mixes
are preferable, we will shortly pursue generality in several difections. ,
It is necessary, however, to demonstrate that the quantity decisions
made under a mixed scheme either at the center, or at the periphery in
response to a price order from the center, are the same as they would
have been under a uniform control. We consider, to that end, a poten-
tial mix in which the first m firms face price controls and maximize
profits, while the last (n-m) firms operate under direct quantity regula-
tion. The center seeks to maximize expected benefits minus costs with
respect to its control variables p' and (qi: i= (m+l), ..., n), having
full ex ante knowledge of the price response curves of the first m

firms :13

a}(p',0;) = h'(p' 0,

The center therefore solves

n
max (E(8C( § ni(p',8,) + 1),n)
(P's apyyee--r9p) :‘.g P j=x§+1 i
1 cyod 3 )
- I c,n*,0)) - c, (q!,0,))
oy AT YT b 1

‘uwe are essentially maximizing expected benefits minus costs over
four altermatives that include the two previously available choices. We
can therefore do no worse; this example is constructed so that we do better.

13smce firms are profit maximizers, they are concerned only with the
price at which they can sell their product and their own marginal cost
schedule, not the type of control that other firms are facing. Their
price msponse curves are therefore the same as those introduced in Section 3.1.
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for the optimal control mix, designated {f'; q';ﬁl, cees q;‘}.
Expanding the benefit and cost functions around § and the aoi as
defined in section 3.1, we see immediately from the last (n-m) first

oaxrder conditions that
4; = qoi for any i = (m+1), ..., n.

The remaining first order condition requires, in addition, that

T i
E(B, « ] h3)

~ i=1
p = {—p—1}
EJ hy
i=1 !
) )
= E(B (( hv(ﬁ,eO) + A")’n)
1e) 1L gy ot
m -C!+p
= B' + B, ( ] ().
. 1
i=1 Cn

We recall that B! = Ci for all i and conclude that p = B' = CJ!_.lu Since
both the optimal price order and the price response curves for every
firm have remained the same, the quantity response to that price order,

denoted qi(ei)," is similarly identical:

gie,) =4 . - %) vVi=1 m
il oi ci ’ 3 sty e
11

Observe finally that the preceding argument is independent of the or-

dering placed on the firms as well as the number of firms chosen to be

luSee the argument outlined in Section 3.1 for a more complete demon-
stration. '
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regulated by price control. We have demonstrated, therefore, that the
quantity decisions made at either seat of authority under a mixed policy
are precisely those that would have been made under the corresponding ‘

"industry-wide control.
3.2.2: Policy Mixes with Positive Intergroup Correlation

We now return to the assumption that there are two types of firms,
distinguished by their respective cost functions. We further require,
for the moment, that the random variables influencing the various cost
functions be positively correlated across groups (i.e., Py > 0). Con-
sider a case in which quantity controls are preferred when the industry
is placed under uniform regulation (i.e., A < 0). We propose, in con-
trast to industry-wide quantity control, a policy- mix that regulates
group 1 by prices and group 2 by quantities. The comparative advantage
of that mix over uniform quantity control is given by

4, (pa/qq) = -;‘-m Ci‘l o2 + -%'-m B, o + %‘-m (m-l)pl,o2 (3.2.2)

Correcting for the pure effect of the total number of firms,

_ |
(m/n)L(p, /)L (=22 (o/r],)? + T, (o/71)2]

An(pq/qq)

vo. B |
+ (DA 0/rt) ) + 11 orr1))1

al(n/n) (3.2.2)"

The comparative advantage of this mix over quantities is precisely the
modified comparative advantage of prices over quantities in group 1 when

the "position" of group 1 in the industry is taken into account. That
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position is indicated by the preliminary coefficient (m/n).
Were we to reverse the mix, we would similarly find the compara-

tive advantage of that second mix over uniform quantity control to be
8 (qp/aq) = A%(ER
nh'ap/aqq gl

We can rank these two mixes by comparing the modified comparative ad-
vantages of prices in the two groups taken individually; if either, or
both,15 of these statistics is positive, the group having the higher
comparative advantage should be switched to price control when the mix
is imposed.

It is also useful to contrast these two mixes with industry-wide
price control in the case in which industry-wide price controls are
favored. Recall that the first mix regulates group 1 by prices and
group 2 by quantities. Correcting as before for the pure effect of n,
we can see that the comparative advantage of mix 1 over uniform price

control is given by

8,(pa/pp) = ~(B)[(0,/2)0(ED) B, t (o/12 )% + a2 (a/r2)%
1-92

+ ( 5

B.,t
11 2 2 2 2,2
Y22 (o/r3 ) + 213, (o/T3)21)

m, ,n-m 2,,1 .2
- B)y @ ey YT (07/TypTY)

2 ,n-m m, ,n=-m 2,1 .2
- A (T) - Bll (-E)(T) Pa 7t (o ”11"11)' (3.2.4)

The first term of (3.2.4) is totally expected in light of the previous

example; it is the comparative advantage of quantities over prices in

15Since Py > 0, it is possible for Al(m/n) > 0 and A2(n-m/n) > 0 and
still have A < 0 (see equation (3.2.1)).
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group 2, still taking that group's relative position in the industry
into account. The second term should be no surprise, either. When the
entire industry is under price control, the positive correlation of
costs, and thus output variation, between the two groups tends to mag-
nify the effect of individual output variation on the variance of total
output. This tendency produces an additional negative bias against

price, over the case of group independence, registered by

212
Bll( )(—-—4 Pq vt (o/ r, ll) < 0. (3.2.4a)

When group 1 is regulated by quantities, however, the output of each firm
in that group is fixed (in the current simple model), and the effective
covariance across groups is zero. The mix in question, therefore, col-
lects a positive bias over a regime of uniform price control equal to
the absolute magnitude of (3.2.4a).

When the mix is reversed, a second comparative advantage can be

computed, and similar manipulation reveals that
- 1 m m, ,N-m 2
A(qp/pp) = -A (H) -(;)(—n—') Bll 03 7t (o /rll 11)

We can once again rank the two mixes by comparing the values assumed by
the two modified comparative advantages of prices; this time, however,

the group having the (algebraically) iarger comparative advantage'should
remain under price control when the mix is enacted. '

The following proposition summarizes our results thus far:

Proposition 2:

Suppose that p, > 0. If price (quantity) regulation is pre-

ferred in either group 1 or group 2, taking into account the
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relative position of these groups in the total industry,
even though quantity (price) control is preferred across
the iﬁdustry taken as a whole, then a mix that controls
that group with prices (quantities) and the remainder of
the industry with quantities (prices) ranks higher than

uniform quantity (price) regulation.

To be sure, this is a result of rather limited scope. It will nonethe-
less serve two purposes in subsequent subsections. First of all, it
will be ‘applied to an even more‘specific exampie in which we will clarify
the often quoted, but thus far poorly rationalized phrase, "taking into
account its position in the industry." It appears, in addition, as an
intuitive precursor of a similar result cast in a more general forum.
We will, however, complete our examination of this two~-group model by
discu;sing the effects of negative intergroup correlation before pro-
ceeding in those directions.
| The algebra of the previous results survives the change in the sign
of Pay completely intact. The interpretations of the various cases are,
however, altered drastically.. For instance, when the base for comparison
is industry-wide quantity control, we cannot simultaneously observe
positive values for both Al(m/n) and Az(n-m/n). The choice between
mixes is therefore simple to make: choose to put under price control
that group whose hodified comparative advantage of prices is positive.
The complement of that group will, of course, remain under quantity
regulation. |

Evén greater changes are created when the basis for comparison is

industry-wide price control. The second term of (3.2.4) is then positive
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and represents a gain over intergroup independence resulting from the
dampening effect on thé'variance of total output of the negative across-
group correlation in marginal costs. In order that a mix be preferred,
in this case, it must therefore overcome this positive bias toward uni-
form price regulation; there must exist a group which, taken alone,

strongly favors quantity control.
3.2.3: An Illustrative Digression

We return briefly, in this subsection, to the world in which there
are n identical firms producing the one product. Each firm faces the

cost function:
Clay,0,) = a(6,) + (C' + a(0,))(q;-4,) + 5 C; (q;-4.)%,

while‘the.ei are distributed such that

Var(a(ei)) = 02; i=1l, ..., n, and

Cov(a(ei);a(aj)) = poz; iand j=1, ..., n;i#]7].

The meaning of the phrase "taking into account a firm's position in
the industry" can be demonstrated, under these conditions, by the fol-

lowing corollary to Proposition 2:

Corol 1:
Suppose that quantity controls are preferred when the
industry 15 taken as a whole. There exists a subset of
m firms such that a mix that controls those m firm; by

prices and the remaining (n-m) firms by quantities is

L5
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favored to industry-wide quantity control if and only if
B
(1/n) | EF"I <1. (3.2.5)

The corollary follows directly from manipulation of equation (3.2.2) -
in the context of condition (3.2.5); a formal proof is recorded in
Appendix C. Equation (3.2.5) is then seen to guarantee the superiority
of the mix of one firm under price control and (n-1) others under quan-
tities over a uniform quantity regulation of the entire industry. The
intuition of the phrase can now be constructed more completely by a
thorough study of the genesis of that equation.

We wish to compare the one firm/one product case to the current
model in which the firm in question is essentially (lln)T’h of the indus-
try. Recall that in the one firm case, the comparative advantage of

prices over quantities 151

. B
ps (222?27 ¢+ 262D
11 11

The first term registers the efficiency gain that is derived by insuring
that the firm is setting marginal costs equal to the prescribed price,
diminished by the loss created by extra costs due to output variation.
(Bll 02/2r§1) is similarly the loss due to output variation that is

registered in the benefit function. When the firm is embedded in an

lsThe precise analog of the one firm case in this section is a set

of n perfectly correlated duplicates of one firm. Then,

=30, (= =2+ 22 By (& )2
11 11

Correcting for the pure effect of n as before,

= 1 1 g 2
a=5r, G+ 38, G = 3 War(a/T ;).

B
11 ut 11
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industry of (n-1) identical other firms that are controlled directly by

quantities, however, the correspondingly diminished efficiency gain is

given by
o "o cll 2 rll
= ARy 0 2
. 3 a(0;) 11 2 5 3
q -
° ° cll
(3.2.6)

Observe that the gain is reduced by a factor of (1/n) from the single
firm case. We can see, in like manner, that the variation induced loss

in bgnefits is now

qo
B B
E{ [By(a,n)da} = 3 (c‘:l)2 = 21’;; (T.‘;—l)2 (3.2.7)
a(8,)
ng - T,

i.e., it is diminished, in absolute terms, by (1/n)2. As we noted above,
when the single firm is incorporated into a large industry, it can in-
fluence only a fraction of the total output of that industry. Equations
(3.2.6) and (3.2.7) reveal the asymmetry of this diminishing effect on

the two sides of the loss function. It is therefore possible that
2, 2 2,2 .1 2, 2
|Byg0°72r3, | > (ryy0®/2ry)) > & By jotr2ry |,

in which case the firm taken within the industry predicts that prices
are preferred, while that same firm taken as the entire industry predicts

the exact opposite:
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B r
AL 942 4 1 (92 ¢ g and
2 T, 2 T

T Ry
T

B
1 11 , o |2
(_) (_.—( ) ) + —_— > 0.
n” "2 !11, 2 Ty,

When we write of a firm's position in the industry, it is precisely this
asymmetrical reduction in the influence of individual output variation
on total output variation to which we refer.
Several remarks should be made, for the sake of completeness,
before we pass to a more general example. The converse of Corollary 1
is false whenever p > 0; were prices preferred industry-wide, there
would exist no single firms for which quantity controls would be preferred,
even when they are taken alone in the context of their place in the indus-

try. To be more precise,
A i (?-&a/r )2 + I1-140/r 12) 4 (1-0)(2eo/r. 32 4 E1—1(«/1- )2) > 0
n - P35 11 2 11 P5n 11 2 11

is sufficient to guarantee thatl7

B r
s/m) = = (M2 (GHGE-D > o,
1

11 1

S

We are therefore dealing with a case in which the efficiency gains of
price controls dwarf the losses attributed to total output variation,

even when that variation is amplified across the industry by positively

17That conclusion follows fr?m the following sequence of inequalities:

By, o B r
0<a $p2? ¢ ZH2D + (-G 12+ 2h?)
1 11 T M
B , T
T LUTEN AL
11 11

A(1/n)
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correlated marginal costs.

' We can also demonstrate that the assumption that p be positive is
crucial to the validity of the corollary. To dc; so, we assume that
p < 0, recall that the industry-wide. preference of quantities requires
that An < 0, and look for a contradiction. If the mix of one firm under
prices and the remaining (n-1) firms under quantities is preferred to

uniform quantity regulation of the entire industry, then

B r
at/m) = (WG + = 297 > o.

1l 11
Since
B T B r
am3 G% + 32 57 2 2% + F2?
11 11 11 11

and p < 0, we have immediately that

: Bll G 2 I..'l.l o 2 B11 o \2 11,2

P[(l/n)—2-(-r—) + -2—'(‘f.-—) 1< p[T(T'—_) + -—2-) ]

11 11 11

so that |
Bia, 0 2, T, o 2 B o2, T o2
by 2 p(EHF) + S5m0 + (-9 U + 5+ > 0.

11 1 11 11
We therefore have our contradiction. If p < 0 and uniform quantity
control is preferred to uniform price control, there cannot exist firms
for which price controls would be preferred when they are viewed
individually within the industry.

When p < 0, ﬂowever, all is not lost. If prices are prefex;red over

the entire industry, it is necessary, but not sufficient, that there
exist a firm for which quantities are favored, in the context of its

place in the industry, for the mix of that firm under quantity control
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and (n-1) other firms under price control to be favored to uniform

price control across the industry. The asymmetry in results occurs
because the mix must overcome the resulting loss in diversification

that is afforded prices in this case by the dampening effect on total
output variation of a negative correlation in costs across firms. When ,
equation (3.2.4) is considered in this example, the second term is a

negative bias against the mix, since Bll and p are both negative.
3.2.4: General Conditions for a Mix

We finally return to the general case in which there are simply n
firms producing one product; no assumptions will be made about their
similarity, except that they all face cost functions of the standard

form:

S § " ' ) 1.3 2
C(q;.8;) = a;(8;) + (Cf + a;(6,))(q;-4,;) + 5 C7; (q;-4,;)

The benefit function remains intact and we retain the definition
- ' 1 ]
B(q,n) = b(n) + (B(n)+ B')(q-§4) + 5B (q-§)

from Section 3.1. If there exist independent subgroups of firms, they

may be dealt with individually, as long as we keep in mind their position
in the industry, thereby recognizing fhe fractional impact of their cumu-
lative product on the variation of total industry output. We can there--

fbrg assume, withéut loss of generality, that there does not exist a

- subset of firms that is totally independent of the rest of the industry.

Notice, however, that this assumption in no way precludes a zero correla-

tion between any two firms.
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To capture maximum generality, we begin with an arbitrary mix in
which the first m firms are regulated by quantity controls and the re-
maining (n-m) are regulated by prices. The index m is allowed to range
between zero and n. Calling the above mix 1, we will now contrast a

th

second mix which duplicates the first but for the m firm; that firm is.

switched to price control. The comparative advantage of mix 2 over

mix 1 is then s:‘.m;:oly,r::"8

n
éiom 5 i"m+1a 3/ c

(mix 2/mix 1) = E C'JI_‘(qm,Gm)dqm - E|B,(q,n)dq

n .
Qom - 5%’ 4 - ;E05/C)
11

= -;'— C';l Var(m"/C'_{'l) + Cov(am/C'-.rl;B)

+ B,.[ Z cov(a, /C™ ,a/C ) + & Var(a/C )]
11 i=mel m/ 11 11 11

l.1.m i
algfyy Var(ay/Ti)) + Byy( .£+1COV(Q /r71593/773)

1
+ Cov(amlrll, + 5B, Var(am/l";l)] (3.2.8)

The various terms of (3.2.8) are quite easily rationalized; we have seen

them all before. The first represents the positive bias of the efficiency

th

gain that is achieved by guaranteeing that the m ~ firm now sets marginal

laRecalling Subsection (3.1), we know that the quantity orders and
price orders, as well as the price response functions, are invariant
across this change in mix. Terms like -

cl(qi,ei)dqi; ié¢m

[Qi (mix 2)
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cost equal to the price order. As usual, the dampening effect of output
variation on éxpected costs has been included in the term. The last term
is similarly the loss registered by the benefit function in response to
the newly allowed output variation by the mth firm, Finally, the terms
in the sum indicate the dampening/amplifying effects of the negative/

t

positive correlations in output of the m h firm under price control with

the other (n-m) firms already under price control. We should note, in
- passing, that (3.2.8) is also the precise expression for the comparative

advantage of prices over quantities for the mth

firm considered alone
lin the context of its position in the industry as otherwise organized
by mix 1.

As would be expected, reversing the switch produces a very similar

)th firm is switched to

result. Consider a third mix in which the (m+l
quantity control. The comparative advantage of mix 3 over the standard,

mix 1, is given by

a o a
s 1l 1 m+l m+l “m+l m+l
= - == —) - LI Y
A(mix 3/mix 1) ST Var(rmﬂ) Bllvar(rm+l) Cov(rmﬂ,B)
1l 11 11
n a . a,
-8, J cov(i, iy, (3.2.9)
lli=m+2 potlood
11 11

The only substantive change is the minus sign that converts losses into
gains axid gains into losses; but A(mix 3/mix 1) reflects a comparative

of quantities over prices, so such transformations are expected. The
content remains otherwise the same and we have demonstrated an intuitively

satisfying generalization of Proposition 2:

are therefore all zero and do not appear in the final equation. The co-
variance of benefits and output variation under prices at the mth fiym

does appear, however, and registers the "correctness"
i tness'" of th
variation vis a vis changes in benefits. at output
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Proposition 3:

In order to éuarantee the profitability of an alteration in
the control mix, it is sufficienf to show the existence of
one firm for which the opposite mode of control is preferred
when that firm is considered individually, but in the con-

text of the industry as otherwise controlled by the original

mix.

Several remarks are in order. By setting m equal to zero or n,
we have sufficient conditions for the existence of.a mix that is pre-
ferred to uniform control by prices or quantities, respectively. 1In
addition, even though the existence of an optimal mix can be insured,lg
simply changing the mode of control on all firms that so prefer on an
individual basis need not yield that global maximum. It is quite pos-
siblg, fbr instance, that making a switch in control with'a negative
comparative advantage could set up a covariance structure that would
ultimately attain a higher value of benefits minus costs.

To see this point, we begin with a mix of m firms under quantities
(m > 2) and (n-m) firms under prices and suppose that there exist no
firms for which a change of control would be preferred on an individual
basis. We further postulate the existence of a subgroup of p firms, to .
be numbered from (m-p+l) to m, under quantity control but for which
price control would be preferred when they are considered as a subgroué

in the context of their cumulative position in the industry as otherwise

lgwd have a finite number of possible mixes whose evaluations in
expected benefits minus costs constitute a closed and bounded subset
of the real line. Thus, that subset contains its own maximal element.
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regulated by the given mix. If we can show that these two sfatements .
can be mutually consistent, we will have illustrated our caveat. Notice,
too, that we will have also proven that the sufficient conditions re-
corded in Proposition 3.2 are not necessary. Our first assumption

requires that

k
Ty % -
o——- <-E—o 2 L ( Z (5234(-—4 (f§_,2) G(k) <0
T fmelTy) T Ty
i#
= (m-p+l, ..., m). (3.2.10a)

Our second assumption similarly requires that

m
I (et + 2L (] (fg—o(—i-o>} (3.2.10b)
k=m-p+1 j -1:;21-1 r 11 rd 11

It is qﬁte possible for G(k) to be negative for all k, as prescribed by .
(3.2.10a), and for the total value of (3.2.10b) to be positive. All

that is reéuired is a sufficiently negative correlation of costs within
the given subgroup of firms. We should therefore not be lulled into
looking at only one firm subgroups by the dependence of our propositions

on simple, single firm conditions.
3.2.5: Large Firms and a Preferred Mix

‘When we envision an industry, we typically think of a collection
of large and small firms producing the same output. It is therefore
reasonable to ask what influence the relative size of a firm exerts on

the choice of control in a preferred mix. We propose two methods of
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introducing a large firm into the current analysis, in response to that
query. Each method involves viewing such a firm as a collection of
highly correlated production units. On the one hand, a single cost
functién for a large firm can be determined by the horizontal addition
of the cost curves of many smaller production units; we thereby create
a cost curve with a smaller curvature than any of the single units. In
the context of this notion, then, we suggest the representation of a
large firm by a cost function with a small value for Cll' On the other
hand, we can preserve the individual production units by defining a
large firm to be a collection of perfectly correlated production units
with values of C,, more in line with the small firms. '

Under either interpretation, we can now show that large firms. are
H ' more likely to be regulated by quantities thaq prices in a preferred

control mix. If we view such a firm as a collection of perfectly

correlated units that must face the same control, for instance, we have
the following expression for the comparative advantage of prices for

that firm in the context of an otherwise arbitrary mixzo

m Q
) {2 11" ‘T’ + 2n 11[ )j COV(T,—)-rVar(T)]
k=m-p+1 T f=ml Ty T T
ik
Bll m G :
+=0 ] Cov(—3 J—)J +Cov(-—E—,B)} (3.2.11)
3""!‘;{'1 Inp ™ T
j

2°'rhe precise case that generates this comparative advantage is an
" industry of n units, p of which form the firm in question. We have
numbered the units so that in (3.2.11), the first (m-p) units face
quantities, the last (n-m) face prices, and the middle p are the subject

of the discussion.

sﬁ‘m SREARRYY .
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Since we require that the units within the firm be perfectly correlated,
we see that (3.2.11) has a large negative term in its very heart. This
negative bias would be extremely difficult to overcome unless the produc-
tion units either face cost functions with low values of cil, or are
extremely negatively correlated with other firms under price control.
There is no compelling reason to believe that either condition is very
likely to occur, It is therefore expected that large firms would face
quantity regulation.

We can alternatively view a large firm as one unit with a very
small value of °11' The comparative advantage of prices for the firm
in the context of an arbifrary mix is again shackled with a negative
bias that is only overcome by negative cost covariance with the other
firms under price control. As we noted in the previous paragraph, there
is no particular reason to predict such correiation, and quantity con-
trol still emerges more likely. We are reminded, however, that the
large negative bias that we have noted in both arguments are not suf-
ficient to preclude a preferred mix in which the large firm faces price
regulation. In further defense of our conclusion, however, also recall
that, as demonstrated in the previous subsection, the counterexamples
to sufficiency also depend upon a structure of negative output correla-
tions within a subset of the industr&.- We have already rejected this

condition as improbable.

Section 3.3: ‘Output Variation under Quantity Control

Two of the major sources of uncertainty that were introduced in

Chapter 2 have been neglected thus far in Chapter 3. The present
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section will begin to correct for this omission by recording the effects
of random variation around quantity orders issued by the center in the

n-firm case. £ i will index the random variable (s) influencing the ith
firm, and Qi(Ei) will register its effect on the output of that firm.

.th

Actual output of the i~ firm under an optimal quantity order, qa i

is therefore additively related to the quantity ordered, qp i» 38 follous:

8 = G + 450

The random variable £ i is also expected to influence the cost function

.th

of the i~ firm, so that cl(qi,e 1’5:1) now represents these costs. We

presume, in addition, that the random variables are all ijointly dis-

tributed.
3.3.1: The Center Working with the Correct Distribution

We appeal to Section 3.1 and assert the existence of points

%1‘1 = 1,...,0n) such that
i -
Ecl(qoi’ei’ei) = EBl(Q,n)

for all i and where 4 is defined to be the sum of the qoi. The cost
function ci(qi,e i’E j.) is then expanded around qoi; under our usual

assumptions ,‘

i ) 14 2
C7(q;,0;,85) = a;(8;,8;) + (Cf + 0,(0,,8,))(q;-8;) + 5 Cp;(q;-,4)"

i in
where ci = Bcl(ﬁoi,ei,gi) and ai(ei,gi) = cl(qoi,ei,zi) - ci. Benefits
are similarly expanded around q:

Ba,n) = b(n) + (3' + B(N(a-Q) + 3 B, (a-0)%,
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with B! and B(n) having analogous definitions. Observe once again
that for all i, EB(n) = Eai(ei,si) = 0 and B' = C{. Given these approxi-
mations, we can begin to compute the comparative advantage of prices over
quantities. | |
There exists an efficiency loss for any set of quantity orders

issued by the center, Epi'(i =1, ..., n), defined by

] o

i=1?t

L(q,538)5 oes 8 By vees By M) = E [+ By(q,0) dg

n n
n -
.+
iZl(qpl $:)
o
n - -
+ izl ¢, (g ,8;,E,)day
i * 45

for arbitrary values of the random variables indicated by bars. The

first order conditions for the minimization of these losses are

n .

- l [
vi=1, ..., N,

so that the optimal quantity orders are given by

qpi s qoi - E¢i(£i) (3.3.1)

for al1i =1, ..., n. The addition of an output distortion under

quantities has no effect on the price mode, so that the optimal price
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order, P, and the response function of each firm to that order, ﬁi( Bi,ei)

remain unchanged:

$ =B' = C!, for all i, and (3.1.6)
p 3
a,(8.,5,)
T S S WY (3.1.7)

;(8;,65) =4; - i
1

The comparative advantage of prices over quantities is therefore

n .
[2 ) Var(a,/c},) + B

n . .
1, J
L L jz Cov(ui/Cll, cj/Cn)]

i

L n
+ 5 Z , Var(a, /Cll)]

+

n
[ Cov($.3a.) - Cov(¢,38) + Cov(a /c 38)]
igl 1’71 iz i izl 11

= xi !f
- [>B Var ¢, + B
z°n L A LR

1o~
™

 Covldy36)]
1 9 i
+ 3 igl cyy Var 4,1 (3.3.2)

Observe that the spirit of Chapter 2 is preserved in (3.3.2). Total
output is inserted into the benefit function. The loss in expected
benefits created by variation in total output, over the case in which
the mean output is produced with certainty, is algebraically equal to
.(%-)Bu times the variance of this distortion in total output. The
variance of total output under price regulation is

n . n .

121 Var(a,/Ci) + 2 zl 5Z Covla, /€T 30,/C3,) = var(igl(ai/c;l)),

so that the first term in (3.3.2) registers the loss in expected benefits
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due to output variation under prices. The variance of total output

under quantities is similarly
n

n n n
Var ¢. + 2 Cov(d.3¢.) = Var( ) ¢.),
Zl 1 121 igj 13 L

i i=1

and the fourth term in (3.3.2) registers the loss in expected benefi::
under quantities. On the cost side, however, the total increase in
expected costs is simply the sum of the increases at the individual
firms. The last term is therefore the increase in expected costs caused
by output variation under quantity control. The second temm in (3.3.2),
meanwhile, registers the combined effects of the increase in costs due
to output variation under prices and the efficiency gains afforded
price controls by the equalization of marginal costs across firms
(equal to.p). Notice that the efficiency gains always dominate; the
secon;i i:erm is always positive., The reader can easily check that the
signs of the other terms just mentioned are consistent with the defini-~
tion of A, as the comparative advantage of prices. We finally note
that the third term of (3.3.2) registers the amplifying/dampening
effects on total output variation of the simultaneocus changes ‘in output
under both modes and the marginal cost and benefit functions. A similar
term appeared in the- one firm case and is fully rationalized in the text
of Subsection 2.2.1.

As we now correct A2n for the pure effect of the number of firms,
we perform a familiar transformation on the various cost functioms.

Define

i s | .
r (xi,ei ,Ei) "!c (xi/n,eiggi)’
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that is, l',l represents total costs as a function of total output, Xss

under the assumption that all firms are exact duplicates of the ith.

The properties of this transformation are recorded in Section 3.1; the

crucial property for our purposes is that
Var(a, /ct ) = (1/n?)WVar(a,/TH )
i‘’', i’ 11

is the variance of total output under the identical firm assumption.

To parallel this cost transformation, we define
@,(£,) = ng, (E)

to be the distortion of total output under quantities if all firms are

th; as a result,

independent and duplicate the i
Var(dii) = (1/n2)Var(¢i)
and

Cov(e365) = (1/n”)Cov(e, 50,).

We can therefore rewrite equation (3.3.2) as follows:

B n
A = (—1-]-')( var(a./ ) + 2 c°v(a /I' ,u /xJ )
2n 2n2 'Z.‘l. i izl jz 11

+ Z (u)Var(u T + )j[(l)com.,ai)
i=1

- (—)Cov(O sB) + (—)Cov( -a, /I‘_u, 8)]

-(——)(Z Var ¢, + 2 Z Z Cov(¢.,¢j)
2n i=1l j=1i
]
+ ] T7, Var ¢, ‘ (3.3.2)'
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The effect of a ceteris paribus increase in the number of firms on

the comparative advantage of prices can now be demonstrated. We tempo-
rarily assume that all of the firms are identical, so that our full

attention will be focused on that effect; in particular, allow that
i

rll = rll and 01 =% foralli=1, ..., n. Suppose further that
Var (a/Pll) = 02; i=1, ...y 03
Cov (a/rll;u/rll) = 902; iZjand i€ j=1, ¢vey N3
Var (#) = 52; and

-=2

Cov (01;01) = po” across all firms.

The comparative advantage can then be rewritten as

2 2 2 2
B, .0 r.,o B..,o T..o
_ 11 11 11 11
-2 =2 =2 -2
~B. .0 r,..o B.,0 ..o
- 11 11 -y, 11 1l
+ P( 5 + 5 ) + (1 - p)( > + =3 )

+ Cov(a, ;8)- Cov(B;®) + Cov(-a/T . ;8).

Notice that only two firms are influenced by an increase in n; their

combined effect is recorded below:
1l ,1 2 ; -y=2

An increase in n will decrease the absolute magnitude of this
term. If it is negative, for instance, the entire expression is a nega-
tive bias against prices that is diminished as n increases. Observe
that it will tend to be negative when the variance of total output under

prices is large and when the correlation coefficient across marginal
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costs is small, or even negative. Both of these conditions work to
create circumstances in which there are large diversification gains to
be gleaned under prices as n increases. (%0(%-311((1-0)02 - (1-5)32))
will also tend to be negative when fhe variance of total output under
quantities is small and the correlation across the output disturbances
under quantities is large. These conditisns indicate that the potential
diversification gains under quantity control are small. If the term in
question is positive, on the other hand, it is a positive bias for prices
that is also diminished as the nuﬁber of firms grows. Coﬁditions are
then such that diversification gains under quantities stand to be larger
than those under prices. Notice, finally, that these effects are
registered only through the benefit function, since costs are among
the things being held constant.

~“$hg profitability of policy mixes is the final topic of this sub-
section; we will operate in the same general context that we used in
Section 3.2. Before doing so, howeveé, we refer to the argument re-
corded in Subsection 3.2.1 to conclude, by'parallel reasoning, that

even under an arbitrary mix,

Gy = 85 = BO;(8;),

a.(0.,E.)
- _ R e S |
;005,85 = 4,5 (——__'Ci ), and
11

p=B".

The base mix is the same as before: the first m firms are regu-
lated by quantities and the remaining (n-m) face price controls. We

will consider the advisability of switching the mth firm to price
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controls (mix 2). The comparative advantage of mix 2 over the base mix,

mix 1, is2!
21 m m 1 m
A(mix 2/mix 1) = 7 (Bll+cll) Var(amlcn) -5 (Bn-cn) Var ¢

+ Cov(¢m;cm) - Cov(tbm;B) + Cov(-amlctfl;ﬁ)

m-1

1 § m i
+ =B,. [ Cov(a_/C..;a./C..) - Cov(¢d 39.)
2 711 i-Z 1 m’ 11’71 711 izl m’'i
n . mn-1
1 L]
- i=£+lCov(¢m;ai/cll) + izl Cov(-a_/C7,356:)] (3.3.3)

If the output distortions affecting the mth

firm under both modes of
control are independent of the output disturbances of all of the other
firms, then (3.3.3) is simply the modified comparative advantage of
prices for the mth firm, given its position in the industry. As we
will see, however, the specification of a firm's place in the industry
is altered drastically if the independence assumption is invalid. The

th

effects of gimultaneous changes in the output of the m  firm under

quantities with the outputs of the first (m-1) firms under quantity
control and the last (n-m) firms under price control are now irrelevant

since the mth firm is now facing price control; the term

1 mil ( f i
= B.,.[ Cov(éd 3¢.) + Cov(¢_3a./Cy.)]
2 11 i=1 m’'i {=m+l m?>i" 711

is therefore subtracted from the base statistic. The effécts of the

h

simultaneous changes in output of the nt? firm under price control with

2J'Equation (3.3.3) is derived from integrals of the same form as
those designated in the computation of equation (3.2.8).
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the outputs of the first (m-1) firms under quantities and the last (n-m)

firms under prices are similarly created by the potential control switch

at the mth firm. The expression

m-1

n
1 . m o i m
5B () Cov(am/cll,ai/cll) + Z COV(am/cll,¢i)]
i=m+1 i=1

is then added to the base statistic. By noting these covariances, we
have essentially expanded the notion of a firm's place in the industry to
include the cross effects with the outputs of the other firms as other-

wise regulated by the first mix.
3.3.2: The Center Working with an Inaccurate Distribution

The supporting mathematics of the study is now altered slightly

so that we can more easily handle the inaccurate subjective distribution
of the center. The shapes of the cost and benefit functions under all
states of nature guarantee the existence of points 201 (i=1, «voy )
such that

-~ n "

E B, (izl R ;sn) = EC) (R :,0,,E,)
for all i.22 Recall that the hat notation over the expected value opera-.'
tor indicates a computation using the center's inaccuraté distribution
(see section 2.4). Each cost curve is then expanded around the corres-

ponding goi and can be represented, under the usual assumptions, as

i L - = 1 a1 2

22The existence of the R i is justified in exactly the same manner
as the ; were justified in 9%2.1.7 Recall that E(---) represents the R
expected value computed by the center by using the incorrect distribution f.
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The benefit function is meanwhile expanded -in like manner around the

n
point & = J R .:
° in oi

B(q,n) = B(n) + (B' + Bn))(a-2 ) + 3 B}, (a2 )7

These new representations will make the otehrwise difficult first order
conditions of the center's maximization procedures quite manageable.
For any set of quantity orders issued by the center, api (1 =1,...,n),

there exists the standard efficiency loss given by

zqut q;pt
n
- |B,(q,n)dq + igl c,(q;,0,,E,)dq;
z(c'lpiwi(zi)) apiwi(ai)

for arbitrary values of the random variables. The center seeks to

minimize what it thinks is the expected value of these losses in select-
ing the optimal quantity orders, qpi (i=1, ..., n). It therefore

confronts the first order conditions that
. n . Y '
BB1p( L (G + #5(8;) - x50 = BCE5(a + 4,89 - 2,0).
Observe that qpi is then defined

q_pi = ROJ‘. - E‘bi“i)

for all i; the shapes of the benefit and cost curves guarantee the

uniqueness of this solution.

The computation of the optimal price order follows a similar
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pattern. The reaction function of the it £irm to any price order is
given by
p--c-'-Ao(eoQEo) -
qy(p,0.8;) = Ry + ——f—2— = 1(p,8,E;)
cll

Observing that the price derivative of this function is nonstochastic,
we easily see that the optimal price order, P, is implicitly defined by

¥ i
B=E3) (] 1(5,0;,6),m

so that p = B! = EJ!_, for all i. The quantity response curve of the ith

firm to the optimal price is therefore

A.(0.,E.)
- itvi™i
4;(0;.8;) = 2, - i
11

~ In support of our procedure of changing the points about which the
ftmcfiohs are expanded, we now parenthetically compute ‘the comparative

advantage of prices for the 1-firm case, using our new specifications:
o = E¢ + 9(8)

-E |(B,(q,n) - C,(q,8,E))dq

=
"

g - MO

o ‘11
= ﬁ}-:ili (Var(A/C,,) + E(A/En)z.
- -E—IL;E‘E (Var ¢ + (E¢ - £4)2)
+ (E¢+A - E£4EA) - (E¢-B - E4ER) + (}:(-é-@) - EEE(-A/E#)). (3.3.6)
11
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s the error made by the center

Observe initially that (?A ) =(§A - EA ) 1

¢y Su S

in computihg the mean of output variation under prices; the expression

(var(-A) - (-P_-;-A—-)z) = B(:é—-)2 = B(-_-_-é-— - f:_—A-)ziS' the second moment of
i n Cn ‘i ‘n
output variation under prices around the incorrect E(:ﬂ"o = 0, The last .
g ,
11

term of (3.3.6) is similarly the second moment of ¢$(£) around f‘.«b, while
the middle term is E(¢-ﬁ¢)(A-EA).23 Each expression therefore has the
precise interpretation of its counterpart in 32; our respecification
of costs and benefits has altered absolutely nothing.

The comparative advantage of prices with n firms is more complicated:

B.. n n A. A, EA.EA, A EA.

i, =2y J G+ A+ &) & @d? s DA
2n 2 i=1 j= gt ¢l ol gl 2 11" "=1 P
11711 11711 11 11

n Ai Ai
2 ((E:{— '8)'(5:3-'53))}

. . n - n ~
+ { ) ((Ed,*A.)-(Ed,EA))- ) ((E$, +B)-(E$.EB))+
At izl 1 SRR = R c

i=1

11 11
1" n n - -
- 3B, {izl jzl (“i"j + (E¢; - E¢;)(E4; - mj))}
+-1-{x):l e (Ee? + (B8, - £4.0%0) (339)
742 i i 9.

The loss in expected benefits created by variation in total output under
prices, over the case in which the mean is produced with certainty, is

“again equal to Bll/2 times thé second moment of this distortion in total
output. We should expect, from our past experience with inaccurate sub-

jective distributions, that this moment be computed around the incorrect

2‘3'1‘he other terms of the expression are similarly covariances around
incorrect means computed by the center.
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mean deduced by the center. Observe that

. EAE A, EA,
RETIO WOR
et - - - =] = -= =1 =1
1=1 J=1 €65, CGy 181 €&y Cpy
n A, EA, A, EA
+2 )y E(_i - _ii)(mg - _55
i=lj=1 C; C) 1y
o ¥ =i =1 12
= EC ) (A€ - EA/T)))
i=1

and that EAk is the error made by the center in evaluating the mean of
output variation of the kth firm under prices. The first term, there-
fore, registers the loss in expected benefits due to variation of total
output under price controls measured around the incorrect mean computed
by the center; our suspicions were correct. The fourth term is similarly
the second moment of variation in total output under quantities measured
around ;Z! f:¢ i The increase in expected costs, on the other hand, is
simply tl:i sum of the increases noted at the individual firms, but still

measured from the center's view of the mean. Since the optimal quantity

orders depend upon that view, the expression

15 @ ee?+ b, -Bo0) =L § & (e, - E00D)
7 L (Cy(E(ey i i) =7 L Cjy(E(ey i

i=1 i=1
is therefore the increase in expected costs under quantity control. The
second term in (3.3.7) simultaneously registers this loss under prices
and the efficiency gains that accrue because the marginal costs of all
firms are set equal to . Only the third term remains, but it is
familiar. It registers the amplifying/dampening effects on total output

variation of the simultaneous changes in output under both modes and the
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marginal cost and benefit schedules; all of these changes are also
measured from their incorrect mean. Equation (3.3.7) is, in summary,
the precise analog to (3.3.2) in which variation is measured from the
incorrect means computed by the center.

The effect of a ceteris paribus increase in the number of firms

can now be studied under the same identical firm assumptions outlined
in Subsection 3.3.1. Parallel reasoning reveals that the only terms

of the comparative advantage of prices that are influenced by n are

Lils . ((p)EM-EDD) - (1) (E(-ESIND.

n "2 "1l
The spirit of our previous results is preserved in two ways. Pﬁst of
all, the influence of the relative magnitudes of output variation under
the two potential modes of control on the direction of the effect of n

on the comparative advantage of prices is exactly as before. The varia-
tions are, in addition, measured from the subjective means computed by
the center. The text of the previous subsection therefore records
interpretations that are perfectly applicable here.

As we finally record the profitability of mixes under the influences
of imperfect information, the result should be entirely expected. A firm
should be switched from quantity control to price control, for example,
if the comparative advantage of pricés over quantities for that firm
taken individually, but in the context of its position in the industry, |
is positive. The converse is similarly true. The reader should be able
to provide both the intuition behind the final results and the precise |
expression for the comparative advantage of a switch, thereby verifying

that the various terms are perfectly analogous to those recorded in
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(3.3.4), but measured around incorrect means.

Section 3.4: The Impact of the Consumption Distortion

The remaining source of uncertainty introduced in Chapter Two is
the random distortion between the quantity consumed, Qs and the quantity
actually produced, q,- Suppose, then, that in the context of the pre-
viously described model, the quantity consumed of the actual production

of the :lth firm is
%i = a5 * P30y

regardless of the type of order sent down by the center. We assume
further that all of the random variables are jointly distributed. We
are modeling, for instance, the emission of a single pollutant from a
varie4ty: of sources within a particﬁlar geographic region. The precise
‘location of each source will specify the corresponding ¢ i and xi, as
well as the correlation of A with the othe_r A_j. The effect of these
complications on the comparative advantage of prices will now be studied

with and without iaerfect information at the center.
3.4.1: The Center Working with the Correct Distribution

The cost and benefit functions are once again expanded around the
aoi (i=1, ..., n) and &, respectively. For any quantity order, api
(=1, «cey n), issued‘ by the center and arbitrary values of the random

variables, there will once again exist an efficiency loss:
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- n - -
= |B;,(a,n)dq + izl ¢, (ay,8;,E,)dq;
Z((-]_pi + ¢i(Ei) + Wi(xi) api + q,i(gi)

The center will select the optimal quantity orders by minimizing the
expected value of these losses, thereby facing the first order condi-

tions that
n .
_ i
n(nu(iglmpiwi(eimi(xi)-qoi)) = B(Cy; (4,,+9;(8)-4,30).  (3.8.1)

The sclutions tc these equations are not obvious, but they can be computed
by the following "backdoor" reasoning. We know that the center will
select its optimal price order, P, by maximizing expected benefits minus
costs. Since the price derivative of the reaction function of any firm,

hi(p,ei;si), is nonstochastic,

n .
E B, (] h'(5,8,6;),n)

p =
i=l
n -Ci + P n
- t
=B'+B, (] (—5—)+ [ E).
i=1l Cll i=1

The definitions of B' and ci imply that B' = Ci for all i and thus
- i = ' - i
B(1 - By I (1/C);)) =B'(1 - By, I (1/C],)) + By, I Ep,.

As a result

(3.4.2)
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In all of the quadratic cases that we have discussed thus far, the
optimal price order has also been equal to the value of expécted marginal
costs evaluated at the output level of any firm under optimal quantity
control; that is, in the current case, perhaps
p=Ech(a, + 8,08, 0,6)
1 (ps + 45(8)5 85084
for all i. Were this true, the optimal quantity order would be given by

E
B., Ey.
i=1 11 7'

- 1

1. (3.4.3)
Cll :

(1-B,,5(1/C} )
Notice that these potential orders satisfy (3.4.1) exactly; the shapes
of the relevant functions guarantee the uniqueness of this solution so
that (3.4.3) dbes indeed record the optimal quantity orders.

" Only the benefit function reflects the influence of the consumption
distortion directly; the valuation arguments of Chapter Two can there-
fore be applied to this case. Observe that the means of total output

under both modes of control have been translated by

n
L. By BV
i=l

(
1cC

).

) (
1 1

1) 12

1
i
1

n .
bR
-B,, Z (1/c3;)

i=1

Since the benefit function is éuadratic, Theorem 1 of Section 2.3 imme-
diately predicts that if the Ai are independent of the other random

variables, then the consumption distortion is totally neutral. The only
new terms created by the distortion are consequently covariances of the

various #i(li) with the output disturbances under the two opposing
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24

schemes of control. If, for instance, Wi()ti) is positively correlated

, -,

with some (-31), their combined effect amplifies the variation in total
n

output under price control and constitutes a bias against prices. If

#i(x 1) -and 05(5 j) are positively correlated, on the other hand, there
exists a bias against quantities for the same reason. The inclusion of |
the consumption distortion therefore creates the following new terms in

the comparative advantage of prices over quantities:

n i .
-a, /0] :
§ [(covlyy(3)5-05/c],) = (Coviy (ADaty (EID-  (3.0.8)

We conclude, finally, that

1t~

n
A, =4, +B. ()
5n 2n 11 i=1 5

* o j - - )

The influence on the comparative advantage of the covariance terms
that have just emerged is independent of the number of firms when A5n
is corrected for the pure effect of n. The expression

1B 2 - 2

o (T ((1-p)o” - (1-p)o™)
determined in Section 3.3 therefore records the influence of the number
of firms in this model, as well. The analysis of the previous section

remains relevant and complete.

The profitability of mixed policies can also be questioned in the

2“‘l‘he remarks of Section 2.3 concerning third order effects and

the neutrality of the consumption distortion may also be applied com-
pletely intact.
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general context intrbduced above. Beginning with an arbitrary mix
(mix 1) of m firms under quantity control and (n-m) firms under prices,
we again consider changing the mth firm to price control. The correla-
tions of the ¥ i(h i) with ¢m( Em) would no longer be relevant after such
a switchj in their place would be the correlations of the qai(x i) and
-a

(—-ﬁ,-ul). The comparative advantage of the second mix over mix 1 is there-

Ci1

fore the expression listed in equation (3.3.3) plus
By, (igl(Cov(wi;-um/Cll) - Cov(y,3é.))).

The only change in the result discussed in the text subsequent to (3.3.3)
is hence the further specification of a firm's position in the industry
to include the correlations of the two potential output disturbances of

that firm and the various consumption distortions of the other firms.
3.4.2: The Center Working with an Inaccurate Distribution

The final substantive model of this chapter repeats the preceding
analysis of the consumption distortion in the case in which the center
must determine its optimal orders with imperfect knowledge of the dis-
tribution of the random variables. The subjective distribution is
again denoted with a hat and we expand costs and benefits around ;Eoi
and x, respectively (see SQibsection 3.3.2 for the definitions of these
points). The quantity orders under both modes of control are computed

as in 3.4.1; it is no surprise that

N B,, £ Ey
qpi = 201 - E¢; + [_;!: ( _11 i ), and
Cll 1-3112(1/611)
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q;(8;, o1 =1 1 o =1
i1 €y 1-By,zQa/cCy,y)

for all i.

The effect of the errors made by the center can be computed dirgctly
from a remark made in the proof of Theorem 1 from Section 2.3: the
change in the expected relative valuation of two disturbances, dl(x)
and d (x), due to a translation of both disturbances of L is vllL(Ed -Ed ),
where Vi1 is the second derivative of the quadratic valuation function.
We will consider the benefit side first.

The mean of total output under price control is
B, ZEy.

1
=1, ,

n
_Z {(E$. -E¢ ) + [_ (—
=1 ¢, 1-Byy

while the corresponding mean under quantity control is

% {- _ii + [_i ( llzgw
=1 c c l-Bllt(l/Cll

)1},

n Il n -
[l — - igl(n¢i-n¢i)l,

n B Zﬁw
} (=3 ( ).
= 1 1~ B 2 (1/ cll)

The change in the comparative advantage of prices registered through

benefits is given by

Ellzﬁwi m EA; m
B,,( Z 3*1 + Z ( i;,( )14 -3—-- ) (Eoi-n¢i))). (3.4.6)
i=1 cll t(l/cu) i=1 c i=1
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.th

The mean of the output of the i~ firm under prices is similarly

- B ,ZEb, g5
(-EA /ci ) + (= ( 11 i)); -
717 7 T 1 50
: ‘11 11
under quantity control, that mean is
. 8. IEy,
(E¢,-E¢.) + (2 (—22—2)).
174 ¢ 1-B,.E()
11 11

Their difference is
=i -
-EAilcll'- (E¢i-B¢i),

and since both are translated

B, IEy.
() (2,
Cjy 1-By,(a/Cy,)

the change in the comparafive advantage of prices registered through
the ith cost function is

¢ 51759
1-13112( )

)).

=i =i 2 1
C),(EA;/Cy, - (Eé;-E¢;))(F
€11

The total cost effect is hence
n s . B téw
N W T I P R {Coe
i=1 l-Bllt( )

)). (3.4.7)

The complete effect on the comparative advantage of prices of the
errors made by the center in evaluating the Ewi is the sum of (3.4.6)

and (3.#.7):

25( ) is notation for (l/éi’l).
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B..1Ey B, .IEY, o
B, (%Ey, + z(-——( 2L l\)(z(mi/c -E(E0~£8,))
L 1-B0)  1-BE0)
. EA, A
= Bll(ZE¢i-ZE¢i)(t(g§—) - Z(E¢i-E¢i)). (3.4.8)
11

Recall that the covariance effects noted in 3.4.1 are still present.
The net change in the comparative advantage produced by the introduc-
tion of the consumption distortion under imperfect knowledge is there-

fore equation (3.4.8) plus equation (3.4.4):

- _j _. _ -
By [ E[wi(-Aj/Cll) - (Eq;i Bwi)(n Aj/cll )]

1 3

1 10
0t~

i=1l j

- (

i

1§ t~83
-

n ~ -~
jgl [(E(¥;05) - E9;E05) + (By;-E)(Eg-Eo,)1]

nl 2 Z EL(¥; -zw - -1-+ s<-->)

‘ =1 3= &
n n " .
+ 121 jzl EC(¥;-E¥; ) (65-E45)10. (3.4.9)

These same correlations are represented in (3.4.5); they are now simply
measured from the incorrect means computed by the center.

Equation (3.4.9) is then totally consistent with our previous con-
clusions;. the incidence of imperfect.knowledge of the relevant distribu-
tion is simply to change the points around which the inherent vériations
of the model are measured. Given this interpretation, we conclude imme-
diately that the effect of the number of firms and the profitability of

a mixed policy set remains exactly as described in the previous subsection.
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Section 3.5: The Automobile Example E:xtendedz’6

We can use the data cited in Section 2.5 to illustrate the two
fundamental results of this chapter. Before 3oing so, however, we will
review the parts of that data that would be pertinent to the ceﬁter's
prices-quantities choice for the control of vehicular carbon monoxide
emissions, and recall the assumptions that were required to use that
data in illustrating the center's analysis of that choice. Figure (3.1)
reproduces the graphs of marginal benefits and costs in dollars per year

| as functions of the percentage reduction of the CO emissions of a typical
1967 automcbile (see Figure (2.16)). The relevant curvatures of costs
and benefits are approximated by the slopes of these two schedules. 1In
addition, the center faced two sources of output uncertainty. The first
was profit motivated variation under prices created by the center's im-
perfect. ex ante knowledge of the costs of carbon monoxide emission con-
trol. The variance of this output disturbance (0;‘:) was computed to be |
1.1 (gm./mi.)2 at 97% emissions reduction and .3 (gm./m:i..)2 at 69%
emissions reduction. The second source of output uncertainty was
created by production variability and it exists under both modes of
control. We assumed that the variance of this output disturbance under
quantity control (o:) was .4 (gm./mi\.)2 at all levels of reduction. It
was impossible to deduce this variance under price controls (a;), so

sensitivity analysis was performed under the assumption that this rendom

‘variation was independent of the profit motivated variation. The three

267ne present discussion will focus upon the desired 70% reduction
in carbon monoxide emissions found efficient in Section 2.5.
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levels assumed were .12, .4, and 1.0 (gm./mi.)2.

Our first concern will be the influence of an increase in the number
of automobiles, or equivalently in the number of miles drivén per year, .
on the comparative advantage of prices that the center would compute.
Section 3,3 instructs us that the mode of control that is afforded the
largest diversification gain by such an increase will be favored by this
effect. Recall, however, that this gain may not make this mode the
overall bett_er control; it provides only an extra positive bias.

To analyze this effect in our example, we simply need to deduce
the correlation across automobiles of the two sources of uncertainty.
The profit motivated response to a price order will be applied to each
automobile, even though that response is unknown to the center as it
decides its order. Profit induced variation can therefore be assumed
to be perfectly correlated across cars and the center would perceive no
potential for diversification. Meanwhile, each car would be an indepen-
dent draw from the product variability distribution under either mode.
This independence implies that the potential for diversification ffom
this second source of uncertainty under either mode is indicated by the
size of the variance in output that each creates. If os = ,12
(gn. /mi.)? < a2
tion gain as the number of cars is increased and are therefore afforded

a positive bias. If, on the other hand, °§ = 1.0 {gm./mi. )2 > og

, for instance, then quantities offer a larger diversifica-

, then
prices offer a larger gain and collect the bias, The direction of this
effect is thus crucially dependent in this case upon the assumptions we
have been farced to make about the size of o;. The economics behind

"the effect is, nonetheless, well illustra_ted.
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We can also consider the advisability of mixing controls by regu-
lating some automobiles by prices and others by quantities. To provide
a realistic differentiation of the possible groupings, we will assume
that larger cars pollute 50% more (in grams per mile) and smaller cars

50% less, ceteris paribus, than does the typical intermediate sized car

used to develop the data of Chapter Two. This assumption allows us to
demonstrate the potential for a profitable mixed strategy, as well as
the iﬁportance of the notion of positicn in an industry. 1In this con-
text, of course, position in the industry denotes the fraction of the
total automobile fleet contained by each particular class of cars; we
assume that large cars, small cars, and intermediate cars each constitute
about one-third of the current fleet. Figure (3.2) indicates the rele-
vant marginal cost schedules.

‘Suppose that the center has deemed it most efficient to engineer
a 70% average reduction of carbon monoxide emissions. Figure {3.2)
reveals that a per unit charge of $.4 x lo-sl(gm./mi.) per car could
achieve this intended reduction. The intermediate sized car, for
example, would then be equipped with the 1970 Controlled Combustion
System and a PCV valve (system (C)), and be expected to emit 24 grams
of carbon monoxide per mile. As we have shown.previously, the center
would confront a profit motivated vaﬁiance in emissions equal to
.3 (gln./mi.)2 under this price control. We have also assumed an output
variance induced by product variability of .4 (gm./mi.)2 under the
equivalent quantity control; sensitivity analysis must still be performed
on the effect of product variability under prices.

Suppose that the profit responses of manufacturers to price controls
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are independent across the size classes of cars. The center must there-
fore note only that the intermediate class constitutes one-third of the
fleet when computing the comparative advantage of prices for that ciass.
As a result, the benefit side of this modified comparative advantage

is diminished by a factor of one-third. Applying this observation to
equation (2.5.1), we register the modified comparative advantage as

follows:

(1/2)L((1/3)B,1+C) )02 + ((1/3)B);-C) (a5 - o2) (3.5.1)

Notice that equation (3.5.1) is quite consistent with equation (3.3.3)
that evolved from the theory presented above. Table (3.1) records the

sign of this modified computation for the three values of o:. Comparing

Table 3.1

The Modified Comparative Advantage of Prices
at 70% Reduction of CO for Intermediate Sized Cars

By, = -$9.0 x 10%/yr. per 1%
C;y = $1.3 x 10 fyr. per 1%
o: = .3 (gm._/mi.)2
03 = b (gm./mi.)2
_g;_ A (Intermediate cars)
12 (1/2)((10)(.3) - (22)(.12 - .4)) x 10° > 0
g (1/2)((20)(.3) - (22)(0)) x 10° > 0
1.0 (1/2)((10)(.3) - (22)(1.0 - .4)) x 105 < 0
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Table (3.1) and (2.4), we see that the fractional importance of inter-
mediate sized automobiles in total vehicular carbon monoxide emissions
has had no effect on the choice of controls.

When we consider the larger automobiles, however, this fractional
importance plays a crucial role. The charge of $.4 x 10-5/(gm./mi.)
per car will also be met by the installation of system (C) on the
larger cars; expected carbon monoxide emissions will be 36 grams per
mile (53% reduction over the average 1967 level). To illustrate this
case, we assume that product variability under either mode will be the
same as before. Figure (3.2), however, suggests a slope of $6 x loslyr.
per 1% for the marginal cost schedule of the larger cars in the neighbor-
hood of 53%. This smaller slope increases the profit motivated variance
in emissions facing the center to 1.5 (gm./m.i.)2 by increasing the
factor that transforms cost deviations into output deviations. Table
(3.2) records the modified comparative advantage for the larger cars
ﬁnder these conditions.

Observe that the preferred modes of contr§1 remain as before for
each value of oi. Were we to ignore the fractional import of large
cars on total carbon monoxide emissions, however, the comparative advan-

tage of prices when o: = .12 (gm./mi.)2 would have been
(1/2) [(-3.0)(1.5)-(15.0)(.12-.4)] x 10° = (1/2)(-4.5 +4.2) x 10° < 0.

We would have incorrectly suggested a mixed policy that placed all large

cars under quantity controls.
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Table 3.2

The Modified Comparative Advantage of Prices
at 53% Reduction of CO for Large Cars

= -$9.0 x loslyr. per 1%

=]
il

1
Cyy = $6.0 x 106/yr. per 1%
a: = 1.5 (gm./mi..)2
GZ = 4 (gm./m.i.)2
_0123__ A (Large cars)
.12 (1/2)((3.0)(1.5) - (9.0)(.12 - .4)) x 10° > 0
o4 (1/2)((3.0)(1.5) - (9.0)(0)) x 10° > 0
6

1.0 (1/2)((3.0)(1.5) - (9.0)(1.0 -~ .4)) x 10 <0

For the sake of completeness, Table (3.3) records the results of
similar computations for the smaller cars; they too would be equipped
with system (C) in response to a per unit charge of $.4 x 10-5/(gm./mi.) '
per car, but would be expected to emit only 12 grams per mile (87%
reduction over the average 1967 level). The other statistics are listed
in the table. Notice that for the example that we have studied and for
any value of og, no mixes are preferéble to uniform control. There
does not exist a single class of automobiles for which the opposite
mode of control is prefémd when it is considered individually, but

in the context of an otherwise uniformly regulated fleet of vehicles.

*
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Table 3.3

The Modified Comparative Advantage of Prices
at 87% Reduction of CO for Small Cars

o
[}

-$9.0 x 106/yr. per 1%

11
c,, = $2.0 x 107 /yp. per 1%
ai = .1 (gm./mi.)2
o = .4 (gm./mi.)>
q
2
02 A (Small cars)
.12 (1/2)¢(17)(.1) - (23)(.12 - .4)) x 10° > 0
" (1/2)C(27)(.1) - (23)(0)) x 10° > 0
- (23)(1.0 - .4)) x 10% <0

1.0 (1/72)((17)(.1)

Section 3.6: Conclusion

The expansion of the one product case to include multiple producers
has begun to demonstrate ihe strength of the influence of output varia-
tion on the prices-quantities comparison. The crucial determinant in the
n-firm case is the variance in the total output of the "industry." Varia-
tion in the output of each firm can influence only a fraction of total
output, énd that influence is amplified or dampened by simultaneous
variations in the outputs of the other firms. Having thereby taken into
account a firm's place in the industry, we have shown that it is profit-
able to regulate that firm by the mode that would be preferred if it is
considered individually, in the context of that position. As the number

of firms increases, ceteris paribus, price controls are afforded both an
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efficiency gain and a diversification gain; quantity controls receive
only a diversification gain. The relative magnitude of these two poten-
tial gains determines which mode would receive a positive bias from an

increase in the number of firms.
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Chapter Four

THE REGULATION OF COMPLEMENTS, SUBSTITUTES AND JOINT PRODUCTS

We have thus far concentrated our analysis on the regulation of a
single good. In the remainder of the dissertation; we will expand the
scope of our study tc consider the control of several goods in a second
set of circumstances. The present chapter explores the simuitaneous
regulation of compiements and substitutes in consumption, as well as
joint products of a single production process. The dissertation will

then conclude with a study of intermediate goods in Chépter Five.

Section 4.1: Complements and Substitutes

“Hé begin by specifying a new benefit function that depends §n two
goods, 9 and Qs and a random variable, n, which indexes the uncer-
tainties listed in Chapter One: B(ql,qz,n). We assume that the two
goods are produced separately, and therefore possess their own cost
functions: Cl(ql,el,el) and C2(q2,92,£2).l We finally presume'that
n, 91, 62, El’ and 52 are jointly distributed. The spirit of the pre-

vious models has obviously been preserved.

1we also make the standard assumptions about the signs of the
derivatives of these functions:

C}(a;,05:6,) > 0, and
| C11(93,845E5) > ©
for all (qi,ei,ei) and i = 1,2; similarly,
Blcql’q2a") >0, ‘
B2(ql,q2,n) > 0, and

-158-
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The center will maximize expected benefits minus expected costs to
determine the optimal production levels for the goods, c'il and qz. The

first order conditions that characterize these optima are:

E By (ql,q2,n) EC, (ﬁl,el,zl), (4.1.1a)

and their existence is guaranteed by the shapes of the curves (see
footnote 1). To make the mathematics tractible, we expand the benefit
function around (ql,q2), making the usual assumptions about the influ-

ence of n:
B(ql,q2,n) = b(n) + (B! 148 (n))(q1 ql) + = 2 ll(ql Ql
¢ (B' +32(n))(q2 qz) + 2 22(q2 q2) + Bl2(ql ql)(q2-q2 . (4.1.2)

where
b(n) = B(4,,4,,n)
= E(B,(4,8,.)
By(n) = (B,(4,,8,.n) = BY)
B11 = Byy(458,0m)
= E(8,(4, ,8,.n))
By(n) = (B,(4,,d,.m) - B})
B

292 = Bzz(dlng:n), and

Byo = Byp(d)54,5m).

B;1(9y5950m) < 0

for all (ql,qz,n) and i = 1,2. The sign of B (q »q, ,N) depends, of
course, on whether good 1 and good 2 are compiements or substitutes.
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Each cost function is also expanded around its respective optimal quan-
tity:

1.1

i, _ , 2
C(q;,0;,8:)=a;(8;,8,)4(Ci+a,(8;,8,))(q;-8;)45C), (a;-4;)

3 i=1,2,

(4.1.3)

where each term has a definition analogous to its counterpart in equa-
tion (4.1.2). We note immediately that equations (4.1.1) and (4.1.2)

combine with (4.1.3) to imply that

Bi = Ci, and (4.1.4a)
! - ]
B) = CJ. . {(4.1.4b)

4.1.1: A First Model--No Output Distortion

We begin our discussion by considering the special case in which
a quantity order is produced with certainty. The optimal quantity orders

are then ,

4

qu = §,. (4.1.5b)

4 and (4.1.5a)

The computation of the optimal price orders is slightly more involved.
The brice response curve for either firm is

i P3-Ci-a;

i1

so that the first order conditions that determine the optimal price

orders, ﬁl,and §2, are
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E Bl(hl,hz,n)-h"i E C1(h',8,,6,)" hy; (4.1.6a)

' 1.2 2 2, 2 2
E B2(h ,h“,n) hl E cl(h ,92,52) hl. (4.1.6b)

. i i i i - s
Observing that hi = (l/cll) and Cl(h ,Bi,Ei) = P (i = 1,2), we note that

equations (4.1.6) reduce to

-c} p
EL(BJ+8, (n)+B,, ( Py =Y (—"’—ﬂ)l = By (4.1.6a)"
n h
| Py-y-C5 B
EL(By#8,(n)#B,,(22-2) + B, (—1-—1——)] = B, (4.1.6b)"
h n |

The insertion of ﬁi = Ci into equations (4.1.6)' causes them to reduce
to equations (4.1.4), and the required equality is assured. The unique-
ness of this solution is also guaranteed by the shapes of the curves,
and we assert that under optimal price control of both goods

@;(8;,8,)
Qi(ei,gi) = Qi = (——{'__); 1= 1,2

2%

The comparative advantage of placing both goods under price control

over placing both goods under quantity control is now available:
4.
2 (*
A, = -[Eif ((B] + 8,(n) + B,,(q;~4,))dq,]
t 3 -
4qi
r&i
21 . i, .
+[Ei§1 ((C} + a;(0;,E,)) + C;,(q;-§;)dq,]

a1

i

8, .
[ Byp dq; dq,

U
™
—— e,
J >
[

1

N
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. |
3 (Bu 11) Var(-a /c ) + c°v(Bl(n), -allcll)
] 2
ty (322 11) Var(-a /C ) + Cov(82(n), -u2/cll)
+ B, Cov(-a /€1y a2/6§1). (4.1.7)

When B12 =0, A7 is simply the sum of the comparative advantage of prices
over quantities for each good considered separately. Only the final

term, therefore, depends upon the substitutability or complementarity

of the two goods.. This simple observation confirms the relevance of

the individualized analysis of Chapters Two and Three when the good is

not subject to cross-consumption effects (i.e., its portion of the
overall benefit function is separable).

Goods q, and q, are complements, however, when 312 > 0. Indifference
curves between the two goods are then highly curved, intuitively suggest-
ing ; fatio near which they should be consumed (see Figure 4.1). The
cutput of the two goods tend to move in the same direction under prices

when Cov(-a /C /Cil) > 0, thereby preserving this approximate con-

113 "%
sumption ratio and creating a positive bias for prices. Should that
covariance be negative, on the other hand, output levels would tend in
opposite directions and the consumption ratio would have to change. The
second case causes a bias against prices. Notice that the final term of
(4.1.7) reflects these observations.

The rigor behind the above intuition is also easily developed.
Suppose that B,, > 0 and COV(-al/Cil;-aQICil) > 0. An increase in the
output of Q will then be typically accompanied by an increase in the

output of 9. By recalling that marginal benefits with respect to q,
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q A

Figure 4.1: Complements

The consumption point should remain roughly within the shaded cone.

are of the form (B' + B(n) + Bgz(qz-qz) + Blz(ql-ql), we can observe
that 'an increase in the marginal benefit of q, is simultaneously induced
by such an increase in Q- The production of 9, therefore tends to
increase just when its marginal benefit increases. A positive bias for
prices is thus recorded, since the induced effect is in the correct di-
rection. The direction is also correct when Bs and the covariance are
both negative. Goods Q and q, are then substitutes, and one should
expect that the outputs would optima;ly move in opposite directions.
When only one is negative, however, the direction of the induced effect

is incorrect, and a bias against prices similarly recorded.
4.1.2: The Output Distortion

Before we extend our discussion to consider mixed policies, we will

h repeat the previous analysis in the context of the output distortion.
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The quantity actually produced of either good, CIPE is assumed to be
additively related to the quantity of that good ordered, qpi’ by a random

distortion:
qai = qpi + ¢i(gi); 1= 132'

The random variable Ei, of course, also appears in the cost functions.
The center must therefore confront the following first order conditions

in deducing the optimal quantity orders:
E €] ((4,+4)(5)), 01,6,)) = E By (8,;.8,,.n); (4.1.8a)
E ¢ ((Qp+85(55)10260)) = E B, (4).8,5.m)- (1.1.8b)
Observe that |
qpi = qi - E(¢i(Ei)); i=1,2 (4.1.9)

satisfy equations (4.1.8) and are therefore the optimal orders. The
computations on the price control side are unaltered, so that the compara-

tive advantage of prices emerges as

- 1 .
Ag = A7 - 2 (B B,;- ll)Var ¢, - Cov (Bl(n), ¢l)

+ Cov (ay36;) = 7 (B,y=C3)) Var 4, = Cov (B,(n); ¢,)

+ Cov (a2;¢2) - By, Cov (¢1,¢2). (4.1.10)

Equation (%4.1.10) is still the sum of the comparative advantages

of two goods considered alone, when B., = 0. Otherwise, the term

12
Blzcov(¢l;¢2) works for quantities in precisely the same fashion as did
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1 2
312°°"('°‘1’°11"°2/°11) for prices. Simultaneous movement in ¢l and ¢2
creates a positive bias for quantities when that movement is correct with
respect to the induced changes in marginal benefits. That positive bias
is then subtracted from A.,. These covariances become the crucial deter-

minant in the prices-quantities comparison when ]312 becomes arbitrarily

negative or positive, since the induced effects then dominate; Table 4.1

summarizes the results.

Table 4.1

Ay for large |Bl2|*

B12+w 312+_u
Covi>0; CovII <O ® -
CovI > 0; CovII <O - ©
.CC;VI>COVII>O ® -
0 <Covl] < Cov Il - o ®
CovI <CovliI<O - ) ©
0>CovI?>CovII © -»

. - 1 2
*He have defined Cov I = Cov(—allcll;-a2lcll) and Cov II COV(¢1;¢2).

The conclusions listed in Chapter Two concerning the sign of the
comparative advantage when the other ipara‘meters near their extremes ex-
tend to this case intact. They do, however, strongly suggest the advisa-
bility of a mix in some circumstances. Output variation under prices
disappears for either good as Cil nears infinity, and prices are there-

fore preferred. The variances in the output of q; are meanwhile crucially

compared when Bi i becomes arbitrarily negative. Suppose, then, that
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Var(¢2) < var(-azlcil) while Cil and |322| approach infinity at the same
rate. The sign of A8 will then depend on the sign of (Var(¢l) -
(Var(-¢2/Cil)~Vaf(¢2))). Regardless of the control that is deemed pre-
ferable by Aa, it will be very wrong for one of the two goods. Price
regulation of q;» and quantity regulation of > would seem to be a
much better choice. The profitability of such mixes is the subject of

the next subsection.
4.,1.3: Policy Mixes Across Goods

Suppose that we wish to compare a mix that specifies price regula-
<ion of the first good and quantity regulation of the second with quan-
tity control of both. We know that the optimal quantity orders of the
second scheme are qpi = qi - E(¢i). We need only compute the optimal
orders and quantity responses under the mixed scheme. The first order

conditions that determine the orders are the following:

E (B (01 (8),8),6))s (4,#4,(E,))un)) = Bys

1 2
E (B, (B),0),8,) (8,49,(8,)),n)) = B C1U(E ,+9,(5,)),0,,5,).

Expressing these conditions in terms of our approximations, we can con-
clude that

pl = cis
' - 1
ql(el,sl) = Ql - (°1/C11)’ and

42 = % - Eéys

the quantity order on q, is invariant to change in the control placed

on the first good.

SO .
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The comparative advantage of the mix over straight quantity con-

trol can now be computed:

A(pa/aq) = & (B 4c1)) Var (-a /C1)) + Cov (B, (n)s-a,/C]))

i

-5 ) Var (¢l) - Cov (B (n),¢1) + Cov' (al,¢l)

117 ll

(Cov( -a /C ) - COV(¢1;¢2). (4.1.11)

11 ’¢2

It is not surprising that when By, = 0, A(pa/qq) is simply the compara-~
tive advantage of prices for good 1. The B12 terms, of course, reflect
the now familiar effect of simultaneous shifts in the outputs of the two
goods in the context of induced changes in marginal benefits.

B, Cov(-cllcil;¢2) records the effect that would occur if the mix were
selected; it is added to the comparative advantage. Blzcov(¢l;¢2)
records the effect that would occur were both goods regulated by quan-
tities. Since this second effect would be foregone if the mix were
selected, it is subtracted. The profitability of this mix is therefore
dependent upon the cross effects that are both established and foregone,
as well as the comparative advantage of prices for the switched good
considered in isolation.

Were we to compare the given mix with a scheme that placed both

goods under price controls, a second comparative advantage could be

computed:

A(qp/pp) = -E%-(B11 1l)V’ar( -a /C Pt cOv(Bl(n);-allcil)

- % (B),-C1)Var(s,) - Cov(8,34;) + Covla, 36)]

+ 312[Cov(¢l;-azlcil) - COV(-allcil;-a2/Cil)J. (4.1.12)
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The terms have the same interpretations, save the first which is pre-
dictably the comparative advantage of quantities over prices for good 1
taken alone. The profitability of the mix is still dependent upon both
the cross effects and this appropriate isolated comparative advantage.
Notice finally that equations (4.1.11) and (4.1.12) have a second
interpretation. A(pq/qq) ié also the comparative advantage of prices
over quantities for good CIE given that , is optimally regulated by
‘quantities. A(qp/pp) is sinilarly the comparative advantage of quan-
tities for 9y given the optimal price regulation of Q. This observa-
tion suggests a simple generalization: it pays to switch the controls
of any good for which the alternative control is preferred in the con-

text of an otherwise constant regulatory scheme.
4.1.4: Conclusions

The previous two chapters list the variances and covariances in
output with which the center must be concerned as it imposes control on
thé production of goods in isolation. When two goods that are substitutes
or complements are to be regulated, however, output variation in one good
creates an induced effect on the marginal benefits of the second. The
center must therefore consider this induced effect in the context of
variation in the second good, as wellias the other previously mentioned
consequences of output fluctuation, in comparing prices and quantities.

With either mode of control, or indeed with any mix, there exists
simultaneous variation in both goods. The two goods, in particular,
will tend to vary in the same direction, opposite directions, or inde-
pendently. The expected value of the induced effect is always zero if

they vary independently. The desirability of output fluctuation will
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-

otherwise depend upon the nature of the two goods; if they ére sub-
stitutes (complements), the mode of control, or the mix, that on average
allows opposite (parallel) §ariation is favored more. The importance
of this effect relétive to those listed before depends, of course, on
the degree of substitutability or complementarity that is displayed by
the two goods in question.

These results are valid regardless of the number of firms producing
either good; all of the above comments would be cast in terms of the
total output of the firms producing a particular good. An increase in
the number-éf firms producing one of the goods will favor the control that
allows the larger reduction in total output variation of that good, just

as it did in the third chapter, independent of the control imposed on

the other good.

Section 4.2: The Rggylatibn of Joint Products

The simplest way to incorporate joint products into our analysis
is to consider a cost function that depends upon two goods, 9 and Qs
and a vector of random variables 8: C(ql,q2,3).2 We require that 8 be
a vector so that randcm cvents that affect the costs of each good indi-

vidually, as well as those events that affect the costs of both goods,

2This cost function has the following characteristics: the first
derivatives and the second derivatives with respect to both goods are
all positive, and the cross second derivative depends on the nature of
the two goods, for all (ql,qz,e).
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are simultaneously modeled.3 We continue to assume that the benefit
ction is B(ql,qz,n), and that 8 and n are jointly distributed. The
optimal quantities of the two goods are then determined by maximizing

expected benefits minus costs; ql and q2 are therefore defined by
EB1<Q19Q2 ’n) = Ecl(ql’q2 ,9); (4.2.1a)
EBz(ﬁl,Q2,n) = EC2(QI,Q2,5). (4.2.1b)

The assumed shapes of the functions (see footnotes 1 and 2) guarantee
the existence and uniqueness of (ql,qz) in this context.

‘To make the mathematics tractible, we again expand the functions
around the point (ql,qz), given our usual assumptions concerning the
influences of the random variables. The approximatibn of the benefit
function is still recorded by equation (4.1.2). The new cost function

is meanwhile

€(a,,a,,8) = a(®) + (cl+o, (B))(q;-4)) + 3 €} (a,-8,)°

+ (€] + a,)(8))(ay-8,) + 5 C,p (a,73,)°

+ Cy, (9;-4,)(a,-3,), ~ | (4.2.2)
where
a(8) = c(4,,4,.8),
¢} = E(C,(§,,4,,8)),
3

Any of the random variables could have been vectors; the analysis
would obviously not change. The point here is that 6 must be a vector,
since it will include, at the very least, the variables £, and 52 that

create the output distortions in goods 1 and 2 respectively.
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a,(8) = ¢,(§,,4,,8) - ¢],
€11 = Cp3(dy8558)>
c) = E(C,(d,,4,,8)),
a,(8) = C,(4;.4,,8) - c3,

Cpp = Cyp(d,,4,,8), and

Cip = C1p(d358y,0)-
It should be noted in passing that the sign of C12 reflects the nature

of the two goods in the joint production process. They are substitutes

in production if C12 > 0, and complements if Cip < O.
4,2.1: A First Model--No Output Distortion

He begin our analysis of joint products with the simplest case:
quantity orders are assumed'produced with certainty. The optimal quan-
tity or;dem are therefore ql and q2 by definition. This assumption does
not effect the price order, however, and its determination will prove

more difficult.

The reaction functions to any price order couple (pl sPy ), notationally

represented by
a;(psP,»8)3 1 = 1,2,
are defined implicitly by
Py = Cf + 6y (8) + Cy1(q;(pysPps8)-4)) + C)5(ay(py5PpsB)-8y);5 (4.2.32)

Ch + ay(8) + Cpp(ay(py,Pys8)-0y) + Coplay(pysPys8)-4))5 (4.2.3D)

2

N’
n
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under the assumption that the producer of 9 and q, is a profit maxi-
mizer. Equations (4.2.3) can be rewritten in the following form:

. P17 0
q(pysPys8) = §; + )

. Py=%,-C;
Q2(Pl:p2s§) = Q2 + (_‘_c'2_2—")

- (€,/€,,)€ay(p, 5Py s8)-4y) 5 (4.2.3a)"
= (€15/C50)(ay(py5Pys8)=4;).  (4.2.3b)"

Solving equations (4.2.3)' simultaneously, we conclude that

2
Q;(P;sPpsB) = 4 +(C;1C 003 ,) H(C, (py~Cl =0, )=C, , (P,=Ch-0,)); (.2.42)

- c2
a,(p, sp,,8) = +<cuc22 c2)7H(e, (p,C4-a,)-C (P ~Cl=a)).  (4.2.4b)

We observe in passing that the second order condition for profit maximi-

zation requires that

2
01122(0 ) = D> o0,

and the denominators of equations (4.2.4) are necessarily positive.

The center determines its optimal price orders, 1’51 and §2, by maxi-
mizing expected benefits minus costs with respect to Py and Py given
equations (4.2.4). The first order conditions for this maximization

read

B,Cyp = E(By(q,(B),8,,8),a,(B; +B,58)sn) )03 (4.2.5a)

Equations (4.2.5) are satisfied by
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uniqueness is guaranteed as before and the quantity responses to the

optimal prices are clearly

ql(b‘) = q1+(l/D)(C12a2('e') c22u1<e)), and (4.2.6a)
g,(®) = a,+(1/D)(C) Ha, (8)-C a,(8)). (4.2.6b)

A change in % winl therefbre create a change in the amount of 9
(e.g.) produced under prices by directly influencing the marginal costs

of that good; (-1/D)C,.a,(8) reflects this direct effect. There is,

22%1
in addition, an induced effect created by the following sequence of
events. A change in § also causes the amount of q, being produced

under prices to change; this influence on q, has a secondary effect on
the marginal cost of q, through Cype The term (--1/D)C12 2(5) translates
this induced effect on marginal costs into a second change in the amountl
of q, produced. The distinction between the direct and indirect effects
of § will be important as we now turn to consider the comparative advan-
tage of price regulation of both goods over quantity regulation of both
goods. | |

The comparative advantage of prices is cbmputed as before, and

emerges in the following form:

b = ;' (By,y- 11)"*""("(c @y=a;Cpp)) + Cov((B)-a;); ('6(012 2~%1C3,)))
(322-022)Var(—(012ul azcll)) + Cov((82 2) (—(012 1% ll)))
+ (Byp=C ) )Cov( (BN (C) Hay=a1Cyp) (EI(C Ha =y g ) (4.2.7)

uThe approximations combine with 4.2.1 to guarantee that Bi=Ci;i=l,2.
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- When we recall the expressions given for the reaction functions to iil

and 52, the only unfamiliar term in 4, is

022);(%9(c a.-a,C..)).

1
Cov((ﬁo(c 12%17%2C11

“C12 12%27%
This newcomer is explained most easily by use of an oversimplified

example; we will compare the two cases described in Table 4.2.

Table 4.2
The Cl2 Term--An Example

Case Probability Output q, Output q,

1/2 ql + Ll q2 + L2
Case I ,

1/2 4 - L 4 - Ly

1/2 §, +L 4, - L
Case II 1 1 22 2
. ' 1/2 4G -4 4, + L,

The expected cost for Case I is

2 2
Ea + Cn(Ll) + 022(L2) + C12L1L2,

for Case II, it is similarly

0 ,
) 012L1L2.

2
Ea + cll(Ll) + C.:_,z(L2

Case II is obviously cheaper when 012 is positive because of the negative
correlation of outcomes. The 012 term is therefore a bias against prices
when the covariance of the output changes that prices allow is positive.

The reverse is, of course, equally true when C., < O,

12
A term by term interpretation of the cost side of (4.2.7) can now

be presentes; we will begin with Q- The increase in expected costs due
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to output variation in 9 is recorded by

1
p Var ((39 (01202-alc22))

NI

¢

€12%27%1C22
and works in favor of quantities. The term (-Cov(al;(-————ir————o))

in the output of Q relative to the uninduced changes in marginal costs.

controls that allow such variation. The C12 term can be ‘thought to
record the analogous gains or losses created by the variation in the
output of 9 relative to the induced changes in marginal costs. The

algebraic sum of these three terms can be shown to be

1
t7Cn

Var ((1/D) (01202 - a1022)),

a net positive bias for prices.

A similar story can be told for 9, and results in a net effect of

1
+ 5-022 Var ((1/D) (Cl2a1 - °2c11))'

Observe, however, that the 012 term has then been used twice. When we

collect terms to express Ag more succinctly,

-a,C,,); (1/D)(C, . a.-a,C..))

€12

must therefore appear with the opposite sign:
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Were this covariance positive (e.g.), output of Q would tend to increase

as marginal costs increase and thereby construct a bias against the price
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Ay = 3 —-(B +C,, )Var((1/p)(c, ,a,-8,C,,)) + Cov (B,3(1/D)(C),a,-a,C,)))

YWar((1/D)(C..a.-a.C..)) + Cov (8 (1/D)(c12 1%, ll))

1
+ 5 (ByytCyy 12%17%2%11

+ (B,,#C,,) Cov ((1/D)(C ,p- @,Cy,)3 (1/D)(C 0, ~a,C.0)).  (4.2.7)!

4,2.,2: The Output Distortion

Before discussing the comparative advantage as the relevant para-
meters approach fheir extremes, we correct for the asymmetry in cutput
variation of our first joint products model by once again introducing
the output distortion. The quantity actually produced, Qs is thus

defined by

al

L q.pi + ¢i(€i); i-= 1,2,

where 91 is the quantity ordered by the center. ‘The £i are assumed
to be subvectors of 3; while the Ei need not be identical, common ele-
ments are certainly allowed. The events that create the output distor-
tion thereby influence costs, as well, and such events can affect the -
output of eithgr good individually or both goods simultaneously.

The comparative advantage emerges from this extension with some

new terms:

= 1 .
810 = Bg = 7 (B)y=Cyy) Var ¢; - Cov ((By-0)); ¢))

= 7 (Byy=Cy,) Var 4, - Cov ((B,-a,); ¢,)

- (B ) Cov (¢ ¢2). {4.2.8)

12 12
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The new terms behave just as their counterparts did in (4.2.7),—and
therefore require little additional interpretation. Observe, however,
that since output variation under quantity control does not depend upon
changes in marginal costs, there dc not exist efficiency gains on the
quantity side of Alo' /

The value assumed by C12 has a marked effect on the comparative

advantage. Observe initially that when 012 =0,
qi(e) = qi - (ai(e)/cii); 1= 1,2,

and Alo equals AB' This is certainly an expected result and is more of
a check on (4.2.8) than a significant observation. When we examine the

extreme values of Cl2’ however, we note that C 2 has an effect on only

1

output variation under price controls; indeed,

Lm g;(® = Lim g;(8) = ¢;3 1= 1,2, (4.2.9)

C. > o )~ 00

12 Ci0

We can observe these limits directly from equations (4.1.6), or by
reasoning geometrically as follows. The slope of an isocost curve can be
determined by totally differentiating equation (4.2.2) and setting
dC = 0; hence
[ Ve
dq2 _ al+C1+Clzq2+Cllql

I - []
dq, . @, +C51C159;%Cx03)

Random changes in “1(6) and a2(5) therefore change the slope of an iso-
cost line at any point, and, as a result, change the tangency point to

a price line that is given by the optimal price o?ders. As |Cl2| becomes
large, however, these influences become negligible, and the quantity

changes implied by the slope changes disappear. We can conclude that
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12%7%1 %2  ©12%17%C,
IR b
c,,a,-a.C C,,a.-a,C

c

o 3 Cov(¢l;¢2) > Cov(

1im - ) 4 ) = 12%27%%2  ©12%17%%1
Cp* = 80 = g3 Cov(¢,3é,) = Cov( 5 s 5 )
C..a.-a.C C..a.-a.C
- @ ; Cov(4,34,) < Cov( 12 2D 1 22; 12 lD 211,
C,,a,.-a.C C..,a,-a,C
lim C. a.-a.C C. 6. -a.C
10 = 2
g 10 ={ g3 Cov(s,38,) = Cov(-222 222, 121 2711,
C,,a,-a.C C,,a,-a,C :
® 3 Cov(¢,36,) < Cov( 12 2D 1 22; 12 1D 2711,

The induced effect on marginal cost under quantities dominates the
prices versus quantities comparison, in these cases, and the choice
turns on whether the two goods vary in the correct or incorrect direction.

Observe finally that (4.2.8) reduces to A8 in both extremes when the

output variations of both modes of control are identically correlated.
A significant change in results could be suspected when cii becomes

arbitrarily large, because output variation under prices no longer dis-

appears. Consider, far instance, good 1 and allow C11 to become arbi—A

trarily large:

e Bh, 3, =gy - (ay@)rcyy).

11
When we take this limit in the context of the comparative advantage of -
prices, however, we find the efficiency gain étill dominating the cost

side for prices, and price controls are still overwhelﬁingly preferred:

lim _  lim =
¢, > = 0% c e CnlVariza/Cpitvard)) =«
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The conclusions when Bii becomes arbitra‘rily negativé meanvhile remain
exactly as described in Section 4.1, the sign of AlO turning on the

sign of (Var(qi(g)) - Var(tbi)). He note, therefore, the same potentiality
for a profitable policy mix as that which motivated Subsection 4.1.3.
That discussion must now be repeated, since the cl2 term in marginal

costs adds a new dimension of difficulty.
4.2.3: The Profitability of Potential Mixes

We begin by comparing a mix that controls Q by prices and 9, by
quantities with the control of both goods by quantities. The optimal

quantity orders under the second scheme remain, of course,

q'pi = §; - B(¢;(5,)); 1 =1,2.

The optimal controls for the mixed scheme need to be determined. For
any quantity order issued to good 2, qp2’ the reaction function of good 1

to any price order, Py» is given by
Py = () + C] +Cpilay(ppha, + $,(6)),8) - &)

that is
( a6 = a ¢ ) e e v e e (E)-0)
q p ’ ’ = + —————————— - -’- -
1'P12%0 T F2t5o 1 ), 12/%117%9p2 T P2 159779,

We can insert qp2 and ql(pl,(qp2+¢2(£2)),5) into the benefit and cost
functions to determine the optimal price order for good 1 and the optimal

quantity order for good 2:

e :
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so that

§,(8) = § - (a;/c,)) - (C},/C;,)(4, - E9,)

The optimal quantity order is thus invariant across the type of order
issued to the first good; the optimal price order is similarly inva:iant
to the control placed on the second good, but the response function
is not.

Computing the comparative advantage of the mix over quantity
control of both goods is an arduous task. Collecting terms on the cost
side of price controls of good 1 in the same manner outlined in Sub-

section 4.2.1, however, we arrive at the following expression:

A(pa/ae) = [F (B) +C ; Var((-a, /C;;)=(C,,/Cp 1) (8,~Ed,))

- 3 (By,=C  )Var ¢, + Cov(B 3((=a,/C,1)~(C,,/C 1 )8,E,))

- Cov((Bl-al);¢l) + B, Cov(((—allcll)-(cl2lcll)(¢2-E¢2));¢2)]
.- (B12 - c12) Cov (¢l;¢2). (4.2.10)

The bracketed term in equation (4.2.1G) is, as usual, the comparative
advantage of prices over quantities for good 1, taken in the context

of the induced effects on marginal costs and benefits created by quantity
control of Q- The final term represents those induced effects that
would have been created were 9, under Quantity control. Since these

effects are foregone by price control, their representative is subtracted
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from the comparative advantage of the mix.

We have thus far only repeated the analysis of Subsection 4.1.3
in a slightly more general case; nothing new has yet emerged. This
situation changes, however, when we contrast the given mix with price
control of both goods. The optimal orders remain the same under tha
mix, but the reaction functions of both goods change. The quantity

response of good 1 cbviously changes from
[4, - (1/D)(C 0, = 6,C,y)] to [4, - Ed; + ,(£))]
The quantity response of good 2 is altered as well;
[a, - (1/D)(C 0, - a,C; ;)]
is produced when both goods are under price controls, while
[4, - (a,/C,p) = (C15/Crp)(8,(Ey) = Eb,)]

is produced under the mix. The comparative advantage of the mix is
therefore not, as it has been befcre, simply an expression concerning
good 1 and some foregone induced effects; it must also reflect the
changes in the output of good 2 created by the mix. Even without re-
cording that comparative advantage, we can conclude that the existence
of one good for which quantities would be preferred does not necessarily
warrant the issuance of a mixed policy in lieu of price controls on

both goods.
4.,2.4: Conclusions

The joint production of two goods adds a second induced effect to
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the list of effects that need to be considered when choosing between
quantity controls and price controls. As the output of one good in-
creases (e.g.) in response to a random influence, the marginal costs

of the second good are induced to increase or decrease as 012 is greater
than or less than zero (i.e., the goods are substitutes or complements
in production). The same random event that caused the first output
change may induce the output of the second good to change, as well. If
this second change fights the induced change in marginal costs.(e.g.,
an increase in output in the face of an increase in costs), the mode of
coatrol allowing such changes become less preferred. The three other
permutations of the signs are similarly explained.

The profitability of a mixed policy scheme for joint products need
not necessarily depend only upon changes in the output behavior of the
good 'whose control is to be switched. The reaction function of the
second good to an optimal price order depends explicitly upon that be-
havior through the same induced effect explained immediately above.

These results once again remain valid for any number of producers,
and an increase in that number can still be shown to unambiguously favor

the mode of control that creates the smaller variance in total output.

Section 4.3: The Automobile Example Extended to Nitrous Oxides

Consideration of the control of vehicular nitrous oxide emissions
in the context of our previous study of carbon monoxide provides an
excellent example of the simultaneous regulation of joint products. We
will again illustrate the center's analysis of the prices-quantities

choice by using the cost data of Dewes and the benefit data of Ahern.
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Table (4.3) and Figure (4.2) summarize the cost data for nitroﬁs oxide
(Nox) control,5 while Table (4.4) and Figure (4.3) record the corres-
ponding benefit data.6 Notice that the early control devices actually
caused an increase in NOx emissions, so that the marginal cost schedule
in Figure (4.2) begins with a 12% ihcrease over the 1967 levels.
Figure (4.4) then synthesizes the two marginal schedules expressed in
terms of dollars per year. |

The center has a choice of four poscsible controls in this example:
price control of both pollutants, quantity control of both pollutants,
and one of two possible mixes. It must, however, decide between the
four before the actual cost of each of the possible control devices is
known. Profit motivated variance in the emissions of both pollutants
under prices will therefore still complicate the center's choice. In
addition, product variability in the devices themselves exists for both
pollutants under either mode of control, and must also be considered.
While the center would presumably collect its own more complete informa-
tion, we are forced to coﬂtinue making a variety of assumptions in the
course of illustrating the center's analysis with the data that we have
available.

We can equip each automobile with but one control system. While
syster (D) overrestricts both pollutants, it seems to come the closest

to being efficient with respect to both pollutants. System (C), for

5Dewes, op. cit., Appendix C.

sAhern, op. cit., p. 198.
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Table 4.3

The Cost Side for NOx

System (A): Positive Crankcase Ventilation

System (C): 1970 Controlled Combustion System plus (A)
System (D'): Low-Lead, Low-Octane Engine plus (C)
System (D): 1971 Catalytic Exhaust Converter plus (D')

System Emission % Reduction  Change in Total Cost Marginal Cost

No

Control 4.0 - - T
(c) 7.0 -75% .00057
(0") 4.5 -12% .00180 2.9 x 107°
(D) 2.1 48% .00508 8.2 x 10"
(gm./mi.) ($/mi.) $/(gm./mi.)
Source: Donald Dewes, Economics and Public Policy: The Automobile

Pollution Case, MIT Press, Cambridge, 1974, Appendix C.

*lmi.

. -4
A0 » 10

n \0"> /

=25% % 25% 50%

¥ 9/, Redutkion

Figure 4.2: Marginal Costs for NOx
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Table 4.4

EDRA Estimates for Nitrous Oxides

1967 Levels 50% Reduction 75% Reduction
5.0 x 108 1.8 x 108 . .26 % .'I.O8

Source: William Ahern, Jr., "Measuring the Value of Emission Reductions," .
in Jacoby and Steinbruner, Cleaning the Air, p. 198.

EORA (x10%)

1]

\

e —» o) Reduckion
0% 1S %o

Figure 4.3: Marginal .Benefits for Nox
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instance, actually increases emissions of nitrous oxides by 75% over

the 1967 levels, even though it was deemed most efficient when carbon
monoxide was considered alone. We will therefore compare prices and

quantities for system (D).

Equation (4.2.8) instructs us to consider the two pollutants to-
gether. We do not, however, have information about the size of the
interdependence coefficients for either costs or benefits (012 and 312)'
As a first step in our casual study, therefore, both pollutants will be
considered individually and an individualized comparative advantage of
prices computed for each. We will then heurisfically deduce the signs
of 312 and 012, as well as the covariances in output disturbances that
they multiply in the joint comparative advantage, to determine the
potential effect of the cross terms on the conclusions reached in the
dichotomized first step.

The analysis for carbon monoxide has been completed already for
the 97% reduction achieved by system (D). Table (2.u5 records the
results, showing prices to be preferred regardless of the value assumed
by the variance in output created by product variability under price
controls (o:). ‘

System (D) meanwhile achieves a 48% reduction in nitrsus oxide
emissions over the 1967 level; i.e., an average of 2.1 grams of NOx are
to be emitted per mile. The slopes of the marginal schedules in the
neighborhood of 48% provide estimates for the relevanf curvatures of
costs and benefits. The Dewes data suggests that Cll(Nox) = $1.8 x 107/yr.
per 1%. The Ahern data, however, reveals that marginal benefits are very

nearly horizontal for reductions less than 50%, so that the applicable
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curvature of the benefit function is very small. We can therefore
presune thét the cost side will dominate the comparative advantage of
prices for nitrous oxides and that B,,(NO ) is negligible.

The marginal cost of system (D) is given by Dewes to be
$11.5 x 107/yr. Estimates by the Environmental Protection Agency, the
National Academy of Sciences, and the manufacturers suggest a standard
deviation of $1.9 x 107 per year around the Dewes estimate.7 Following
the procedure outlined in Section 2.5, we can use this standard devia-
tion in marginal costs to predict a profit motivated variance in NOx
emissions (c:(NOx)) of .01 (gm./mi.)z. We will use this figure as an
approximation of the variance that the center would compute from its
own cost data in assessing the prices-quantities comparison. We will
further assume that the 20% standard deviation in emissions induced by
product variability that was observed under quantity control of CO applies
to Nox as well. This assumption translates into a variance of .16
(gm./mi.)2 under quantities at the 48% reduction level (og(Nox))- Sensi-
tivity analysis will again be required to handle the corresponding
variance under prices (ag(ﬂox)); the three trial values will be .04, .16,
and .36 (gm./mi.)z.
’ We can now compute an individual;zed comparative advantage of prices
for nitrous oxides. Table (u4.4) summarizes the results for the three
values of a:(Nox)i Notice that in the first two cases, price controls
are preferred, and the center should choose to regulate‘both pollutants

with taxation schemes. When °§(N°x) = .36 (gm./mi.)2, however (indeed

7Dewes, op. cit., p. 191.
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Table 4.4
Comparative Advantage of Prices at
48% Reduction of Nitrous Oxides
Bll(Nox) V= 0
c,,(N0.) = $1.8 x 107 /yr. per 1%
o2 (No) = .01 (gn./mi.)?

2 . L \2
aq (Nox) = .16 (gm./mi.)

o:(NOx) : A
.04 (1/2)(1.8)(.01 + .16 - .04) x 107 > 0
.16 (1/2)(1.8)(.01 + .16 - .16) x 10” > 0
.36 (1/2)(1.8)(.0L + .16 - .36) x 10’ < O

wheﬁ.og(Nox) > .17 (gm./mi.)2), the center would be well advised to mix
its controls by placing nitrous oxides under quantity standards and
carbon monoxide under price standards.

Equation (4.2.8) requires us to evaluate the following expression
in assessing the effects of the missing cross terms of the joint benefit

function on our individualized results:

Blz(Cov(CO under prices; NO, under prices)

- Cov(CO under quantities; NO_ under quantities)).

What can we say about the signs of the components of this expression?
It has been the experience of Los Angeles that carbon monoxide and nitrous
oxides react to create photochemical smog when they appear together in

sunlight. They are therefore more harmful when confronted together than
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apart, and we conclude that the missing Bl2 must be negative. If the

covariance of the emissions of CO and NO_ is larger under quantities

than under prices, then this entire expression is positive and price
control of both pollutants receives a positive bias. The opposite
result similarly holds if the covariance under prices is larger. The
- overall importance of this effecf depends, of course, upon both the
unknown absolute magnitude of 812 and the size of the disparity in the
covariances.

The correspoﬁding expression for the missing cross term of the joint

cost function is similarly

Clz(Cov(CO under prices; NO_ under prices)

+ Cov(CO under quantities: NO_ under quantities)).

We éhould expect both the product variability and the profit motivated
variation to tend to move the emissions of the two pollutants in the
same direction. The two covariances can therefore be presumed to be |
positive, so that the sign of the entire expression turns on the sign
of 012. Since early carbon monoxide controlling devices actually in-
creased average nitrous oxide emissions, we can reasonably conclude
that cl2 is also positive. Hence, the missing cost term unambiguously
favors price control of both pollutants.
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Chapter Five

THE REGULATION OF AN INTERMEDIATE GOOD

The influence of substitutability in both consumption and produc~
tion on the comparative advantage of prices was thoroughly explored in
the previous chapter. We will now extend the discussion of substitution
in one final direction by investigating the regulation of an inter-
mediate good whose value is registered only through the final good that
it is used to produce. Calling the final good x and the intermediate
good q, we will be concerned primarily with the effect of the elasticity
of substitution between q and a second factor of production, K, on the
comparative advantage of prices. The existence of any profit motivated
pressures on the producer of x to avoid either mode of control on q by
integrating its production into his own process will also be carefully
noted. |

So that we can concentrate on these effects alone, we must assume
that inventories of the intermediate good are maintained at a fixed
level. Any fluctuation in the output of q is then reflected in deliv-
eries and therefore registered as fluctuation in the profit-maximizing
levels of the other x-producing input. Fluctuation in the output of x
reéults. The effect of loosening this constraint on inventories, how-
ever, is easily deduced in a concluding section. Consistent with our
continued specification of a cost function for q dependent only upon
the output of q, we also assume that the second production factor, K,

is available to the producer of x at a per unit cost of ».

-190-
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Section 5.1: The Extreme Cases

The simplest way of demonstrating that the elasticity of substitu-
tion between K and q (o) has an influence on the comparative advantage

of prices is to present the two extreme cases in juxtaposition:

(1) x=vyK + (1-y)q, and

(2) x = min(yK;(1-yv)q).

K and q are perfe;t substitutes in the first example (¢ = ®); there is
absolutely no substitution of inputs in tke second (o = 0). The model
within which we will discuss these extremes is the analog of the simple
model that has been used to initiate the discussions of each of the
previéus chapters. It is characterized by the following list of quite

familiar assumptions:

(i) The benefit function depends entirely upon x; uncer-
tainty is recorded by n so that B = B(x,n).

(ii) The production of q is summarized by a cost function
that depends only upon q; uncertainty here is re-
corded by 6 and C = C(q,8).

(iii) The random variables are ‘jointly distributed.

(iv) The input K is available to the producer of x at the
per unit cost of r.

(v) Given a quantity order, the producer of q will pro-
duce exactly that amount in the most efficient manner;
that is, he will stay on his cost curve (there does

not yet exist an output distortion under quantity
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control). Meanwhile, the producer of q will maxi-
mize profits in response to a price order with
perfect knowledge of the value taken by 6; he will

therefore set the price order equal to Cl(q,ﬂ).

We further assume, for our immediate purposes, that the producer of x
must use all of the input q that is produced and that he is charged the’
expected marginal value product of q in case (1) and some non-zero price
in case (2).l The producer of x is finally presumed to be public
spirited (or government controlled, e.g.) in the sense that in deciding
the K-response to the amount of q that he receives, he maximizes ex-
pected social benefits minus the costs that he incurs. These final two
assumptions appear to be quite restrictive; in subsequent sections, how-
ever, our results will be shown to be significantly independent of these
behaéiofal characterizations. |

We consider the case of perfect substitutes first, and observe that
the x-producing firm (x-firm) will react to an input delivery of q by

solving
E[Bl((YK(q) + (1-y)qQ),n)eyl =r (5.1.1)

for K(q). Equation (5.1.1) therefore implicitly defines the K response
to any quantity q. The center can then determine the optimal quantity

order, qp, by taking K(q) and solving

1All that is required for our purposes is that production occur on
the corners of the right angle isoquants implied by case (2). Were we
to worry about the profitability of producing x, a non-zero upper bound
for this price would also exist.
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m:x [E[B((yK(q) + (1-y)q),n) - rK(q) - C(q,8)1].

The optimal price order, p, is similarly determined by noting that the

reaction function of the q-producing firm‘(q-firm) to any price order,
p = C,(q(p,8),6),

can be summarized by
a(p,8) = h(p,8).

The center must therefore solve the following

" {E[B(YK(h(p,0)) + (1-Y)(h(p,6)) - rK(h(p,0)) - C(h(p,6),8)1}.

The amount of q delivered to the x-firm under price control is clearly
h($,6). As a result, the amount of x produced under quantity control is

characterized by
E[Bl((YK(a,p) + (l-Y)ﬁ.p) »n) * vl =r,

while the amount of x produced under price control for any 6 is similarly

given by
E[Bl((yK(h(ﬁ,e)) + (1-y)h($,8)),n) « y] = r.
We can conclude, since the benefit function is arbitrary, that for any 6,
[yk(qp) + (1-7)qu = [yK(h($,6)) + (1-y)h(5,8)];

that is, as.the states of nature on the cost side change, the amount of

q delivered to the x-firm changes, but K is adjusted so that the output
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of x remains constant. In particular, the output of x, and thus the

quantity inserted into the benefit function, under price control of q

by p is always equal to the output of x produced under quantity control
of q by qp. The comparative advantage of prices, being a relative
measure, therefore reflects only the cost effects of output variation.
Since the efficiency gain under prices has been shown to always dominate
the increase in expected costs created by output variation, prices are
preferred unambiguously.

The second case specifies that absolutely no substitution be allowed
between K and q in the production of x. Since we have established a
price for q that guarantees that x is produced on the corner of the
right angle isoquants, we can observe immediately that x = (1-v)q. The
benefit function is therefore easily written as a function of q, and it
becomes a simple matter to compute either an optimal quantity order or
an optimal price order for q. The output of good x, however, now varies
as the prodgction of q varies, so that the comparative advantage of
prices captures a loss in expected benefits under prices as well as the
cost effect just noted; its sign is thus in doubt.

These few observations uncover a fundamental difference in the
price-quantity comparison that is created by shifting the elasticity of
substitution from one extreme to the bther. The remainder of this chapter
is devoted to putting this difference into perspective by considering the
intermediate examples. The precise formulations of the two cases with

which we have just motivated the question are contained therein.
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Section 5.2: Output Responses and Expected Profits

The cases of intermediate substitutability of inpuis are all
represented by the constant elasticity of substitution production func-

.tion
x = (yK° + (1-'7)(;':’)1/p (5.2.1)

as p ranges from -» to 1. Equation (5.2.1) reduces to the Cobb-Douglass

form

x = K' q(l-y) (5.2.2)

when p approaches zero;2 this is a special case whose importance will
become clear. For the moment, however, we select an arbitrary representa-
tive of this class and deduce the optimal response of x to varying sizes
of the deliveries of input q. Assﬁmptions (1) through (v) of Section
5.1 characterize the model '"below" the final gocd; a variety of be-
havioral assumptions for the x-firm and pricing assumptions for the
intermediate good q will be explored. The profitability of producing x
will also be explored as a peripheral interest in 2ach case, under the
assumption that x is sold at a price equal to the marginal benefits that
actually occur (i.e., Bl(x,n)). The planner ﬁust always know when his
controls on q create pressures on the x-firm to try to avoid those con-

trols by producing q internally.
5.2.1: A First Model

We begin our analysis with the model in which perfect substitutes

2Henderson and Quandt, Microeconomic Theory, pp. 87-88.
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were studied above. The x-firm selects his K response to the delivery
of q by ﬁaximizing expected benefits minus the costs that he incurs.

He is charged the expected marginal value product for each unit of q

that is delivered; The analysis of this case will be constructed so
that we will be able to draw heavily upon these present results in dis-

cussing subsequent models.

3

The optimal level of production for the intermediate good, Qo’ and

the optimal K response, Ro’ can be determined by solving

max [EB(r® + (1-1)g®) P n) - K - a1,
?
for the given benefit and cost functions. The first order conditions.

that characterize these optima require that

E(Bl * x r; (5.2.3a)

)

}:(B1 . xq) B(cl(qo,e)). (5.2.3b)

The shapes of the functions guarantee the existence of &o and Ro’ so
1/0
9

that we can expand the benefit function around x (Yﬁg+(l-y)qg)
and the cost function around qo. Consistent with our previous models,

we assume that these approximations are of the following form:

B(x,n) = b(n) + (B4B())(x-x ) + 5 B ;(x-x )%  (5.2.4a)

C(q,0) = a(0) + (C'+a(8))(g-4,) + 3 C;,(a-4)°.  (5.2.4b)

We can now rewrite equations (5.2.3) for future reference:
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i+ (-y)a?HP
EL(B'+8(n)) (—>— A Ly P (5.2.3a)"

K
o

(i + (l-Y)Qg)l/p)l_pJ

EL(B'+8(n))( c'. (5.2.3b)°

4o
One simple observation should be made in passing; equations (5.2.3)' can

be combined to reveal that

(R /4 )1 = (ve'/C1-v)r);

as a result,

K = (ye'/(-y)r)°q, = (€'/0)°%,.° (5.2.5)

The output x, can therefore be written
x, = 8, (Y@ /D% + 1-yP = g _ato)).
In terms of this more compact notation, equations (5.2.3) reduce to
B (AN = cr; (5.2.3b)"
B'(A(p)/C' /2)")1P = p., (5.2.3a)"

Were the center to impose quantity regulation on the intermediate
good, the optimal quantity order would clearly be qo. The x~firm would

determine its optimal K response, ﬁ, upon delivery of qo, by solving

3Uni‘lel:' our specification of the CES production function,
g = 1/ (1"9)-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-198-

(RP+1ng° )P
E[(B‘+B(n)+Bn((vx”+(1 g Px )) - ( 2 )1 Pler, (5.2.6)
K

the first order condition of its decision rule. Equation (5.2.3a)
asserts that Ro is the solution of (5.2.6), and we can conclude that x
is indeed produced when a quantity control of ﬁo is placed on the produc-~
tion of q. Observe that (5.2.3b) then dictates that a per unit charge
fbﬁ q of C' is levied upon the x-firm as it accepts qo.

Any CES production function is linearly homogeneous, so that Euler's

theorem implies that

§ Alp) _ 4 Alp) 4 _
A = (22— P @/ + (2 Pg.  (5.2.7)
ﬁo(c'/r) 4,

We can investigate the expected profits of the x-firm under optimal
quantity control of q by multiplying both sides of (5.2.7) by (B'+8(n))

and_taking expected values:
(Expected Revenues) = B'(qu(p))

= B'(——-——A(") 1-Pg (@'/5)° + B! (——-—“p) y17Pq_
(c'/m)° (@/m)°

r(E'/r)%, + c'a,.

The term (r(E'/F)“qo) is the total expenditures on K in producing X3
c'qo, total expenditure on q. Expected economic profits are therefore
zero, and there does not exist pressure to avoid the quantity control
on q by integrating the production of q into the production of x.

The computation of an optimal price order for q, designated p, is
more involved. The standard point of departure is the price reaction

function of the q-firm:
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h(p,0) = g + (B2,
' 11

for ény price order p. The K response to h(p,8), designated by K(h(p,6)),

is determined by the first order condition of the x-firm with respect to

K: ’
5 1ep
(Y(K(R(p,0))°+(1-1) (4 +(BZ2=E))PH1 /P
p-a-C' 11 -
E[(B'+B(n)+Bll( e, )) K (p.0)) J ]=nr.
(5.2.8)
Equation (5.2.8) reduces to
(8' + B, (B=CYy) (Al y1-py . (5.2.8)"
11 °Cy,y (' /)’
if we assert that
K(h(p,8)) = (Z'/7)%h(p,8)
= R+ (@ /0L, (5.2.9)
11

The center meanwhile determines the optimal price order by solving

m:f [E(B((y(K(h(p,8)))° + (l-Y)(h(p,e))p)l/p,n) - rK(h(p,8)) - C(h(p,8),0)],

the first order condition for whicﬁ is
(Y(K(5,0))P+(1-v) (q_+(BZ2=C1y)P)1/P

$-a-C" 11 1-Pak an
E[(B'+B(ﬂ)+Bll( C11 ))(( K(5.0) ) 5?1._33
¥ (K(5,0))P+(17) (g _+(B2=C1y)P)1/P
. ° " Cy )l‘pah) 3K 3h  =,3h.. _
3’ "~ Taqsp - Pl c 0

(g, + (253:910)
11

(5.2.10)
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Observe that equation (5.2.8) is embedded in (5.2.10) with a multi-

piicative_factor of (%g-%%). That factor is only (1/c11) and (5.2.10)

reduces to

Y(K(B,0))P+(1-7) (4 +(BZ2CL)P)1/e

EL(B*+8(n)+B,, (B22C0y)( ——2 )y (e,
H Log, + (B
< 1l
-1
= B(Cy,) (5.2.11)

The left hand side of (5.2.11) is the expected value product of q. Even
without solving (5.2.11), we can therefore note that the center is op-
timally buying and selling q at the same price. The assertion that

® = C' requires that (5.2.11) be reduced to
B' (AP = ¢ (5.2.11)"

and that (5.2.8)' be reduced to
pr (-2l 1 .
(C'/r)
Equations (5.2.3) verify the validity of both of these final forms, and

we can conclude that our assertions were correct:

-~

p=2c'
g(e)
K(8)

a, - (a(8)/c;;), and

s == O
K, = (C'/r) (a(e)/cll).

The profitability of the x-firm under price control of q creates a
special problem for the center. Euler's theorem can be emplcyed a

Lr': _ second time to evaluate the expected economic profits of the x-firm:
R .
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(8,-a(8)/C,JA() = (A)/(E' /D) P @ /D)% (g ~a(0)/C,,)
.y1=0
+ (A6 (g_-a(0)/C ;).

Multiplying both sides by (B' + B(n) + Bll(E'/F)c(-u(G)/Cll)) and taking

expected values, we see that
G \1-p,=, ;=<0
(Expected Revenues) = [B'(A(p)/(C'/r) )" "(C'/r) (qo)]
T 1'p A
+ [8'(A(P))™ "(4 )]
+ [(AC)Z(Ct /r)°) P eov((B+B, . (-a/C, . ) s(E1/F)°( ~a/C,.))
11 1’ (o} 11
+ (A Peov((B+B,  (~a/C )38 /e D, (5.2.12)

The first term in (5.2.12) represents the expected total expenditure for
K; the second term, the expected total cost of q. The sum of these ex-
pressions is consequently the total expected costs of running the x-firm.
Expected profits are therefore crucially dependent upon the final term

of (5.2.12), the covariance of shifts in the marginal benefit function
and shifts in the output of x.u Output tends to increase as the selling
price for x increases if that covariance is positive, even though per unit
factor costs remain constant. Expected revenues exceed expected costs in
this case, and the firm averages a positive profit. The opposite situa-

tion occurs, however, when the covariance is negative; there would then

uAlgebraically combining the arguments of the final bracketed term
of equation (5.2.12) by Euler's theorem as stated above, we can note
that it is equal to (Cov((8(n) + B,,(-a/C,,));x(0)).
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exist pressure on the x-firm to avoid this loss situation by manufac-
turing its own q, regulated internally by quantities. We have alrc.ly
shown that such integration would be economically viable, yielding zero
expected economic profits.

Careful examination of the crucial covariance reveals a permanently

negative subterm:
Cov(Bu((E'/f')(-alcll));((5'/5)(-(:/Cu))) = 311Var((<':'/z‘-)(-a/cn)) <0

This term represehts the loss caused by the correlation of changes in
output and their induced changes in marginal benefits; recall that.the
actual level of marginal benefits has been assumed to be the selling
price for x. A significant positive correlation between output changes
and uninduced changes in marginal benefits would therefore be required
to éreate positive expected profits. The mere independence of n and 6
could create one of many possible circumstances in which prices could
be preferred, but for which the expected economic profits of the x~firm
could be neéative. The profitability of the production of x can there-

fore be a serious problem that warrants further investigation.
5.2,2: Variation in the Pricing Policy and the Profitability of x

The fundamental assumption of the preceding analysis has been that
the x-firm is required to use all of the q that is delivered'to him,
Observe that the producer of x is therefore able to compute his K response
to q indepehdent of the price that he is charged for q; he simply takes
the delivery of q as given and maximizes the expected value of his objec-

tive function with respect to K. In this, as well as in the previous
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subsection, that objective function is social benefits; it will be
expected profits in the next subsevction. Since the K-response is

. invariant to our pricing policy on q in either case, we are not required
to rework the preceding analysis to engineer any potential pricing
changes. Only the profitability of the x-firm will reflect the change.

Perhaps the simplest procedure would be to deliver the q produced

under either prices or quantities to the x-firm gratus. The above
argument implies that the optimal quantity order remains qo, the optimal
price order remains C', and the x response to 6 under such price con-

trol remains
X, - (a/Cll) A(p).

There is, however, an average transfer of revenue in the amount of c'qo

5

under either prices or quantities from the center to the x-firm.~ One

would expect'that this transfer would render the x-firm profitable,
even given the covariance difficulties listed above, and thus eliminate
the pressure to integrate production.

A policy with less severe distributional effects is suggested by
the following example. Suppose that the center were willing to postpone
payment for q until after the corresponding x had been produced and its
actual marginal value known. The center could then charge the x-firm
a per unit fee for q precisely equal to the actual marginal value product

of q in producing x. All of the optimal orders and output responses

5!‘0:- any 6, the payment foregone under the gratus scheme is
c'(qo-(c‘:'/i'-)"(a(e)/cn))); the expected value of this transfer is
clearly C'§ o
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then remain the same, but expected revenues of the x-firm would differ

from expected costs by only

Cov(B + B.. ((B'/F) (-asc. )); (ALLYI-P (_ose ),
11 11 =4 /=10 11
, C'/r)
The troublesome covariance term has been essentially "cut in half,"
reflecting the charging of a nonstochastic price for K.
Reviewing this second variation makes it clear that the difficulty

in the profitability of the x-firm under price control lies in the fact

that

(expected marginal value product) ¢ (quantity of input) #

expected((marginal value product) * (quantity of input)).

Were the center to charge the actual marginal value product of K for
each ‘unit of K used in producing x, the production of x would net an
expected economic profit of zero under prices as well as under quan-
tities. If, in addition, the center were to require that the expected
value of the actual marginal value product of K be precisely equal to r,
the first order condition of the x-firm with respect to K would remain
precisely the same and the K response to q would also be preserved.6
The preceding paragraphs have recorded a pricing policy that both
solves the profitability question, tﬁereby alleviating the pressure to
integrate, and leaves the analysis of Section 5.1 unaltered. It will,
however, greatly facilitate the exposition of further complications in

the model if we continue to charge the x-firm a per unit charge of the

6This second condition guarantees, in addition, that the expected
revenues of the center that is now buying K at r and selling K at the
actual marginal value product of K in producing x are zero. -
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expected marginal value product for q and r for K. We will consequently
maintain that presumption throughout the remainder of this chapter. The
reader should always be aware that the following analysis is equally

valid under the above pricing schemes that guarantee profitability.
5.2.3: Profit Maximization by the Producer of the Final Good

The producer of the final good, x, has been assumed thus far to be
a maximizer of social benefits. We will presently extend the analysis
to model a profit maximizing producer who is equipped with only a dis-
tribution of the price at which he can sell his product. We assume,
in particular, that the x-producer believes that the price of x varies
with n (i.e., p, = p_(n)), and that n is distributed by g(n). Ve
further presume, for the moment, that our producer knows the correct

mean of prices:

Eg(px(n)) = I p,(n) g(n) dan = B (5.2.13)
n
The output responses under these conditions will now be shown to be
precisely those responses that were cbserved for the socially motivated
producer of Section 5.1.

Were the center to issue a quantity order of qo to the q-firm, the
profit maximizing K-response of the x-firm would be given by the first
order condition that

(r(K(a )P+ Y/P 15

EgF(px(n))( ) l=nr. (5.2.14)

x(&o)
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Combining equations (5.2.13) and (5.2.14), we note that

p p\1/p
. (Y(K(Qo)) +(l—v)§°) 1

BY( )P =,

K(g,)
Equation (5.2.3)' then guarantees that
=% = (B1/:3° .
K(ﬁo) = l(o = (C'/r) Qo,
the profit maximizing response to qo remains intact, and

EL(p, (n)(AG)/(E'/5)°) T = r.

(5.2.14)"

Equation (5.2.14)' can be used to determine the K-response under

optimal price control of q. For any given price order, the response of

the q-firm is again summarized by

h(p,0) = 4 + (B22E),
11

The K-response of the x-firm is then defined by

(y(K(h(p,8)))P+(1-y) (h(p,8))*) /P 1.5 _

Equation (5.2.15) reduces to (5.2.14)' only if

K(h(p,8)) = (C'/7)° h(p,8)

and the optimal price order, P, is again defined by equation (5.2.11).

The optimal price order remains C', as a result, and

a(e) = 4 - a(0)/Cyy;

- - =4 y=\0
K(e) = K~ (€'/0)°(ale)/c, ).
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The pvofit maximizing responses are thus precisely the socially optimal
responses derived in the previous section.

The profitability problem that exists under the current input
pricing scheme inherits a second dimension in this case: the subjective
expected profitability of the x-firm as viewed by the producer of x,
himself. We can iﬁfér from equation (5.2.12) that expected profits
under price control of q depend crucially on the subjective covariance
of px(n) and x(0) = (qo-(a(e)/cll))(A (p))). Were the x-producer to
feel that this covariance is negative, he would expect subzero profits
and experience pressure to avoid such control of q. It ﬁhould be clear,
however, that the input pricing scheme outlined at the end of the last
subsection will solve not only the actual profitability problem, but
also this subjective profitability problem.

The assumption that the x-firm possesses the correct price mean
is not as restrictive as it might initially seem. There do exist
policy options for the center that will neutralize the effects of an
incorrect mean that lie well short of providing the correct distribution

 in its entirety. Suppose, for example, that
- L
Eg(px(n)) =F #B.

Were the center to assert that the per unit cost of K would be

[r - (3'-R)(A()/(E'/)°)! ] = a,

rather than simply r, the first order condition with which the x-firm

determines its K-response to g, would become
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(r(k(g )P+ (1-1)(g )*)M°
@'/’

E (P, (n)( )1P] = A, (5.2.16)
Inserting K(4 ) = (E'/§)°qo into (5.2.16) confirms that the socially
optimal K-response has been preserved. A similar argument extends this
conclusion to price controls, as well.

Having demonstrated a policy that will neutralize the effects of
an incorrect price mean when the center knows of the error, we close
this subsection by asking what such knowledge has allowed the center to
avoid. We, therefore, assume that the center supposes that the x-producer
possesses the correct mean when, in fact, he does not. The optimal quan-
tity order has been shown to be qo, but the K-response to qo'is deter-
mined by solving the analog to equation (5.2.14):

(¥(K_(8,))P+(1-p) (g )")P |

P )Pz p. (5.2.14)"
K_(q,) -

There exists a positive real number € such that
= e = (61777 R
xe(qo) = eK = e(C'/r) 4,;

we thus know from (5.2.14)" that

p (@ ENPrayN VP (5.2.17)
X e(8'/r)° ' ' o

The optimal price order is meanwhile p = C', and the K-response to &(e)

is given by

(vk_(3€0))P+(1-y) (a(0))")1/°
P ( )~ = p. (5.2.18)

X ~
R_(3(0)
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Were Ee(e) = e(€'/7)%G(e), equation (5.2.18) would reduce to equation

(5.2.17) and equality would be assured. We conclude that
-~ - -~ - -0 - -
K (8) = €K - e(C'/r) (a(B)/Cy,) = eK(O).

The production of x under either mode of control is, as should be ex-
pected, suboptimal. The determination of the relative merits of prices
and quantities in this condition remains, nonetheless, a significant

question.
5.2.4: The Output Distortion

We have thus far ignored the potential inability of the producer
of q to fulfill a quantity order exactly. To correct this omission,
we will now introduce the familiar output distortion into a model in
which the producer of x maximizes social benefits and ig charged the
expected harginal value product for q. The quantity delivered to the
x-firm, Qs is assumed to be additively related to the quantity ordered,

qp, as folldws:

9y = 9 + ¢(&).
The cost function must also reflect the addition of this distortion
and is represented in approximation by:

C(a,0,E) = a(8,£) + (C'+a(8,6))(a-q,) + 5 €,,(a-4)>.

We need worry only about a change in the.optimal quantity order, since
¢(E) effects only the quantity mode. The optimal price order for q

remains C', while the output response of the x-firm is still
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2(0,8) = (4, - a(6,£)/¢;)) Alp).

The center will determine the optimal quantity order, qp, by
maximizing expected benefits minus expected costs. The first order
condition that it therefore confronts is:

(K (ONP+-1 (8,8 10,

ELC(B*+8(n)+B,, (8,(£)-4_))(( x
HdE e K(8,(E)) %
(Y(X(3,4(6)0)P+(1-7)(3,(EN°I? 1 o
+ ( ) )1-rK
d4(8) 1

-(C'+a+ €11 (qp + ¢(E) - 4,)) = o.

The x-firm will meanwhile select its K-response to a delivery of qp+¢(g)

by solving
EL(B'+8(n) + By ((Y(K(Q+6(EI)° + (Lv)(Q +4(E)PI - g atp))]

Y(K(G +$(E)))P+(1-y) (4 +6(EN*I/P 1
t o i ]

X = p, (5.2.20)
K(Qp+¢(£)) '
Were we to assert that qp = qo - E¢(E) and
K(q,+4(E)) = (E'/5)°(qp+¢(s)),
then equations (5.2.19) and (5.2.20) would reduce to
B'(A(e))1™P = ¢, and (5.2.19)"
B'(A(p)/C' /F)°)P = 1, (5.2.20)"

The validity of these last two equations is puaranteed hv equations
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(5.2.3)', and we have found the optimal quantity order:
qp = qo - E¢(E), and qd = qo - E¢ + ¢(E).

The reader should note that this analysis is valid under any of
the pricing models presented in the preceding two subsections. The

production of x will be
(qo - Eb + ¢(8)) A(p),

in all cases, save the one involving an uncorrected subjective price
distribution error made by a profit maximizing producer of x. Output

will be

(8, - B4 + $(EN (@ /D + (1P

in this lone exception.

Section 5.3: The Comparative Advantage of Prices

We will explore the comparative advantage of prices in the context

of the output distortion that we have just reintroduced. Identical
quantity responsés have been demonstrated in all but one of the various
behavioral and price setting combinations presehted in Section 5.2.
. Postponing the exception until the end of this section (the profit
maximizing production of x under an incorrect subjective price mean),
we can assert that the optimal quantity order is qp = §_ - E(¢(8)).

Actual deliveries of q are then

85(6) = 4 + 6(E),
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and the output of the final good is specified by
2(E) = Alp)(g,(E)). (5.3.1a)

The optimal price order is meanwhile C', so that

3(8,€) = 4 - (a(8,£)/Cy,), and

The comparative advantage of prices is now computable:

Alp) = 3 By, (Var(%(8,£))-Var(2(£))) + Cov (B(n);(2-2))

-

+3 )y (Var(d(e,£))+Var(g,(£))) - Cov(a(8,§)33,(6)). (5.3.2)

The terms on the cost side of (5.3.2) are all familiar from Chapter Two.
The benefit side is equally familiar when we recall that only the final
good is registered in the benefit function. Variation in the output of
q must be tranélated into variation in the output of x before its effect
" on the level of expected benefits is recorded. The benefit side of
. (5.3.2) therefore compares the losses or gains in expected benefits
created by this induced variation in x under both modes of control, in
the context of a randomly shifting marginal benefit schedule. The more
detailed interpretation found in the second chapter is thus perfectly
applicable.
We can express equation (5.3.2) entirely in terms of q by employing

equations (5.3.1):
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-

A(p) = 3 By, (A(P)? (Var(d(8,£)) - Var(g,(£)))
+ Ap) Cov(B(n)33,(E)-d(8,E)) - Cov(a(®,£)38,(E))
+ 3 €y (Var(a(e,£)) + Var(g,(£))). (5.3.2)"

The elasticity of substitution between K and q appears only in the
multiplicative factor A(p); it is the same factor that translates
quantities of the intermediate good into quantities of the final good.
Equation (5.3.2)' strongly suggests that the elasticity of substitution
thereby determines the importance of the benefit side of the prices
versus quantities discussion. We now initiate an investigation of this
secondary interpretation by reviewing the two extreme cases with which
we motivated this entire chapter.

We argued in Section 5.1 that when K and q are perfect substitutes,
the ;utbut of x will remain constant even as q varies. This conclusion
is true, of course, regardless of the source of the variation in q, and
thus, regardless of the mode of control placed on q. The comparative

advantage of prices would therefore be totally void of a benefit side:
A(p=1) = %—cu (Var(g(6,£))+Var(§,(£))) - Cov(a(0,£);4,(£)).

Only the last term can be negative and that only when the marginél cost
schedule and the output distortion are positively correlated. The first
term registers the always positive net bias of the efficiency gain under
prices combined with the increase in expected costs due to the resulting
variation in output. There is no counterbalancing efficiency gain under
quantities, so the second variance term, the increase in expected costs

due to output variation under quantities, is also a positive bias toward
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prices. A(p=l) is therefore quite likely to be positive, especially
when Clllis large. For our present purposes, however, this observation
is overshadowed by the result that perfect substitution of inputs has
caused the benefit side of the comparative advantage to disappear.

The fixed coefficients case was also noted in Section 5.1; recall
that when the elasticity of substitution is zero, x = (1-y)q. The

comparative advantage of prices under these circumstances is

A(p = =) = %-B (l-Y)2 [Var § - Var Qd]

11

+ (1-y) Cov(8(n);q, - @)
+ %'011 (Var § + Var 44 - Cov(B(n);ﬁd).

The benefit side has been modified by powers of (1l-y), and since
(1-y) < 1, the importance of the benefit side is still diminished. This
decrease, to be sure, iz the result of the translation of output varia-
"tion in q to smaller output variation in x; i.e., a one unit change in
the production of q will cause a change.in the production of x of less
than one unit. Both interpretations clearly show promise, but the
troublesome intermediate cases are still to be considered.

The difficulty with the intermediate cases lies not in the deter-
mination of the comparative advantage of prices, but rather in the
determination of the effect on the comparative advantage of a change in
the elasticity of substitution. The previous analysis is valid for an .
arbitrary value of p, and thus for an arbitrary value of g, but these
values were specified at the outset. The .approximations that we per-

formed require that these values, once specified, remain fixed. We now
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call that the value Pgys to emphasize that the points around which the
approximations were made clearly depend on p o* As we now change the
elasticity of substitution, we continue to use the previous approxima-
tions and require, for the sake of comparison, that the change be
affected so that the optimal level of g-production is held at 4 o The

K-response for the x-firm to qo, for any p, is then \

Rop = @/B°®) g # R (alo) = (1/1-m),

and the output of x becomes
2 = a (@ /mP®) 4 1t = g pip).

[«

The optimal price order, however, remains p = C', so that

3(0,8) = 4, - (a(e,s)/cll),

@' /2°®) 3¢0,£), and

K (8,£)

2p(8,5) q(e,&) plp).

The optimal quantity order under the output distortion is similarly

qp = 4, - E(4(8)), so that

4 = qp + ¢(&);

k(83 = @ /0°®) g,); and

2 (£) = 4,(8) D(p).

The comparative advantage can now be expressed in exactly the same form

as before, but it stands valid for any elasticity of substitution in
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the neighborhood of (1/(1—p°)):
Mo/o) = 3 B, (D(p))? (Var(3(e,6)) - Var(q,(£))
+ D(p) Cov(B(n); & - d) - Cov(a(0,£); 4;)

+ 3¢y, (Van((8,£)) + Var(g,(e)). (5.3.3)

It remains, therefore, only to compute the effect on D{(p) of a

change in p:

3e) - - (1/6%(2-6)30(p) Lany(E /PP 4 (1))

(@ P9y [an(@ /1. (5.3.4)
The sign of equation (5.3.4), and thus the direction of the effect of

the change in p, depends crucially on the signs of the logarithmic

terms. Table 5.1 summarizes these signs for the various cases.

Table 5.1

The Sign of (3aD(p)/%p)

€r/r)>0 (C'/r)<0
Term O<p<l p <0 O0<p<l p <0
ity @ /P Plaay)) (1) 0 (0 ) @
#n(E'/5) ) () ) ()
(3D(p)/3p) (<) (4 )

We can infer from the table that when 0 < p < 1, an increase in tﬂe
elasticity of substitution will cause a decrease in the D(p) coefficient.

The output effect of variation in the deliveries of the intermediate
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good are seen to diminish. This conclusion is quite consistent with
our observation that perfect substitutes allow qo to be produced in all
states of nature. We can certainly view this as a decrease in the

importance of the benefit side, ceteris paribus, and note that to the

extent to which the cost side tends to favor prices,7 it creates a positive
bias for price regulation. The opposite conclusion is drawn when p < 0.
The output effect of delivery variation increases from the factor of
(1-y) when K and q are non-substitutable, and the importance of the
benefit side increases. The K-response of the x-firm accentuates, rathér
than alleviates, the effects of q-variation in this case when p < 0.

The output effect of delivery variation obviously reaches a maximum

in the Cobb-Douglas case in which8
x = (yC'/(2-y)r)Y q. (5.3.5)

The variation in deliveries of the intermediate good is therefore exag-
gerated in variation of x when yC' > (1-y)r, reduced when yC' < (l-y)r,

and transferred intact when yC' = (l-y)r. We note that it is thereby

7We argued several paragraphs above that it is quite likely that
the cost side be positive.

8Equation (5.3.5) can be derived directly by noting that

235 () = 21 (1/6) tn (Y(re' /)7 ®) 4 (1y))

= y&n (yC'/(1-y)r)
(using L'Hospital's rule). Thus

135 D) = (YC' /1)),
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possible that the variation in the output of the final good will never
exceed that of the intermediate good, regardless of the elasticity of
substitution of the process that creates x from q.

We should also note, before terminating this section, that all of
the conclusions that were developed in the previous chapters concerning
the extreme values of B11 and c11 are still valid. The comparative ad-
vantage when the profit maximizing producer of x uses the wrong price
distribution is also a familiar result; the benefit side would then
contain both the second moment and the relevant covariances measured

around the incorrectly computed mean. Neither of these final observa-

tions is surprising, so they are recorded without further justification.

Section 5.4: The Role of Inventories

Na discussion of a vertical production proéess would be complete
without at least a brief discussion of inventories and their effects.
Their influence, in our discussion, is to reduce the variation in the
amount of q delivered to the x-firm, thereby réducing the variation
in the output of x, itself. It would, in fact, be possible to maintain
the store of q so that qo could be delivered in all states of nature.
That store could be maintained indefinitely, since

a(6,E), _ -
- —q—) = E(Qo -Ep + ¢(g)) = Qo.

E(q_

(]

In this extreme case, x, would always be produced regardless of the
output of the gq-firm, and variation in the production of q would be
reflected in the cost side alone. This circumstance was discussed

fully in the perfect substitution case of Section 5.3. We should also
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note, in passing, that since qo would be delivered in all states of
nature, the x-firm is assured that expected costs will never exceed
expected revenues, even under expected marginal value pricing.

'The maintenance of positive inventories imply, of course, a loss
in foregone consumption, and it is uniikely that levels sufficient to
guarantee a constant delivery of qo would be optimal. To the extent
that inventories at any level diminish the variation in deliveries,
however, they diminish the importance of the benefit side of the com-~
parative advantage of prices. As a rule, therefore, prices become more
preferred, or quantities less preferred, as the level of inventories
increases. Observe finally that an increase in the number of imperfectly
correlated firms Eyoducing q will create the very same effect. The de-
crease in the variation of total output of q as that number increases

was a primary result of the third chapter.

Section 5.5: Conclusions

We have seen that the elasticity of substitution affects only the
degree to which the variation of the intermediate good is translated
into the variation in the output of the final good. Rather than favoring
one mode of control over the other, an increase (e.g.) in that elasti-
city will increase or decrease the importance of the benefit side of the
comﬁarison of p is less than or greater than zero. Implicit in this
result is the corollary thét maximum translation of variation occurs
vhen the elasticity of substitution is unity.

The profitability of producing the final good'was a secondary

interest because negative expected profits could create pressure for
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attempting to avoid any regulation of the input by integrating its
production into the final production process. Pricing policies were
demonstrated, however, that both eliminate this difficﬁlty and leave our‘
analysis otherwise intact.

The role of inventories was also briefly studied. To the degree
that inventories lessen the variation in input deliveries, the importance
of the benefit side of the price-quantities comparison is diminished.

An increase in the number of imperfectly correlated firms producing the
intermediate good was found to prodﬁce the same result. This final

observation leans heavily upon the conclusions of the third chapter.
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Chapter Six

CONCLUDING REMARKS

The presumption that price controls are generally better than quan-
tity controls has been shown to be a potentially serious error in judge-
ment. The relative merits of placing either a singular price order or a
singular quantity order on a particular set of goods are determined by
both the magnitude and the nature of the output variation that is created
by these two possible modes of control. The impact of this variation on
social welfare, and thus the importance of the prices-quantities compari-
son, depends upon the curvature and interdépendence parameters of the
cost and benefit functions for the goods in question. We have clearly
demonstrated the existence of circumstances in which price controls are
significantly inferior to quantity controls. The reverse case.is, of
course, also quite possible.

We have asked a very special second best question: in the face of
uncertainty, if a regulating agency can issue either a single price
order or a single quantity order, which one should it choose to maximize
expected social welfare? The singular, once-and-for-all character of
this question has allowed us to focus our énalytic attention upon those
properties of prices and quantities that have a direct bearing on their
relative value as output controls. To the extent that agencies seek
singular simplicity in their control orders, our analysis is applicable
to several arenas of current policy debate in this country; our casual

automotive illustration certainly suggests one timely example. It is,

-221-
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however, this same speciality that limits the theoretical range of our
present analysis. We close our study, therefore, with a cursory catalogue
of the directions in which further research can proceed, and thereby place
this study in its proper theoretical perspective.

Observe initially that we have not yet developed a model that ade-
quately handles the general pollution problem which motivated our dis-
éussion in the Introduction. To do so, however, we need only to envision
such a pollutant to be a positive input into the production of a final
good, &s well as a negative entry into the benefit function. Other inputs
would then be thought to substitute for the pollutant in the production
process, and the elasticity of substitution would register the ease or
difficulty with which the pollutant could be controlled. In terms of
our original example, then, we would consider affluent scrubbers to be
capital substitutes for the sulfur dioxide emissions of a coal-burning
power plant. If we insert the intermediate good of the Chapter Five
model into the benefit-function, we shall have constructed an analytic
framework for which this general pollution case is accessible.

A second, more fundamental limitation c¢f our analysis is its partial
equilibrium nature. In specifying a cost function, for instance, we
tacitly assume that the producers of the goods to be controlled exert
no influence on the factor prices of their inputs. This, of course,
need not be the case, and the validity o. our results in general equilib-
rium should be tested before they are applied to any large sectors of an
economy. An important arena in which this test could be conducted as part
of a dual research project would be a general equilibrium comparison of

tariffs and quotas under intermational uncertainty.
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Ours has also been a very static analysis. The type of control to
be imposed, as well as its chosen level, was determined by the center
before the production period began. The center was assumed to be unable

~ to change either the value or the genre of that control as the period
progressed, even though the actual state of the world could have been
determined (or at least the number of possibilities limited). While
this may not be a realistic framework, it did accentuate the differenc;es
between prices and quantities by letting the consequences of each run
their entire course. Were we to allow the center an adjustment process
for each mode, we should expect the differences in outcomes between the
two modes to lessen; the social impact of the prices-quantities choice,
therefore, would also be correspondingly diminished.

A more significant restriction is the center's choice of either a
single price control or a single quantity control. While this set of
choices allowed us to investigate the general preference for prices, it
certainly need not contain the best feasible regulatory scheme. Several
recent papers, notably a pollution control study by Michael Spence and

1 suggest mixed schemes that are preferred to either price

Marc Roberts,
controls or quantity controls. Inasmuch as such schemes are discrete
steps toward the first best continuous contingency orders, these are
not surprising results. They are, nonetheless, significant sfeps toward

a generalization that should be made. A careful search of some simple

classes of functions on prices-quantities space may pay high dividends

lmrc Roberts and Michael Spence, "Effluent Charges and Licenses
"under Uncertainty." '
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in this regard. We should not rule out, however, the potential existence
of circumstances in which one of our present two choices is the optimal
control.

Finally, recall that the periphery was assumed to be entirely risk
neutral, simply seeking to maximize profits. Were this not the case,
little would change in the prices-quantities comparison. Output varia-
tion under prices would still emerge as one of the crucial determinants;
it simply would not have the convenient functional form that is diéplayed
when the peripherél firms are all profit maximizers. As soon as we give
the peripheral decision maker a utility function and allow him to react
in his own best interest, however, we open the possibility of constructing
an incentive function that is socially superior to either mode of control
discussed here, and perhaps even to the previously suggested mixes. A
search for an optimal incentive functiorn in the context of uncertainty

could produce a useful and pctentially significant generalization.
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Appendix A

PROOF OF LEMMA 4

We will demonstrate tﬁe case in which a(0,£) > 0, first. Selecting
(8,€) arbitrarily and drawing AB parallel to CD in Figure (A.1), we see
that DE = AE and DE = (CE/tan 7). We know that CE = a(8,E),

AE = -g(a(06,£),p) and tan(n(8,E)) is the slope of marginal costs at
(qo + g(a(0,8),p)). Note that marginal costs have their smallest slope
at q = 0, independent of (0,f) and define M' to be the value of the
slope at that point (C,, - %Clll §,). Then, since (8,) is arbitrary,

for any (0,t) such that a(6,£) > 0,

(-g(a(8,8),p)) = AE
< DE
= (a(e ,E)/tan Tl')
-<_ (G(GQE)/M')-
~ D
— .é.o. _._..,.q
Figure (A.1)
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On the other hand, suppose that (8,E) is arbitrarily chosen such
that a(8,E) < 0; the output disturbance is then positive. Notice in
Figure (A.2) that EB=ED and tan(§(8,E)) is the slope of marginal cost

at the point (ﬁo + g(a(8,E),p)). Therefore,
g(a(8,8),5) = EB > ED = -(a(8,E)/tan(6(8,8))).

‘The highest value P can assume is the least upper bound of Bl(o,n) over
all states of nature indexed by n. We certainly do not lose economic
generality in assuming that that bound is finite. Define qmax to be the
point where the marginal costs in the least costly state of nature equal
this upper bound and cbserve that the slope of marginal costs arrives

at its relevant maximum at that point. If we define M" to be that slope

1
untsz

a(6,8) < 0,

(c clll(qmax_qo))’ we conclude that for any (6,£) such that

- g(a(0,8),B) > (-a(8,£)/tans(0,£); > -a(8,E)/M".

b \ww\\}

ot

Figure (A.2)

'\i«n :
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Appendix B

{q; - 4

1

11 33

ol ol

Writing this system in matrix notation,

so that by Cramer's Rule, we see that

Cll -cll see ((12-(!1) soe
1
cll o oo (63-01) s
1
cll 0 o0e (ai:al) X
l L ]
a _ - cll o .o.‘ (an al) ceo e C
of ol |3 1., o ...
-227-

A

1 ,.- _a -
al(el) + cn(qol-qol) = ai(ei) +C

) =

1 2 -

Cip =€y O eeeeer 01 a5 -8y
1 3 -

cll 0 ‘_cll esseee o q°2 q°2
1 n .

cll 0 eswoese 0 - ll .
1 1 cesvncee 1 l qon - q°2

i,- .
ll(qoi-qoi) Vl-2,...,n.

[2]
1

(@]
el R o ol

0
=

0
2
11 L] L] L]
0

section 3.1.2, we must solve the following system of equations:

8,(6,) - a,(8,)]

aa(es) - al(el)

a (6,) - a,(8;)

P S secee
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-

Induction on the number of firms is required to compute the determinants

in equation (A.l); we will tackle the denominator first. To simplify
the calculation, we assume that Cil = Cil for all i and j. We quickly

verify that for n = 2 and n = 3, the denominator equals nc](fl"l). Ve

therefore assume that for n = m,

Cll "'cll ®oeoevs e 0
n © :
. . o : m-l
T, | = ™
Ch O tu
l ® 500 0000000 l

and seek an expression for the solution when n = (m+l) on the basis of

that assumption. By rearranging columns and rows, we see that

cll -Cn...... 0 cll eseeecs o -cll
cll 0 . : - (-l)m-l cll -clln eceoese 0
:‘ o.v Cll eevsecee -Cll 0
l 0 S OOOSsOSOGODS 1 1 l l
-Cll 0 eo e 0 Cll cll.oco
. =C . c 0
= (- 1y0~1 . 11 . _qytl. . in-l 11 .
l L R N Y AN ] l 1 s 00000
= (- 1301 _ ,ym-1 2m m-1,
= (- "7 (- DT e+ (- 1) ey (m el

m
(m+ 1) Ciy-
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Cia

(1):

(2):

3):

(a2-al)

Cy1

el
-

1

(a2" l)

-a. )

(ag-0)

0

11

[

the determinant equals

m
[kgl 0 (8,) - (m - 1) a,(8,)] €77
kitd

and question its value when n

(az-al) 0
(aa-al) -Cl1
0 1
-Cu 0
0 -Cu
1 1
-, (c2-al)
(1] (aa-al)
1 0
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(a2 - al) =

For n = 3, there are three possible cases:

Generalizing these results, we assume that for n

= (m+l):

' We can now attack the numerator in like fashion. For n = 2,

(a2-al) Ciy

C11 (a3+al-2a2)

cll (a2+a3-2a1)

= Cll (al+a3-2aa)

m and for any i that

m-2
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(i) (1)
cll ’-cll (02-(! ) X 0 cllooot-oocm_‘.l‘ulc.-oo; "cll
Cll o.’ E E Cll 0100-02 l sssesee 0
L] ‘ ) : m-l : .
: (Gi-ﬁ ) : - ("1) clloooooo. ai:al esveove 0
E S ..o"cll cl.lcc-'oao Gm':ll... -cll 0
l l ss s 0 sessece l l essecse 0. cess e 1 1
) (i)
-uoooa2 alooqbcg cll -cll :oc..c.?
°. f ;| : e, :
n-1 s, e . . :
- (-1) {ﬁu : i l : + ( 1) ( m+l l) cllo.ooooo 0 g :
: . : . 1 .
: : -cll 0 . [ l [
: . . T T
1 eeee 0 secsee l loo.oo-oo‘:toaoc. l
D™ 1T a (8 )-(m1)ay (8,172 (a.2)
k‘l
k#i
. . m2m2
The first determinant in (A.2) equals (-1) Ci1 (a. -a ), since the

(02-01)-submatrix has a row of zeros. The second matrix is a bit stickier.

An induction argument similar to that used to compute the denominator

m-i m -1
11’

right hand side of (A.2) therefore reduces to

reveals, however, that it equals (-1) The expression on the

{123 L () + (-1 H1)72 BT (g

Cyp lag-oy 11 Ome1 ~ @

1)

+ D LT a6 - (m-1) ay(0,)] M)

k=1
k#i
= [ (9 ) -(m)a (9 Jlc
kzl %% i
ki#i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-231-

Thus, we have shown that the numerator of (A.l) is precisely
m+l n-2
[kzl o (8,) - (n-1) a;(8;)] €7
k#i

for any i and, as a result, we have shown that

. _
(9 4-4,3) = [kzl @ (8,) - (n-1) a,(8,)1/nC, ;.
k#i

forany i =1, ..., n.

b
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Appendix C

We are required to prove the follcwing corollary when the correla-

tion coefficient across identical firms is positive.

Corollary 1 (page 1l4):
Suppose that quantity controls are preferred when the

industry is taken as a whole. There exists a subset of

m firms such that a mix that controls those m firms by
prices and the remaining (n-m) firms by quantities is

favored to industry-wide quantity control if and only if
(l/n)lBu/C]_ll <1 | (3.2.5)

Recall that we have defined

A(m/n) = (m/n){ [&Buazn"z:nu )[l<311°2)+°2]}
m/n) = (@/m){p[{—5—) + = -0) (=5 =

to be the comparative advantage of prices over quantities for a subset
of m firms taken in the context of the cumulative position in the indus-
try (p is the correlation coefficient of output variation under prices

across firms). Then‘

(1/m)|B /] <1

<=>(1 + (1/n)(By,/Cy,)) > 0

2
2 B, .o
=1/} + £ (3)) = A1/n) 2. 0

We conclude, therefore, that
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(i/m)lB /e 50 > 1
implies thﬁt A(1l/n) < 0. Observing that
A(m/n) < A(1/n) 3 Vm>1
when p > Q, we see that
(/m)lB 7,0 > 1
implies immediately that
A(m/n) < A(1/n) <O,

as well. There cannot exist any subsets in which prices are preferred
as long as (l/n)lBlllclll > 1.

Conversely, vwhen (1/n)|Bll/Cu| < 1, then A(1/n) > 0, so that there
exists .at least the singleton subset for which prices are preferred.
Sufficiency is therefore trivially confirmed. The optimal number of
firms in the price controlled subset, m, can easily be shown to be the

integer closest to

P—l—n(Cll/Bll)

( 5 ).

A
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