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A b stra c t

A Comparison o f  P r ic e  C o n tro ls  and Q u a n tity  

C o n tro ls  Under U n c e rta in ty

Gary Wynn Yohe 

Y ale U n iv e rs ity  

Hay 1975

The p r i c e s ^ q u a n t i t i e s  com parison i s  conducted  w ith in  a  c o s t - b e n e f i t  

model in  w hich th e  o u tp u t o f  a  p r o f i t  m axim izing e n te rp ’̂ e  i s  t o  be 

c o n t r o l le d .  The r e g u la to r  i s  c o n s tra in e d  t o  th e  is s u a n  o f  e i t h e r  one 

p r i c e  o rd e r  o r  one q u a n t i ty  o r d e r ,  d e te rm in in g  t h a t  cont* ;1 s p e c i f i c a t io n

b y  m axim izing ex p ec ted  b e n e f i t s  minus c o s t s .  U n c e r ta in ty  i s  in tro d u c e d
1

from  th r e e  s e p a r a te  s o u r c e s : im p rec ise  knowledge o f  th e  c o s t  and b e n e f i t

fu n c tio n s  th e m s e lv e s , th e  p o s s i b i l i t y  t h a t  a  q u a n t i ty  o rd e r  from  th e  

c e n te r  w i l l  n o t be f i l l e d  e x a c t ly ,  and th e  chance t h a t  th e  q u a n t i ty  con­

sumed need  n o t  e q u a l th e  q u a n t i ty  a c tu a l ly  p roduced . Any p o l lu t io n  

exam ple p ro v id e s  m o tiv a tio n  f o r  th e  f i n a l  so u rc e  o f  u n c e r ta in ty .  The 

v e h ic le  o f  com parison i s  th e  com parative  advan tage  o f  p r ic e s  o v e r quan- - 

t i t i e s ,  d e f in e d  t o  b e  th e  ex p ec ted  v a lu e  o f  th e  a lg e b r a ic  d i f f e r e n c e  

betw een  th e  l e v e l  o f  b e n e f i t s  minus c o s ts  ach iev ed  w ith  p r ic e  c o n t ro ls  

a n d  th e  co rre sp o n d in g  l e v e l  ach iev ed  w ith  q u a n t i ty  c o n t r o l s .

T hroughout a  v a r ie ty  o f  m odels , in c lu d in g  th e  r e g u la t io n  o f  th e  

t o t a l  o u tp u t o f  an in d u s tr y  o f  p ro d u cers  o f  th e  same good , th e  s im u l­

ta n e o u s  c o n t r o l  o f  com plem ents, s u b s t i t u t e s ,  and j o i n t  p ro d u c ts ,  and  th e  

r e g u la t io n  o f  an in te rm e d ia te  good imbedded in  a  v e r t i c a l l y  in te g r a te d  

h ie r a r c h y ,  th e  v a r ia n c e  o f  o u tp u t i s  shown t o  b e  a  c r u c i a l  f a c t o r .  The 

d e c is io n -m a k e r  whose o u tp u t -d e c is io n  i s  s u b je c t  to  th e  s m a l le r  v a r ia n c e ,
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ta k in g  in to  acco u n t th e  am p lify  ing-dam pening e f f e c t s  o f  any n o n -z e ro  

c o r r e l a t i o n s  betw een th e  v a r io u s  so u rc e s  o f  u n c e r t a in ty , s h o u ld ,  in  

g e n e r a l ,  make th e  q u a n t i ty  d e c is io n .  The im portance  o f  th e  r e s u l t  t o  

s o c i a l  w e lfa re  depends upon th e  r e l a t i v e  c u rv a tu re s  o f  th e  tw o p a r t s  

o f  th e  s o c i a l  lo s s  f u n c t io n :  b e n e f i t s  and c o s t s .  The p r o p r ie ty  o f  

m ixing  c o n t ro ls  o v e r an  in d u s try  i s  s im i la r l y  shown t o  h in g e  on th e  

e x is te n c e  o f  a  f irm  f o r  w hich th e  o p p o s ite  mode o f  c o n t r o l  i s  p r e f e r r e d  

when t h a t  s in g le  f irm  i s  co n s id e re d  in  th e  c o n te x t  o f  i t s  p o s i t i o n  in  

th e  in d u s tr y .  T hat p o s i t io n  i s  d e f in e d  by th e  f r a c t i o n  o f  t o t a l  o u tp u t 

f o r  which i t  i s  r e s p o n s ib le  and t h e  c o r r e l a t i o n  o f  i t s  u n c e r t a in t i e s  

w ith  t h e  u n c e r t a in t i e s  fa c in g  th e  o th e r  f i r m s .  The ind u ced  e f f e c t s  o f  

o u tp u t v a r ia t io n  i n  one good on th e  m a rg in a l c o s ts  and  b e n e f i t s  o f  a  

second  n o n sep a rab le  good m ust be co n s id e re d  when e i t h e r  o f  such  dependen t 

goods i s  t o  be  c o n t r o l le d .  The e l a s t i c i t y  o f  s u b s t i t u t i o n  i n  p ro d u c tio n  

i s  a l s o  shown to  in f lu e n c e  th e  im portance  o f  th e  b e n e f i t  s id e  o f  th e  

p r i c e s - q u a n t i t i e s  com parison when th e  c o n t r o l  o f  an  in te rm e d ia te  good 

i s  co n tem p la ted .
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C hap ter One 

INTRODUCTION

H ost w es te rn  econom ists  p r e f e r  p r ic e  c o n t ro l  o v e r d i r e c t  q u a n t i ty  

in t e r v e n t io n  w henever an econom ic a c t i v i t y  r e q u ir e s  o u ts id e  r e g u la t io n .  

T h e ir  p re fe re n c e  f o r  t a r i f f s  o v er any q u a n t i t a t iv e  t r a d e  r e s t r i c t i o n  i s  

fo rm a lly  re c o rd e d  in  th e  G en era l Agreement on T a r i f f s  and T ra d e . When 

i t  was n e c e s s a ry  to  co n se rv e  f u e l  l a s t  w in te r ,  m ost econom ists  s im i la r l y  

a rg u ed  f o r  t a x  in c re a s e s  in s te a d  o f  r a t i o n in g ;  i f  r a t i o n in g  w ere t o  b e  

im posed , th e y  recommended t h a t  th e  r a t i o n  t i c k e t s  b e  m a rk e tab le  a t  th e  

v e ry  l e a s t .  T h is  g e n e ra l  p re fe re n c e  f o r  p r ic e s  e x i s t s  d e s p i te  th e  th e o ­

r e t i c a l  e q u iv a le n c e  o f  p r i c e  and q u a n t i ty  c o n t ro ls  u n d e r p e r f e c t  c e r ­

t a i n t y  and know ledge. The p resum ption  t h a t  p r i c e  c o n t ro ls  a r e  b e t t e r  

m ust be  founded , th e r e f o r e ,  upon th e  ob serv ed  breakdown o f  one o f  th e  

tw o q u a l i f y in g  a s s u n p t io n s . We p ro p o se  to  s tu d y  th e  v a l i d i t y  o f  t h i s  

p re su m p tio n , and  w h ile  we w i l l  focus o u r a t t e n t i o n  p r im a r i ly  on th e  i n ­

f lu e n c e s  o f  u n c e r ta in ty  on th e  p r i c e s - q u a n t i t i e s  c h o ic e , we w i l l  a l s o  

n o te  th e  s im i l a r  e f f e c t s  o f  im p e rfe c t in fo rm a tio n  in  s e v e r a l  im p o rta n t 

c a s e s .

Recent co m para tive  sy stem s l i t e r a t u r e  has g iv e n  c o n s id e ra b le  e f f o r t  

t o  th e  u n d e rs ta n d in g  o f  th e  r e l a t i v e  m e r i ts  o f  p r ic e s  and  q u a n t i t i e s  a a  

economy-wide p la n n in g  to o l s .  When we ask  w hether t o  im pose a  t a r i f f  o r  

a  q u o ta  ( e g . ) ,  how ever, we a r e  n o t ta k in g  th e  macro p e r s p e c t iv e  o f  t h i s  

l i t e r a t u r e ,  b u t  r a th e r  fo c u s in g  on th e  r e g u la t io n  o f  a  l im i te d  ran g e  o f  

goods. P ro fe s s o r  M artin  Weitzman was th e  f i r s t  t o  c o n s tr u c t  th e  p r i c e s -

I -  ______________
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q u a n t i t i e s  coinparison on t h i s  m icro  s c a le  i n  1973;*  th e  p r e s e n t  volume 

i s  a  fo rm a l e x te n s io n  o f  h i s  p io n e e r in g  work in  s e v e r a l  i l lu m in a t in g  

d i r e c t i o n s .  We b e g in , t h e r e f o r e ,  w ith  a  c u rso ry  rev iew  o f  th e  m a jo r 

argum ents advanced f o r  th e  g e n e ra l  u se  o f  p r i c e  c o n t ro ls  i n  t h i s  more 

r e s t r i c t e d  c o n te x t ,

I t  i s  som etim es supposed  t h a t  p r ic e  c o n t r o l s  have th e  in h e re n t  

ad v an tag e  th a t  p ro d u c e rs , b e in g  rew arded  f o r  p o s i t i v e  p r o f i t s ,  s t r i v e  

to  m axim ize th o se  p r o f i t s . I f  th e s e  same p ro d u c e rs  L ea r ,*iy p o r t io n  o f  

c o s ts  th e m se lv e s , how ever, th e y  a re  s im i la r l y  m o tiv a ted  to  m inim ize c o s ts  

when r e q u ir e d  t o  produce a  g iven  q u a n t i ty .  The e q u iv a le n c e  o f  th e s e  two 

r e s p o n s e s ,  assum ing norm al c o n v e x i t ie s ,  i s  a  s t r a ig h tfo rw a rd  d e r iv a t iv e  

o f  e le m e n ta ry  p r in c i p le s .

I f  we expand o u r model t o  in c lu d e  many f irm s  p ro d u c in g  a  s in g le  

good whose t o t a l  o u tp u t i s  t o  be r e g u la te d ,  a  second argum ent f o r  p r ic e  

c o n t r o l  p ro p o ses  an "economy o f  in fo rm a tio n "  f o r  p r ic e s  o v e r  q u a n t i t i e s .  

We can  e a s i l y  s e e  th a t  th e  com putation  o f  an  o p tim a l p r ic e  i s  no  l e s s  

in v o lv e d  th a n  th e  co rresp o n d in g  com putation  o f  an o p tim a l q u a n t i ty  menu. 

In  b o th  c a s e s ,  th e  o u tp u t o f  each  f i r m  m ust b e  d e te rm in ed  to  g u a ra n te e  

t h a t  t o t a l  o u tp u t i s  in d e ed  e q u a l t o  th e  p r e s c r ib e d  l e v e l .  The in fo rm a­

t i o n a l  a d v a n ta g e , th e n ,  m ust l i e  in  th e  need  to  communicate an in d iv id u a l  

q u a n t i ty  o r d e r  to  each  f irm  r a t h e r  th a n  p o s tin g  a  s in g le  p r ic e  o rd e r  f o r  

a l l  t o  s e e .  Y e t, a s  many a u th o rs  have n o te d ,  t o  r e a l i s t i c a l l y  model th e  

c o n t r o l  o f  th e  t o t a l  o u tp u t o f  such  a  c o l le c t io n  o f  f i r m s ,  we m ust p o s tu ­

l a t e  some k in d  o f  i t e r a t i v e  d e te rm in a tio n  o f  th e  o p tim a l o r d e r s .  The 

c e n te r  m ust th e n  re c e iv e  a  q u a n t i ty  re sp o n se  t o  th e  g iv e n  p r ic e  o rd e r

^M artin  W eitzman, " P r ic e s  v s .  Q u a n t i t i e s , "  MIT D iscu ssio n  P a p e r , 
A p r i l  1973.
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from each  f i rm , j u s t  a s  i t  m ust r e c e iv e  a  m a rg in a l c o s t  re sp o n se  t o  each  

q u a n t i ty  s p e c i f i c a t i o n .  A netw ork  o f  in fo rm a tio n a l  f lo w s betw een th e  

c e n te r  and  each  o f  th e  f irm s  m ust th e r e f o r e  b e  e s ta b l i s h e d  u n d er e i t h e r  

mode; i t  w ould be  s u r p r i s in g  i f  th e  a d d i t io n a l  c o s t  o f  u s in g  t h a t  n e t ­

work tw ic e  r a t h e r  th a n  once w ere s i g n i f i c a n t .

Were p r ic e  c o n t r o l s  u n iv e r s a l ly  p r e f e r a b l e  t o  q u a n t i ty  c o n t r o l s ,  

one would in d e ed  e x p e c t to  s e e  many exam ples o f  m u l t i le v e le d  f irm s  and  

g o vernm en ta l a g e n c ie s  a d m in is te re d  by a  c o l l e c t io n  o f  t r a n s f e r  p r ic e s  

s e t  i n t o  a  s t r u c t u r e  o f  p e r s o n a l  s e l f - i n t e r e s t .  We o b s e rv e , how ever, 

th e  e x a c t  o p p o s i te .  T h is  s im p le  o b s e rv a tio n  i s  p erh ap s th e  s t r o n g e s t  

j u s t i f i c a t i o n  f o r  r e j e c t i n g  a  u n iv e r s a l  p resu m p tio n  tow ards p r i c e s ,  

and  th e r e f o r e  th e  s t r o n g e s t  re a so n  f o r  r a i s i n g  o u r  q u e s t io n .  ,In  some 

c a s e s ,  i n s t i t u t i o n a l  c o n s t r a i n t s  w i l l  s u r e ly  p re c lu d e  one o f  th e  tw o 

p o s s ib le  c o n t r o l s .  Once we have concluded  t h a t  th e r e  does n o t  e x i s t  a  

t r a n s c e n d e n t  r a t i o n a l e  f o r  h a rb o r in g  a  g e n e ra l  b ia s  tow ards one o r  th e  

o th e r  mode o f  c o n t r o l ,  i t  becom es m ean in g fu l to  seek  econom ic c r i t e r i a  

w hich may be a p p l ie d ,  on a  c a se  by  ca se  b a s i s ,  t o  c o n s tr u c t  eco n o m ica lly  

v a l id  com parisons o f  p r ic e s  and q u a n t i t i e s .

To th a t  end , we p o s tu la te  a  c e n t r a l  g o v ern in g  body, th e  c e n t e r ,  

t h a t  a c t s  in  th e  b e s t  i n t e r e s t  o f  i t s  p o p u la t io n  by s e t t i n g  e i t h e r  p r i c e  

c o n t ro l s  o r  q u a n t i ty  c o n t ro l s  on p ro d u c tiv e  a c t i v i t y  u n d e r i t s  j u r i s d i c ­

t i o n  s o  a s  to  maxim ize b e n e f i t s  minus c o s t s .  In  re sp o n se  t o  a  p r i c e  

o r d e r ,  th e  p e r ip h e r y —t h e  in d iv id u a l  p ro d u c tio n  u n i t s  w id e r th e  c e n te r* ?  

c o n t r o l—d e te rm in e s  i t s  o u tp u t by m axim izing p r o f i t s ;  in  re sp o n se  to  a  

q u a n t i ty  o r d e r ,  i t  s im p ly  m in im izes th e  c o s ts  o f  p ro d u c in g  th a t  r e q u ir e d  

o u tp u t .  We have chosen  a  c o u t - b e n e f i t  framework b ecau se  i t  f a c i l i t a t e s
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d e t a i l e d  i n t e r p r e t a t i o n  o f  th e  r e s u l t s .  I t  sh o u ld  be  c l e a r ,  how ever, 

t h a t  any  w e ll-b e h av ed  lo s s  fu n c t io n  co u ld  be employed in  i t s  p la c e .

The f i r s t  a r e a  o f  u n c e r ta in ty  t h a t  we w i l l  c o n s id e r  l i e s  i n  th e  

s p e c i f i c a t i o n  o f  th e  b e n e f i t  and c o s t fu n c tio n s  th em se lv es . Day t o  da '' 

d is tu rb a n c e s  in  p ro d u c tio n  and o th e r  e lem en ts  o f  p u re  random ness s u r e ly  

a f f e c t  c o s t s .  He w i l l  be  c o n s id e r in g  random e f f e c t s  t h a t  o c c u r  b e fo re  

t h e  p e r ip h e ry  makes an o u tp u t d e c i s io n , b u t  a f t e r  th e  c e n te r  i s s u e s  an 

o u tp u t o r  p r i c e  o r d e r .  The p e r ip h e ry  can th e r e f o r e  maximize a c t u a l  

p r o f i t s  in  re sp o n se  t o  b o th  th e s e  random e f f e c t s  and th e  p r ic e  o r d e r ;  

th e  c e n te r  can maximize o n ly  ex p ec ted  b e n e f i t s  minus c o s ts  in  d e t e r ­

m in ing  th e  s in g le  o rd e r  t h a t  i t  w i l l  i s s u e . He r e q u i r e  t h a t  th e  c e n te r  

be u n a b le  t o  change th a t  o rd e r  a s  th e  p ro d u c tio n  p e r io d  p ro ceed s  and th e  

r e le v a n t  random v a r ia b le s  become known. Such a  model i s  th e  l o g i c a l  ex ­

trem e o f  th e  n o tio n  t h a t  th e  p e r ip h e ry  has more in fo rm a tio n  upon w hich 

to  b a se  a  q u a n t i ty  d e c is io n .  H h ile  t h i s  i s  s u r e ly  a  r e s t r i c t i v e  m odel, 

i t  does a llo w  us t o  c o n c e n tra te  upon th e  p r i c e s - q u a n t i t i e s  com parison 

i n  t h e  ab sen ce  o f  th e  d i s t r a c t i n g  c o m p lic a tio n s  c r e a te d  by any o f  th e  

v a r io u s  c o n t r o l  r e v i s io n  schem es t h a t  c o u ld  b e  d e v is e d . S in ce  o n ly  th e  

c e n te r  re sp o n d s  to  b e n e f i t s ,  on th e  o th e r  h an d , we can t r e a t  th e  s o c i a l l y  

unknown a s p e c ts  o f  th e  b e n e f i t  fu n c tio n  in  a d d i t io n  t o  th e  random shocks 

th a t  n a t u r a l l y  in f lu e n c e  b e n e f i t s .

By w ay o f  i l l u s t r a t i o n ,  c o n s id e r  th e  r e g u la t io n  o f  th e  s u l f u r  

d io x id e  em iss io n s  from a  power p l a n t .  I f  power and s u l f u r  d io x id e  a re  

p ro d u ced  in  f ix e d  p ro p o r t io n s ,  th e  s im p le  model t h a t  we have p re s e n te d  

to  t h i s  p o in t  i s  p e r f e c t ly  a p p l ic a b le .  C osts  may be u n c e r ta in  due t o  

th e  u n c e r ta in  r e l i a b i l i t y  o f  te c h n o lo g y , a  dependence on w ea th e r f o r
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t h e  e f f i c i e n t  o p e ra t io n  o f  th e  e f f l u e n t  c le a n s in g  a p p a ra tu s ,  and th e  

s u l f u r  c o n te n t  o f  th e  f u e l .  B e n e f i ts  a r e  even  more u n c e r ta in  due t o  

t h e i r  dependence on a  m yriad  o f  a tm o sp h e ric  v a r i a b le s ,  th e  ev e r-c h a n g in g  

m ake-up o f  th e  p o p u la tio n  a f f e c t e d ,  and  th e  im p re c is e ly  s p e c i f i e d  p o l lu ­

t a n t  d is a g e  re sp o n se  c u rv e . Q u ite  o b v io u s ly , th e  random v a r ia b le s  i n ­

f lu e n c in g  c o s t s  and  b e n e f i t s  may be  i d e n t i c a l ,  o r  i f  d i f f e r e n t ,  th e y  

may be  in d e p e n d e n t, p o s i t i v e l y ,  o r  n e g a t iv e ly  c o r r e l a te d .

I t  seems re a s o n a b le  to  suppose  t h a t  th e  q u a n t i ty  o rd e re d  by th e  

c e n t e r ,  o r  by  th e  p l a n t  m anager, need  n e t  b e  th e  q u a n t i ty  th a t  i s  a c ­

t u a l l y  p roduced . For exam ple , s h o r ta g e s  in  in p u t s ,  equipm ent f a i l u r e s ,  

and la b o r  d is p u te s  o n ly  b e g in  a  l i s t  o f  v a r ia b le s  t h a t  co u ld  cause  o u tp u t 

t o  f a l l  s h o r t  o f  i t s  t a r g e t ,  d e s p i te  th e  b e s t  e f f o r t s  o f  th e  p la n t  ad­

m in i s t r a t io n .  He w i l l  th e r e f o r e  a tte m p t to  in c o rp o ra te  th e s e  u n c e r ta in ­

t i e s  i n to  th e  m odel. N o tic e  t h a t  th e s e  v a r ia b le s  co u ld  a l s o  a f f e c t  

c o s t s ,  so  t h a t  th e y  w i l l  a p p e a r  n o t  o n ly  a s  an o u tp u t d i s t o r t i o n ,  b u t  

a l s o  as  an e lem en t in  t h e  c o s t  f u n c t io n .

The t h i r d  so u rc e  o f  u n c e r t a in ty  w ith  w hich we w i l l  d e a l  i s  p r im a r i ly  

m o tiv a te d  by th e  p o l l u t io n  exam ple n o te d  above. I n  t h a t  c a s e ,  th e  amount 

o f  s u l f u r  d io x id e  t h a t  anyone b r e a th e s  i s  r e l a t e d  t o  th e  amount e m itte d  

by th e  power p la n t  by a  w ea th e r-d e p en d en t d i f f u s io n  e q u a t io n . T h u s, we 

have an exam ple in  w hich th e r e  e x i s t s  a  random d i s t o r t i o n  betw een  th e  

q u a n t i ty  p ro d u ced , th e  q u a n t i ty  t h a t  e n te r s  th e  c o s t  f u n c t io n ,  and  th e  

q u a n t i ty  a c t u a l l y  consum ed, t h e  q u a n t i ty  t h a t  e n te r s  th e  b e n e f i t  fu n c t io n .  

I n s p i r e d  by th e  im p o rtan ce  o f  t h i s  a p p l i c a t i o n ,  we w i l l  e x p lo re  th e  

e f f e c t s  o f  t h i s  u n c e r ta in ty  f u l l y .

F in a l ly ,  b eca u se  th e y  a r e  o f  g r e a t  p r a c t i c a l  im p o rtan ce , we w i l l
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be concerned  w ith  e r r o r s  in  th e  o b s e rv a tio n  o f  m a rg in a l c o s t .  Such 

e r r o r s  a re  m a th e m a tic a lly  a  s im p le  e x te n s io n  o f  th e  f i r s t  group o f  un­

c e r t a i n t i e s  l i s t e d  above, how ever, and  do n o t r e q u i r e  e x te n s iv e  a n a ly s i s  

i n  i s o l a t i o n .  To s e e  t h i s  p o in t ,  suppose th a t  in  s im u ltan e o u s  re sp o n se  

t o  a  p r i c e  o rd e r  p and a  v e c to r  o f  random v a r ia b le s  t l ,  a  f irm  s e l e c t s  

i t s  o u tp u t q by m axim izing p r o f i t s .  In  t h a t  c a s e ,  p  = C ^(q,(£). How­

e v e r ,  i f  th e  f irm  i s  in  e r r o r  in  m easuring  m a rg in a l c o s t s ,  we have 

in s te a d  t h a t  p = C ^ (q ,$ )  + e where e r e p r e s e n ts  t h a t  e r r o r .  A lte rn a ­

t i v e l y ,  we may assume th a t  m a rg in a l c o s ts  a re  o f  th e  form C ^ (q ,^ )  + e .  

N o tic e  t h a t  th e  p e r ip h e ry  i s  unab le  t o  ob serv e  e b e fo re  i t  makes i t s  

q u a n t i ty  re sp o n se  to  th e  p r ic e  o rd e r  and m u st, t h e r e f o r e ,  maximize th e  

c o n d i t io n a l  e x p e c ta t io n  o f  p r o f i t s ,  g iv e n  th e  v a lu e s  o f  ?  i t  o b s e rv e s .

We may f u r t h e r  s p e c ify  th e  problem  by a llo w in g  th e  p e r ip h e ry  a  more 

a c c u ra te  s u b je c t iv e  d i s t r i b u t i o n  f o r  e th a n  th e  c e n te r .

As we have a lre a d y  n o te d ,  we w i l l  conduct o u r com parison i n  a  

c o s t - b e n e f i t  model t h a t  w i l l  be m olded in t o  a  v a r i e ty  o f  fo rm s. F o llow ­

in g  th e  le a d  o f  P ro fe s s o r  W eitzman, we r e p r e s e n t  b o th  c o s ts  and b e n e f i t s  

by a  s p e c i a l l y  d e v ise d  second  o rd e r  T a y lo r  ap p ro x im atio n . We w i l l  b e  

c a r e f u l ,  how ever, t o  n o te  when t h i s  assum ption  c a u se s  us t o  o v e rlo o k  

a  s i g n i f i c a n t  t h i r d  o rd e r  e f f e c t .  The v e h ic le  o f  com parison i s  th e  same 

"co m p ara tiv e  ad v an tag e  o f  p r ic e s  o v e r q u a n t i t i e s "  d e f in e d  by  W eitzman. 

T h is  s t a t i s t i c  i s  th e  ex p ec ted  v a lu e  o f  th e  a lg e b r a ic  d if f e r e n c e  betw een 

th e  l e v e l  o f  b e n e f i t s  minus c o s ts  ach iev ed  u n d er p r i c e  c o n t ro l  and th e  

c o rre sp o n d in g  l e v e l  ach iev ed  u n d er q u a n t i ly  c o n t r o l .  I f  th e  co m p ara tiv e  

ad v an tag e  i s  p o s i t i v e ,  th e n  p r ic e s  a r e  p r e f e r r e d ;  i f  i t  i s  n e g a t iv e ,  

th e n  q u a n t i t i e s .

jr j ;  • .
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A f te r  t h i s  b r i e f  in t r o d u c t io n ,  C hap ter 2 w i l l  p r e s e n t  th e  one f irm , 

one good c a s e .  The s im p l ic i ty  o f  t h i s  case  makes i t  th e  b e s t  forum  f o r  

a  d e t a i l e d  d e s c r ip t io n  o f  th e  v a r io u s  so u rc e s  o f  u n c e r ta in ty  l i s t e d  

abo v e , a s  w e ll  a s  th e  in t ro d u c t io n  o f  th e  fo rm a l T a y lo r  app ro x im atio n s 

o f  c o s ts  and  b e n e f i t s .  The one f irm  assum ption  a l s o  a f f o r d s  us th e  

o p p o r tu n i ty  o f  p r e s e n t in g  g eom etric  i l l u s t r a t i o n s  o f  th e  fo rc e s  i n f l u ­

e n c in g  th e  co m p ara tiv e  advantage o f  p r i c e s .  D e sp ite  th e  obv ious narrow ­

n e s s  o f  t h i s  exam ple , i t  i s  n o t w ith o u t s i g n i f i c a n t  r e s u l t s ;  in  f a c t ,  

th e  c r u c i a l  in f lu e n c e  o f  o u tp u t v a r i a t io n  on th e  p r i c e s - q u a n t i t i e s  com­

p a r is o n  i s  m ost e a s i l y  u n d ers to o d  in  th e  absence o f  c ro s s  term s and 

m u l t ip le  p ro d u c e rs .

O ur f i r s t  e x te n s io n  w i l l  be t o  in c re a s e  th e  number o f  f in n s  th a t  

p roduce a  s in g le  o u tp u t (C h ap te r 3 ) .  O utput v a r i a t io n  rem ains c r u c i a l ,  

b u t  we m ust re c o g n iz e  t h a t  each firm  can in f lu e n c e  o n ly  a  f r a c t i o n  o f  

t o t a l  o u tp u t .  I n  re sp o n se  t o  t h i s  m o d if ic a t io n ,  one s e c t io n  w i l l  d e a l  

w ith  th e  p o s s i b i l i t y  o f  mixed c o n t ro l  o v er th e  group o f  f i rm s ;  t h a t  i s ,  

we e v a lu a te  c o n t r o l l i n g  some o f th e  f irm s  by p r ic e s  and th e  r e s t  by 

q u a n t i t i e s .  The e f f e c t  o f  th e  number o f  f irm s  on th e  com p ara tiv e  advan­

ta g e  o f  p r i c e s  w i l l  a l s o  be in v e s t ig a te d .

A second extension w ill be the simultaneous regu la tion  of tv:o o r 

more goods (Chapter 4 ). We w ill  f i r s t  trace  the influence o f  indepen­

dently produced complements and su b s titu te s  on the  con tro l decisions, 

taken jo in t ly  and ind iv idually . Secondly, we w il l  study the  regu lation  

o f  jo in t products o f the same production process, paying p a rtic u la r  

a tten tio n  to  the various sources o f  s u b s ti tu ta b ili ty  th is  model allows 

us.
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P erh ap s  th e  m ost im p o r ta n t g e n e r a l iz a t io n  o f  o u r  i n i t i a l  m ode l i s  

th e  i n s e r t i o n  o f  th e  r e g u la te d  coimnodity i n t o  a  v e r t i c a l l y  in t e g r a t e d  

p ro d u c tio n  p ro c e s s  (C h ap te r 5 ) .  In  t h i s  c a s e ,  i f  th e  commodity t o  be 

c o n t r o l le d  i s  an  in te rm e d ia te  good , i t  e n t e r s  th e  b e n e f i t  fu n c t io n  only  

i n d i r e c t l y ,  th ro u g h  th e  f i n a l  good o f  th e  p ro c e s s .  One sh o u ld  e x p e c t  

t h a t  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  betw een in p u ts  w i l l  p la y  a  s i g n i f i ­

c a n t  r o l e  i n  d e te rm in in g  v a r i a t io n  in  th e  o u tp u t o f  t h e  f i n a l  good g iven  

any  p a r t i c u l a r  v a r i a t i o n  i n  th e  d e l iv e r y  o f  th e  c o n t r o l le d  in te rm e d ia te  

good. T h a t e x p e c ta t io n  i s  e x te n s iv e ly  e x p lo re d . We w i l l  a l s o  d e t e c t  

c irc u m s ta n c e s  i n  w hich e i t h e r  mode o f  c o n t r o l  c r e a te s  s u f f i c i e n t  p r e s s u r e  

f o r  a  f irm  t o  p r o f i t a b ly  a v o id  t h a t  c o n t ro l  by p ro d u c in g  i t s  own in p u t s ,  

and  p ro v id e  p o l i c y  a l t e r n a t i v e s  to  a l l e v i a t e  such  p r e s s u re  when i t  

o c c u r s .

A c a s u a l  s tu d y  o f  au to m o b ile  e m iss io n  s ta n d a rd s  w i l l  be  co n d u c ted  

th ro u g h o u t t h e  d i s s e r t a t i o n  as  an expand ing  exam ple o f  -the p o t e n t i a l  

a p p l i c a b i l i t y  o f  th e  a n a ly s i s  in  each  s te p  o f  i t s  co m p le tio n . D e s p ite  

i t s  c a s u a l  n a t u r e ,  how ever, t h i s  s tu d y  w i l l  s im u lta n e o u s ly  d e m o n stra te  

t h a t  au to m o b ile  em iss io n  c o n t r o l  i s  a  t r a c t i b l e  and tim e ly  a p p l ic a t io n  

t h a t  s h o u ld  b e .p u rsu e d  w ith  f a r  g r e a t e r  p r e c i s io n .
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C hap ter Two

THE REGULATION OF ONE FIRM PRODUCING ONE GOOD

He b e g in  our d is c u s s io n  w ith  th e  one f irm /o n e  p ro d u c t c a s e . The 

v a r io u s  s o u rc e s  o f  u n c e r ta in ty  t h a t  w i l l  come u n d er o u r  s c r u t in y  a r e  

m ost e a s i l y  in t ro d u c e d  in  t h i s  s im p le  c a s e .  The fundam en ta l econom ics 

u n d e r ly in g  th e  p r i c e s - q u a n t i t i e s  com parison a r e  s im i l a r l y  m ost a c c e s s ­

i b l e  when th e y  a r e  n o t  cam ouflaged by th e  in te rd e p e n d e n c ie s  o f  more com­

p l i c a t e d  m odels. He w i l l  f in d ,  how ever, t h a t  d e s p i te  th e  obvious 

n a iv e td  o f  th e  s im p le  m odel, th e  r e s u l t s  d e r iv e d  in  t h i s  c h a p te r  a r e  

e x tre m e ly  r o b u s t .  T here i s  no s a c r i f i c e  o f  g e n e ra l  v a l i d i t y  f o r  th e  

e x p o s i t io n s !  e a s e  a f fo rd e d  u s  by th e  s im p l i c i t y .

S e c tio n  2 .1 :  U n c e r ta in ty  in  th e  C ost and B e n e f i t  F u n c tio n s

2 .1 .1 :  A G eom etric  P re s e n ta t io n  o f  th e  B a s ic  Weitzman Model^

The one f irm  Weitzman m odel p o s tu la te s  c o s ts  and b e n e f i t s ,  d en o ted  

by C and B r e s p e c t iv e l y ,  depend ing  e x p l i c i t l y  on tw o random v a r i a b le s ,

8 and  n r e s p e c t iv e l y ,  a s  w e ll  a s  th e  q u a n t i ty  o f  a  p a r t i c u l a r  good , q , 

b e in g  p roduced :

B = B (q ,n )

C = C (q ,8 )

2
T h is  s u b s e c t io n  w i l l  rep ro d u ce  th e  Weitzman r e s u l t  from  a  g eo m e tric  

b a s i s .  We do n o t ,  how ever, fo llo w  h i s  co n v en tio n  and assume t h a t  th e  r a n ­
dom d is tu rb a n c e s  o f  c o s ts  and b e n e f i t s  a r e  in d e p e n d e n t. N o n e th e le s s , th e  
a n a ly s i s  i s  fu n d am e n ta lly  W eitzm an 's; th e  geom etry ev o lv ed  in  p r iv a t e  
d is c u s s io n s  w ith  P ro fe s s o r s  M ontias and B ra in a rd  a t  Y ale  U n iv e r s i ty .

- 9 -
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6 and  n a r e  e n v is io n e d  to  r e p re s e n t  random s t a t e s  o f  n a tu r e  t h a t  d is tu r b  

c o s ts  and  b e n e f i t s . They a re  assumed t o  b e  ex  a n te  unobserved  d i s ­

tu rb a n c e s  in  th e  fu n c tio n s  a s  viewed by th e  c e n t r a l  r e g u la t in g  body th a t  

a re  j o i n t l y  d i s t r i b u t e d  by f flii( 0 ,n ) .  The c e n te r  w i l l  a t te m p t t o  s e t  th e  

p ro d u c tio n  o f  q  a t  th e  s o c i a l l y  o p tim a l l e v e l  ( i . e . ,  th e  l e v e l  t h a t  

m axim izes b e n e f i t s  minus c o s t s )  by i s s u in g  e i t h e r  a  q u a n t i ty  o rd e r  o r  a  

p r i c e  o r d e r ,  d e s p i t e  th e  u n c e r ta in ty  o f  th e  econom ic en v iro n m en t. The 

p e r ip h e ry ,  how ever, i s  cap a b le  o f o b s e rv in g  th e  d is tu rb a n c e  in  th e  c o s t  

fu n c tio n  b e fo re  i t  makes i t s  p r o f i t  m axim izing o u tp u t d e c is io n .  Under 

t h i s  a ssu m p tio n , th e  p e r ip h e ry  i s  n o t  i n t e r e s t e d  i n  th e  b e n e f i t  s id e  o f  

th e  s o c i a l  l o s s  f u n c t io n ;  th u s  n can be th o u g h t t o  a l s o  r e f l e c t  im pre­

c i s e  know ledge o f  th e  b e n e f i t  fu n c tio n .  The s i t u a t i o n  we have d e sc r ib e d  

i s  th e  l o g i c a l  ex trem e o f  th e  n o tio n  t h a t  th e  p e r ip h e ry  p o s s e s s e s  b e t t e r  

in fo rm a tio n  abou t c o s ts  th an  th e  c e n te r  s im p ly  b ecau se  i t  i s  c lo s e r  t o  

th e  a c t u a l  p ro d u c tio n  p ro c e s s .  I t  rem ains o n ly  t o  s p e c ify  th e  m athe­

m a t ic a l  c h a r a c te r i z a t i o n  o f  th e  m odel. We assume th a t

Bu(q»n) < °» v(q»n);

Ci:L( q ,e )  > 0 ; V (q,0 ) ;

C j.(q ,0 ) 6 B ^ q .n )  > 0 ; V (q ,0 ) 6 ( q ,n ) ;

B ^ O ,^ )  > C ^ (0 ,9 ) ; V (0 ,n ) ;  and

3M such  th a t  q > H im p lie s  B1 ( q ,n )  < C ^ (q ,6 ) 

f o r  any ( 0 ,n ) .

The f i r s t  b e s t  in s tru m e n ts  o f  c o n t r o l  a re  co n tin g en cy  m essages
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p * (0 ,n )  and q * (0 ,n )  t h a t  s a t i s f y  th e  c o n d itio n  t h a t

B1 C q * (e ,n ),n 3  = c1 C q*(e,n),0D  = p * (0 ,n ) .

T hese co n tin g en cy  o rd e rs  have c l e a r l y  tran sfo rm e d  ex a n te  u n c e r ta in ty  

i n t o  ex  p o s t  c e r t a in t y .  Observe f u r th e r  t h a t  th e  q u a n t i ty  d e c is io n s  

u n d er b o th  modes o f  c o n t ro l  a re  c h a ra c te r iz e d  by p r ic e  e q u a ls  m a rg in a l
3

c o s t .  The two means o f  r e g u la t io n  a re  th e r e f o r e  p e r f e c t ly  e q u iv a le n t .

P r a c t i c a l  c o n s id e ra t io n s  r e n d e r  such co n tin g en cy  m essages e n t i r e ly  

i n f e a s i b l e ,  and we tu r n  t o  a  "second  b e s t"  problem  o f  f in d in g  th e  s in g le  

p r ic e  o r  q u a n t i ty  o rd e r  t h a t  o p tim a lly  r e g u la te s  p ro d u c tio n . The s o c i a l ­

l y  o p tim a l q u a n t i ty  in s tru m e n t,  qQ, th e n  maxim izes ex p ec ted  b e n e f i t s  

m inus e x p e c te d  c o s ts  and i s  c h a r a c te r iz e d  by

E (M arg inal C o st) = E tC j^ q ^ O )]

= ECB^q^n)]

= E (M arg ina l B e n e f i t s ) .

To d e te rm in e  th e  o p tim a l p r ic e  o r d e r ,  th e  c e n te r  must know how th e  

p e r ip h e r a l  f irm  w i l l  r e a c t  t o  any g iv en  p r i c e ,  p .  T hat f irm  s t i l l  

r e a c t s  p r e c i s e ly  to  0 in  making i t s  o u tp u t d e c is io n  q ( 0 ,p ) ,  and  maxi­

m izes p r o f i t s  by s e t t i n g

3D e fin in g  q * [p * (0 ,n ) ,03 t o  b e  th e  p r o f i t  m axim izing q u a n t i ty  to  
p * ( 0 ,n ) ,  we have th a t

c j£<i*(p*C®»n3,0)3 = p * (0 ,n )  = c ^ C q * ^ ^ ) ,© ! .

The s t r i c t  c o n ca v ity  o f  c o s ts  th e n  im p lie s  t h a t  q * [p * (0 ,n ) ,0 3  i s  p r e ­
c i s e l y  q * (0 ,n ) .
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c1 Cq(p*®)»03 = p . (2.1.1)

He may sunrnarize t h i s  b e h a v io r  by  w r i t in g  th e  f i r m 's  p r i c e  r e a c t io n  

fu n c t io n :

q (p ,0 )  = h ( p ,0 ) .

He have assum ed th a t  th e  c e n te r  knows t h i s  fu n c tio n  and  s e l e c t s  th e

The f i r s t  o rd e r  c o n d itio n  o f  t h i s  m axim ization  can be red u ced  t o

by  u s in g  ( 2 .1 . 1 ) .

Given th e  o p tim a l p r i c e  o r d e r  im p l i c i t l y  d e fin e d  by ( 2 .1 . 2 ) ,  th e  

p r o f i t  m axim izing o u tp u t i s  q (0 )  = h ( p ,0 ) .  N ote t h a t  e x c e p t in  c a se s  

o f  n e g l ig ib l e  p r o b a b i l i t y ,  p r ic e  c o n t ro l  w i l l  s u r e ly  y i e l d  a  d i f f e r e n t  

l e v e l  o f  p ro d u c tio n  th a n  w i l l  th e  co rresp o n d in g  q u a n t i ty  c o n t r o l .  In  

a d d i t i o n ,  e x c e p t in  c a s e s  o f  z e ro  p r o b a b i l i t y ,

f o r  t h e  d u ra t io n  o f  th e  p la n n in g  p e r io d ;  t h a t  i s ,  w ith o u t e x t r a o r d in a r i l y  

good f o r tu n e ,  n e i th e r  mode o f  c o n t ro l  y ie ld s  an  ex p o s t  optimum o u tp u t .  

The e n t i r e  q u e s tio n  i s  th e re f o r e  red u ced  to  d e te rm in in g  w hich o f  th e  

tw o comes c l o s e r .  Heitzm an resp o n d s to  t h a t  query  by com puting th e  

"co m p a ra tiv e  ad v an tag e  o f  p r ic e s  o v e r  q u a n t i t i e s , "  d e s ig n a te d  by A in
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th e  fo llo w in g  d e f in i t i o n :

E [B (q [0 ] ,n ) -C (q [e ] ,0 ) ]  -  E C B ^ . r O - C ^ , 0)3 = A ( 2 .1 .3 )

When A i s  p o s i t i v e ,  p r ic e s  a re  p r e f e r r e d ;  when i t  i s  n e g a t iv e ,  q u a n t i t i e s .

Expanding  b o th  th e  c o s t  and b e n e f i t  fu n c t io n s  a round  q r e n d e rs  th eo

m athem atics o f  com puting A t r a c t i b l e .  We assisne t h a t  th e  v a r ia n c e s  o f  

th e  random v a r ia b le s  a r e  s u f f i c i e n t l y  s m a ll  t o  j u s t i f y  h a l t i n g  b o th  

a p p ro x im a tio n s  a f t e r  th r e e  te rm s . T hroughout th e  d i s s e r t a t i o n ,  how ever, 

a t te m p ts  w i l l  be made t o  d is c u s s  any eco n o m ica lly  s i g n i f i c a n t  t h i r d

o rd e r  e f f e c t s  t h a t  a re  m issed  by o u r second  o rd e r  e q u a t io n s .  I n  summary,

we assume t h a t

C (q ,0 )  = a (0 )  + [C ,+ o (0 ) ] (q -q Q) + j  Cu ( q - ^ ) 2 ( 2 .1 .4 a )

w here we d e f in e

a (0 )  = C(qo , 0 ) ,

C' = E[C(qo ,0 ) 3 ,  and 

a (0 )  = < ^ ( ^ , 0 )  -  C ' .

a
The form o f  th e  b e n e f i t  fu n c tio n  i s  s im i la r :

B (q ,n )  s  b (n )  + CB,+ B (n )3 (q -qQ) + |  ( 2 .1 .4 b )

N o tic e  t h a t  i m p l i c i t  in  e q u a tio n s  ( 2 .1 .4 )  i s  th e  assum ption  t h a t

**We s im i l a r l y  d e f in e  b (n )  s  B (qQ, n ) ,  B ' « E B ^ q ^ .q ) ,  and 

C B jC q ^ ^ - B ']  t o  be  B (q ).
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C j^ C q ^ e )  and a r e  in d ep en d en t o f  th e  random v a r ia b le s  0 and  n ,

r e s p e c t iv e l y .  In  a  n e ig h bo rhood  o f  qQ, m a rg in a l c o s ts  an d  m a rg in a l bene­

f i t s  a r e  th e r e f o r e  a ssu n ed  to  be  l i n e a r  fu n c tio n s  o f  q i n  w hich u n c e r ta in ­

ty  a p p e a rs  o n ly  in  th e  v e r t i c l e  in t e r c e p t s :

C j^ q .e )  = C ' + a  (0 )  + C ^ q - q ^  ( 2 .1 .5 a )

B ^ q .n )  s  B* + B(n) + Bu (q -q o ) ( 2 .1 .5 b )

These assum ptions  w i l l  now be ex ten d ed  to  g lo b a l  d im ensions f o r  th e  sake

o f  g e o m e tric  e x p o s i t io n .  We sh o u ld  alw ays keep in  mind t h a t  we a re

fo rm a lly  c o n s tr a in e d  t o  a  ne ighborhood  o f  qQ.

As a  f i r s t  exam ple , suppose  t h a t  b e n e f i t s  a re  devo id  o f  u n c e r t a in ty .

F ig u re  ( 2 .1 )  i l l u s t r a t e s  th e  s i t u a t i o n  f o r  an a r b i t r a r y  v a lu e  o f  5 .  The

o p tim a l o u tp u t ,  qQ ^ ( 0 ) ,  o c c u rs  a t  th e  i n t e r s e c t i o n  o f  m a rg in a l b e n e f i t s

and  m a rg in a l c o s ts  f o r  th e  g iv en  0 . A rea 1 th e r e f o r e  r e p r e s e n ts  th e  lo s s
_  5

u n d e r  p r i c e  c o n t ro l  by p  when 0 o c c u rs ;  a re a  2 ,  th e  lo s s  under q u a n t i ty  

c o n t r o l  by qQ. One r e s u l t  i s  p a r t i c u l a r l y  s t r i k i n g  i n  t h i s  exam ple.

Assume f o r  th e  moment t h a t  B ^  = - C ^ .  R e fe rr in g  to  F ig u re  ( 2 .1 ) ,  we 

can  se e  t h a t  t ( f a c )  = * ( f e c )  a n d , a s  a  r e s u l t ,  A (fac ) i s  cong ru en t to

The o p tim a l p r i c e  o r d e r ,  p ,  e q u a ls  EB ,(qQ,n )  f o r  th e  fo llo w in g  
re a s o n .  The r e a c t io n  fu n c t io n  o f  th e  f irm  i s  g iv en  by ( 2 .1 .5 a ) ;  s in c e  
h j^ p ,© ) = ( 1 /C j^ ) ,  e q u a t io n  ( 2 .1 .2 )  re a d s

so  t h a t  p -  B ' = C '. By th e  d e f i n i t i o n  o f  B ',  th e n ,  EB^(qQ,n )  e q u a ls  p .
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A (fe e )  by a n g le - a n g le - s id e . C o n seq u en tly , le n g th  a c  e q u a ls  le n g th  e c  

an d  s in c e  t ( b a c )  = ¥ (d e c ) ,  A (abc) i s  s im i l a r l y  co n g ru en t t o  A (ced ).

A rea 1 i s  th e r e f o r e  p r e c i s e ly  e q u a l t o  a re a  2 . S ince  n e i th e r  B11 n o r  

C n  v a ry  w ith  0 , th e  a re a s  in  q u e s tio n  a r e  e q u a l r e g a r d le s s  o f  th e  v a lu e  

ta k e n  by 6 ; b o th  modes o f  c o n t r o l  w i l l  alw ays in v o lv e  e q u a l lo s s e s .  We 

e x p e c t ,  t h e r e f o r e ,  t h a t  u nder th e  e q u a l i ty  o f  C11 and - B ^ ,  th e  c e n te r  

w i l l  b e  i n d i f f e r e n t  betw een th e  two m ethods o f  r e g u la t io n ;  i . e . ,  t h a t  

A = 0 .

F ig u re  ( 2 .2 )  r e v e r s e s  th e  c r u c i a l  a ssu m p tio n ; c o s ts  a r e  now c e r t a in  

and  b e n e f i t s  a re  s u b je c t  to  a  random d is tu rb a n c e  indexed  by n . The 

r e a c t io n  fu n c t io n  o f  th e  f irm  i s  no lo n g e r  s to c h a s t i c  and we can se e  

from  th e  g raph  t h a t  qQ and h (p )  alw ays c o in c id e . The v a r ia n c e  i n  b e n e f i t s  

m ust th e r e f o r e  be  a f f e c t in g  b o th  modes o f  c o n t r o l  e q u a l ly ;  we sh o u ld  n o t  

e x p e c t te rm s in  th e  com para tive  ad v an tag e  o f  p r ic e s  to  c o n ta in  te rm s 

d e r iv e d  s o l e l y  from th e  random v a r ia b le  n .  I n  a d d i t io n ,  we sh o u ld  ex­

p e c t  t h a t  th e  c e n te r  i s  i n d i f f e r e n t  betw een th e  two c o n t ro l s  when, a s  i n  

t h i s  c a s e ,  c o s ts  a r e  c e r t a in .

T u rn ing  to  th e  g e n e ra l  c a se  in  w hich u n c e r ta in ty  e x i s t s  in  bo th , 

f u n c t io n s ,  we can p roduce  th e  Weitzman r e s u l t  d i r e c t l y  from  th e  geom etry  

and  co n firm  th e  i n t u i t i v e  e x p e c ta t io n s  developed  i n  th e  p re v io u s  two 

ex am p les . S e le c t in g  n and  9 a r b i t r a r i l y ,  we c o n s tru c t  F ig u re  ( 2 .3 )  by 

g ra p h in g  th e  m a rg in a l fu n c tio n s  a lo n g  s id e  t h e i r  ex p ec ted  v a lu e s .  The 

im p o r ta n t p o in t s ,  qQ, q ° ^ ( 9 , n ) ,  q ( 8 ) ,  and p ,  a re  a l l  detexm ined  as  

b e f o r e .  O bserve t h a t  le n g th  AO e q u a ls  le n g th  EF b ecau se  e x p e c te d  mar­

g in a l  c o s t s  and  m a rg in a l c o s ts  g iv en  0 a r e  p a r a l l e l .  By d e f i n i t i o n ,

Cj r  = tan(*A DG), and we have t h a t
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Ci ;l = tan(*ADG)

= (AG/AD)

= (AG/EF)

Thus ,

= C a (0 ) /(q o- q [ 0 ] ) j .

S in ce  6 was a r b i t r a r i l y  s e l e c te d ,  we have d em onstra ted  th a t

q (0 )  = qQ -  C o(0)/C u ] ( 2 .1 .6 )

E q u a tio n  ( 2 .1 .6 )  i s  th e  r e a c t io n  fu n c tio n  o f  th e  firm  t o  th e  random 

v a r i a b le  6 g iv en  th e  o p tim a l p r i c e  o rd e r  p .  He a r e  now a b le  to  compute 

th e  co m p ara tiv e  advan tage  o f  p r ic e s  w ith  th e  a id  o f  F igu re  ( 2 .3 ) .  On 

t h a t  g ra p h , - ( a r e a  2) i s  th e  lo s s  in  b e n e f i t s  o v e r  c o s ts  s u s ta in e d  by 

p ro d u c in g  a t  q (0 )  r a th e r  th a n  a t  qo p t ( 0 ,n ) ;  ( a r e a  1 ) ,  th e  l o s s  from 

e x c e ss  c o s ts  o v e r  b e n e f i t s  s u s ta in e d  by p ro d u c in g  a t  c ^ . We can  d e f in e  

t h e  c o n d i t io n a l  com para tive  advan tag e  o f  p r ic e s  g iv en  9 and n to  be

A(6,n ) = (-a rea  2) + (area 1 ).

More p r e c i s e l y ,
%

A(o,n)  = - CB1( q ,n )  -  C^(q,6)D dq

q(0)

The c e n te r ,  how ever, i s  i n t e r e s t e d  i n  th e  ex p ec ted  v a lu e  o f  th e s e  con­

d i t i o n a l  s t a t i s t i c s  so  t h a t  th e  com plete c a lc u la t io n  i s :
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A = -  E

%>

CBj^Cqjti) -  C ^ q .e )]  dq 

q(0)

2cn E [ ° ( 0 ) ] '

2C11

Bn"cn
2C11

E [ct(0)3 ' + E C ^ ^ -  • B(n)3 
Ln

= £  (B ,,  + C „ )  Var + Cov ; {S(n)3 . ( 2 .1 .7 )'11 '1 1 ' '11 ' I I

In both o f the sp ec ia l examples discussed above, e ith e r  costs o r 

ben efits  were known with c e rta in ty . As a r e s u l t ,  Cov[ ( a [  0 3 /C ^ ); 8(n)3= 0  

and we observe th a t as p red ic ted , A is  indeed zero e i th e r  when B ^  = -C jl 

or when costs are p e rfec tly  ce rta in  (V ar[-a(0)/C jj3 = 0). We can a lso  

note th a t random disturbances in  the  b en efit function do not influence 

A a t  a l l .  The reason fo r  th is  second re s u lt  l ie s  in  the reaction  o f  the 

firm a t  the periphery to  costs only. I t  can be demonstrated th a t were 

the  firm  public ly  minded and se t p rice  equal to  marginal b en e fits  ra th e r  

than marginal co s ts , [Var(-8Cn3/B^1)3 would replace [Var(-o[03/C^^)3 in

( 2 .1 .7 ) .  In e ith e r  case , however, the term in question represen ts the 

variance in  output under the p rice  regime.

We a r e  b e g in n in g  t o  se e  th a t  th e  v a r i a t i o n  o f  o u tp u t u n d e r  p r i c e  

c o n t ro ls  p la y s  a  c r u c i a l  r o le  in  t h e  com parison o f  p r i c e s  and  q u a n t i t i e s .  

The c o n v e x ity  o f  th e  b e n e f i t  fu n c tio n  im p lie s  t h a t  t h e  e x p e c te d  v a lu e  

o f  b e n e f i t s  u nder p r i c e  r e g u la t io n  i s  l e s s  th an  th e  l e v e l  o f  b e n e f i t s  

t h a t  w ould be a c h ie v e d  i f  th e  mean o f  th e  p r ic e  in d u c ed  q u a n t i t i e s  w ere 

p roduced  w ith  c e r t a i n t y .  T h is  lo s s  w i l l  in c re a s e  as th e  c u rv a tu re  o f
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th e  b e n e f i t  f u n c t io n  in c re a s e s  ( B ^ -------> - » ) .

We can i l l u s t r a t e  th e s e  p o in ts  w ith  a  g raph  o f  a  s im p le  exam ple. 

Suppose t h a t  0^ and 6 2  a re  two e q u a l ly  p ro b a b le  s t a t e s  o f  n a tu re  a f f e c t ­

in g  c o s ts  and t h a t  th e s e  s t a t e s  e x h a u s t t h e  rea lm  o f  p o s s i b i l i t y .  Assume 

f u r t h e r  t h a t  q (0 ^ )  = qQ -  L and q ( 0 2 ) = ^  + L. I f  b e n e f i t s  a r e  c e r t a i n ,  

we n eed  o n ly  compare ( l / 2 ) [ B ( q o-L ) + B ^ + L ) ]  w ith  B ^ ) ;  t h a t  i s ,  we 

compare p o in t  B w ith  p o in t  A in  F ig u re  ( 2 .4 ) .  O utpu t v a r ia t io n  under 

p r ic e s  h a s  c l e a r l y  c re a te d  a  lo s s  in  b e n e f i t s .  F u rth e rm o re , as  th e  

b e n e f i t  f u n c t io n  becomes more cu rv e d , th e  lo s s  i s  a c c e n tu a te d ; we s e e  

e a s i l y  t h a t  AB < AB'.

A s i m i l a r  r e s u l t  i s  t r u e  on th e  c o s t  s id e .  The c o n c a v ity  o f  th e  

•co s t f u n c t io n  im p lie s  t h a t  th e  e x p ec ted  v a lu e  o f  c o s ts  u n d e r p r ic e  re g u ­

l a t i o n  i s  g r e a t e r  th a n  th e  l e v e l  o f  c o s ts  t h a t  w ould b e  in c u r re d  i f  th e  

mean o f  t h e  p r i c e  in d u ced  q u a n t i t i e s  w ere p roduced  w ith  c e r t a in t y .  T h is  

l o s s  i s  a l s o  in c re a s e d  a s  th e  c u rv a tu re  o f  th e  c o s t  fu n c tio n  in c re a s e s

(C1 , -------> » ) .  When we r e g u la te  p ro d u c tio n  by p r i c e s ,  th e r e f o r e ,  we

e n c o u n te r  th e s e  two lo s s e s  t o  th e  d eg ree  d ic ta t e d  by th e  c u rv a tu re s  o f  ' 

th e  fu n c t io n s  and th e  v a r ia n c e  in  o u tp u t .  T here  i s ,  in  a d d i t io n ,  an 

e f f i c i e n c y  g a in  in  g u a ra n te e in g  th a t  p r i c e  i s  alw ays e q u a l to  m a rg in a l 

c o s t .  T hese th r e e  e f f e c t s  a re  summarized in  th e  f i r s t  te rm  o f  e q u a tio n

( 2 .1 . 7 ) .

The seco n d  te rm  o f  ( 2 .1 .7 )  r e g i s t e r s  th e  c o v a r ia n c e  o f  o u tp u t v a r i a ­

t i o n  u n d e r p r i c e s  and  th e  m a rg in a l b e n e f i t  f u n c t io n .  I f  t h i s  c o v a r ia n c e  

i s  p o s i t i v e ,  o u tp u t  te n d s  to  in c re a s e  as  th e  b e n e f i t  fu n c tio n  r e f l e c t s  

an in c re a s e d  d e s i r e  f o r  th e  good. S in ce  t h i s  i s  th e  c o r r e c t  d i r e c t io n  

f o r  o u tp u t t o  move, we n o te - a  p o s i t i v e  b ia s  in  fa v o r  o f  p r i c e s .  An
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o p p o s ite  b ia s  tow ard  q u a n t i t i e s  i s  s im i la r ly  re c o g n iz e d  when th e  co - 

v a r ia n c e  i s  n e g a tiv e  and o u tp u t te n d s  t o  move a g a in s t  b e n e f i t s .

We end t h i s  su b se c tio n  by exam ining th e  im p lic a t io n s  o f  a llo w in g  

th e  c u rv a tu re s  o f th e  c o s t  and b e n e f i t  fu n c tio n s  to  approach  t h e i r  ex­

tre m e s . The fo llo w in g  e x p re s s io n s  re c o rd  th e  r e s u l t s :  

lim
B A = -  »
11 ( 2 . 1 . 8 a )

lim  

c i i * 0
A = -  oo

( 2 . 1 . 8 b )

B A = cu Var(i r ) + Cov(?  s6) u  0  1 1  C 1 1  C1 1

lim

: i r a
A = 0

( 2 . 1 . 8 c )

( 2 . 1 . 8 d)

In  l i g h t  o f  o u r p rev io u s  d is c u s s io n  on th e  in f lu e n c e  o f  in c re a s e d  cu rv a­

t u r e  on th e  lo s s  p roduced  by o u tp u t v a r i a t i o n ,  e q u a tio n s  ( 2 . 1 . 8 a )  and 

( 2 .1 .8 c )  a r e  no s u r p r i s e .  V a r ia t io n  i s  ex trem ely  h a rm fu l when |B jjJ  i s  

l a rg e  and  o f  l i t t l e  consequence when |B ^ |  i s  sm a ll.  N o tic e  t h a t  

( 2 . 1 . 8 c )  im p lie s  t h a t  th e  e f f ic ie n c y  g a in  m ust alw ays exceed  th e  lo s s  

r e g i s t e r e d  by c o s ts  due t o  o u tp u t v a r i a t i o n ,  r e g a r d le s s  o f  th e  v a lu e  o f  

C11. The r o le  o f  a s  th e  l im i t in g  f a c t o r  may, how ever, be  a  sm a ll 

m y s te ry ; we have n e g le c te d  th e  e f f e c t  o f  on th e  m agnitude o f  th e  

o u tp u t  v a r ia t io n  i t s e l f .

The e f f e c t  o f  a  c o s t  d is tu rb a n c e  on o u tp u t when m a rg in a l c o s t  i s  

s te e p  ( C ^  i s  la rg e )  can be compared g r a p h ic a l ly  t o  th e  e f f e c t  o f  an 

e q u a l  d is tu rb a n c e  when m a rg in a l c o s t  i s  f l a t  ( C ^  i s  s m a l l ) .  F ig u re  ( 2 .5 )
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°u in .

F » & u R t 2 . 5

%

i l l u s t r a t e s  th e  s i t u a t i o n  and r e v e a ls  t h a t  th e  s m a l le r  becom es, th e  

l a r g e r  a r e  th e  changes in  o u tp u t p roduced  by c o s t  f l u c tu a t io n .  The ex­

trem e c a se s  a r e  th e n  q u i te  e a s i l y  e x p la in e d . As m a rg in a l c o s t  approaches 

th e  h o r iz o n ta l ,  o u tp u t v a r ia t io n  in  re sp o n se  to  c o s t  d is tu rb a n c e s  becomes 

i n f i n i t e  and q u a n t i ty  c o n t r o l  i s  s u r e ly  p r e f e r r e d .  The geom etry  has 

g e n e ra te d  e q u a tio n  ( 2 .1 .8 b ) .  S im i la r ly ,  a s  m a rg in a l c o s t  n e a rs  th e  

v e r t i c a l ,  o u tp u t y a r i a t i o n  d is a p p e a rs  and  b o th  modes o f  c o n t ro l  y i e ld
A C

an  o u tp u t o f  qQ; e q u a tio n  ( 2 . 1 . 8 d )  a c c u r a te ly  p r e d ic t s  in d i f f e r e n c e .

6  •From ( 2 . 1 . 6 ) and th e  d e f i n i t i o n  o f  a ( 8 ) ,  i t  i s  d e a r  t h a t  £ q (8 )
e q u a ls

7 *■ —Q
As Cn  in c re a s e s  a r b i t r a r i l y ,  Cov(^— ;f3) a l s o  d is a p p e a r s .  

xx C 1 1
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In  summary, th e r e  a re  th r e e  im p o rta n t c a s e s : 

1 )

2 )

3)

Most o f  th e  s p e c i f i c  exam ples t h a t  Weitzman c i t e s  confoxm w e l l  t o  th e  

c o n d it io n s  o f  th e  f i r s t  s e n te n c e . For a  p ro d u c tio n  p ro c e s s  t h a t  i s  m ost 

a c c u r a te ly  d e s c r ib e d  in  te rm s o f  an a c t i v i t y  a n a ly s i s  m odel, = 0  

e x c e p t a t  a  f i n i t e  number o f  p o in t s  w here m a rg in a l c o s ts  a r e  u n d e fin e d  

and s ta te m e n t 1 i s  r e le v a n t .  When a  p o l lu ta n t  i s  t o  be r e g u la te d  n e a r  

th e  c r i t i c a l  l e v e l  in  th e  dosage re sp o n se  c u rv e ,  i s  v e ry  la r g e  in  

a b s o lu te  v a lu e  and s ta te m e n t 1 a g a in  a p p l ie s .  The s im p le  m odel t h a t  we 

have d is c u s s e d  th u s  f a r  can be  a p p l ie d  t o  p o l lu t io n  exam ples o n ly  i f  th e  

p o l l u t a n t  and  th e  p ro d u c t o f  th e  p o l lu t in g  p ro c e s s  alw ays o c c u r  i n  f ix e d  

p ro p o r t io n s  so  t h a t  th e y  may be th o u g h t o f  a s  one good . The b e n e f i t

A i s  d r iv e n  n e g a t iv e  (and th u s  q u a n t i ty  c o n t ro l s  

more p r e f e r r e d )  a s ,  in  th e  neighborhood  o f  c ^ , 

e i t h e r  th e  c o s t fu n c tio n  approaches a  s t r a i g h t  

l i n e ,  o r  th e  b e n e f i t  fu n c tio n  becomes more 

s h a rp ly  cu rved  ( e i t h e r  +  0  o r  B1 1  -► -«•).

I f  c o s ts  and b e n e f i t s  a re  in d e p e n d e n t, A i s  

d r iv e n  p o s i t iv e  (and  th u s  p r i c e  c o n t ro l  more 

fa v o re d ) a s ,  in  th e  same n e ig h b o rh o o d , th e  bene­

f i t  fu n c tio n  becomes a  s t r a i g h t  l i n e  ( B ^  -*• 0 ) .

A i s  d r iv e n  t o  z e ro  from above (and  th u s  th e  

c e n te r  i s  i n d i f f e r e n t  betw een c o n t ro l s )  as  th e  

c o s t  fu n c tio n  becomes more s h a rp ly  cu rved
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fu n c t io n  can  th e n  a c c u r a te ly  summarize th e  v a lu e  o f  th e  p ro d u c t a s  w e ll  

a s  th e  harm o f  th e  p o l l u t a n t .  The v ery  same argum ent v is -A -v is  can  ' 

b e  c a s u a l ly  a p p l ie d  t o  th e  case  o f  an in te rm e d ia te  good w ith  no a v a i la b le  

c lo s e  s u b s t i t u t e  i n  p ro d u c tio n ;  t h i s  i s  th e  "G en era l M otors case"  and  th e  

p r e d ic t io n  g iv e n  by  A < 0 conform s w e ll  w ith  th e  a c t u a l  c o n t r o l  p r a c t i c e s
D

o f  G en era l M otors ( o r  th e  S o v ie t econom y). On th e  o th e r  hand , i f  we

c o n s id e r  a  f i n a l  good (an  in te rm e d ia te  good) w ith  a  v ery  c lo s e  s u b s t i t u t e  

in  consum ption ( in  p ro d u c t io n ) ,  th e n ,  in  t h i s  c o n te x t ,  i s  n e a r ly  ze ro  

and s ta te m e n t 2  s u g g e s ts  th a t  p r ic e  c o n t ro ls  a r e  s u p e r io r .

2 .1 .2 :  E r ro r s  in  O bserv ing  C osts

The e r r o r s  we in te n d  t o  s tu d y  in  t h i s  s u b s e c tio n  can be th o u g h t t o  

a r i s e  from e i t h e r  in c o r r e c t  m easurem ent o f ,  o r  unobserved  random d i s ­

tu rb a n c e s  i n ,  m a rg in a l c o s t s .  In  e i t h e r  c a s e ,  we r e p r e s e n t  -them as 

a d d i t iv e  d i s t o r t i o n s  o f  th e  m a rg in a l c o s t  sc h e d u le  and  in d e x  them by e ; 

t h a t  i s

C ^ (q ,0 ,e )  = C ^ (q ,0 ) + e

w here C ^ (q ,0 )  i s  th e  m a rg in a l c o s t  fu n c tio n  d e s c r ib e d  in  th e  p re v io u s  

s u b s e c t io n .  T o ta l  c o s ts  a r e  th e n  o f  th e  form

C (q ,0 , e )  = C (q ,0 ) + eq ( 2 .1 .9 )

8 The fo llo w in g  e x p la n a tio n  o f  th e  "G en era l M otors" c a se  has been 
s u g g e s te d  t o  me v e r b a l ly .  The heads o f  management a t  GM a r e  w o rr ie d  p r i ­
m a r i ly  ab o u t t o t a l  s a l e s  and a re  ex tre m e ly  r i s k  a v e rs e .  I t  i s  t h i s  la r g e  
r i s k  a v e rs io n  th a t  i s  in d ic a te d  in  our model by a  la rg e  a b s o lu te  v a lu e  in  
B11 . A lthough th e  v a l id i t y * o f  t h i s  o b s e rv a tio n  r e q u i r e s  f u r t h e r  i n v e s t i ­
g a t io n ,  i t  does i l l u s t r a t e  an  im p o rta n t p o in t .  The b e n e f i t  fu n c tio n  in  
o u r m odel n eed  n o t r e f l e c t  a  s o c i a l  w e lfa re  fu n c t io n ;  r a t h e r ,  i t  can sim p ly
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f o r  b o th  t h e  c e n te r  and  th e  p e r ip h e r a l  f irm . We assume f u r t h e r  t h a t

f .  ( 8 , n , e )  j o i n t l y  d i s t r i b u t e s  th e  th r e e  random v a r i a b l e s .  The c r u c i a l
0T)6

d i f f e r e n c e ,  how ever, l i e s  n e i th e r  in  th e  so u rce  o f  th e  e r r o r s  n o r  in  

t h e i r  s p e c i f i c a t i o n ,  b u t r a t h e r  in  th e  tim in g  o f  t h e i r  e f f e c t .  The firm  

i s  un ab le  t o  o b se rv e  e  b e fo re  i t  makes i t s  o u tp u t d e c is io n  in  re sp o n se  

t o  a  p r i c e  o rd e r  p . The f irm  m ust th e r e f o r e  o b se rv e  0 and  s e l e c t  i t s  

o u tp u t ,  q ( p , 6 ) ,  by m axim izing th e  c o n d i t io n a l  e x p e c ta t io n  o f  p r o f i t s .

I t  s o lv e s ,  in  th e  c o n te x t  o f  o u r  m odel, th e  fo llo w in g  prob lem :

q(“ s) k 4 (e-9) - EC(qCp,6],0) + eq(p,0)] f(n,e:0)dnde} (2 .1 .10)

c n

where

f ( n , e : 0 ) = W e -n ' t>
/  /  f ( 8 ,n ,e )d e d n  
n e

i s  th e  c o n d i t io n a l  d i s t r i b u t i o n  o f  ( n ,e )  g iv en  0 .

E v a lu a tin g  ( 2 .1 .1 0 )  r e v e a l s  t h a t  th e  r e a c t io n  fu n c t io n  o f  th e  f irm  

to  any p r i c e  o r d e r ,  p ,  i s  im p l i c i t l y  d e f in e d  by

p = EgCC^(qCp,0]), 0 + ej

= C 1 + a (0 )  + C1 1 C q (p ,0 ) -  q rt]  + Efie . (2.1.11)

The n o ta t io n  E . ( — ) i n  ( 2 .1 .1 1 )  r e p r e s e n ts  th e  i n t e g r a l  o p e r a to r9

/  /  ( ----- ) f ( n , e : 0 )dedn.
n e

b e  th e  u t i l i t y  fu n c tio n  o f  one v e ry  p o w e rfu l p la n n e r ,  o r  p la n n in g  agency.
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Rearranging, we have th a t

p -  c* -  a (0 )  -  E0e

and f i n a l l y  t h a t

ĥ p.e) = (i/ci;L) (2 .1 .1 3 )

i s  n o n - s to c h a s t ic .

We can new e a s i l y  deduce th e  b e h a v io r  by th e  c e n te r ,  hav in g  th e  com­

p l e t e  c h a r a c te r i z a t io n  o f  th e  p e r ip h e r a l  r e a c t io n  fu n c tio n  to  any p r ic e  

o rd e r  a t  hand . The lo s s  f o r  any q u a n t i ty  o rd e r ,  q ,  i s  g e o m e tr ic a lly  

r e p re s e n te d  by th e  shaded  a re a  in  F igure  ( 2 .6 ) ;  0 ,  n , and e  have been 

s e le c te d  a r b i t r a r i l y .  A lg e b ra ic a l ly , t h a t  a re a  i s

F ic.ui*e

2.6
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The c e n te r  seek s  t o  m inim ize th e  e x p e c te d  v a lu e  o f  su ch  lo s s e s  when i t  

s e t s  i t s  o p tim a l q u a n t i ty  o rd e r ,  q ;  th e  r e le v a n t  f i r s t  o rd e r  c o n d i t io n  i s

0 = E{B' + 0(n )  ’  C ’ ’  o (0 )  “  * + (B1 1 -C 1 1 ) (<1 "

As a  r e s u l t ,

A A / Efi %
q = q + (g— ^ — ). 

^  11 11
(2.1.1*0

The o p tim a l p r i c e  o rd e r  i s  computed by com bining e q u a tio n s  ( 2 . 1 . 2 ) ,  

( 2 .1 .1 2 ) ,  and  ( 2 .1 .1 3 ) :

EB ^C h(p,0),n3 • h ^ i s e )
P =

E h ^ p ,© )

= EB1 [h (p ,0 ) ,n D

B- ♦  Bu  <
p -  c '  -  o (0 )  • Efte  Q

  ------------- —  ) . 9  ( 2 .1 .1 5 )
'11

S in ce  B* = C1, e q u a tio n  ( 2 .1 .1 5 )  re d u c e s  t o

B,
p = C1 + ( 11

B 1 1  "  C1 1
) Ec ,

and  th e  p e r ip h e r a l  re sp o n se  curve for  th e  o p tim a l p r ic e  o rd e r  i s

fa\  En® B. .E e
q ( 0 ) = L  -  1 + c  Tb'—- C " T  * ( 2 .1 .1 6 )

°  C11 C11 Cl l ( 11 Cl l }

In  d e r iv in g  ( 2 .1 .1 5 ) ,  we use th e  f a c t  t h a t  E(EQe )  = E e. The p ro o f  
i s  im m edia te .
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The co m p ara tiv e  advan tage o f  p r ic e s  i s  now a v a i la b le :

q

A2  = -  E [B ^ (q ,n )  -  C ^ q ,© ) -  c]dq  

q ( 0 )

q«-
0( 0)

= -  E {

o C11 qo %

(B^ -  -  c )d q  +

q ( 0 )

(B^-C^)dq -  edq + 

a

(Br c:

V  C

The seco n d  i n t e g r a l  i s  f a m i l i a r ;  e q u a tio n  ( 2 .1 .7 )  re c o rd s  i t s  s o lu t io n :

i  (B  + C ) V a r ( ^ l )  + C o v ( ^ i l , B ( n  ) ) .  
Z ■LL C 1 1  C 1 1

We r e f e r  th e  r e a d e r  t o  th e  l a s t  pages o f  s u b se c tio n  ( 2 .1 .1 )  f o r  d e t a i l e d  

i n t e r p r e t a t i o n  o f  th e s e  te rm s . The o th e r  th r e e  i n t e g r a l s ,  a lth o u g h  th e y  

a re  m ost e a s i l y  s o lv e d  when c o n fro n te d  in d iv id u a l ly ,  s h o u ld  b e  i n t e r ­

p r e te d  to g e th e r .  The f i r s t  i s  th e  m ost d i f f i c u l t :
a

V  c
-  E

11

(B^ -  -  e )d q

q ( 0 )

Eflc  E e  B ..E e  
= -  E { CS, , - . ( 8 ) ]  g l -  -  e [ g 2 -  .

1  E 0 e  B l l E e

-  7  -  c ^ c - )
2  °*E0 e , 

r  ♦ 2 — Sy)}.
° u

(2 .1 .1 7 )
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2 10We d em o n stra te  i n  a  fo o tn o te  t h a t  E(cE0 e )  E(E0 e )  . E quation  (2 . 

can th e r e f o r e  b e  re d u c e d  in  t h e  fo llo w in g  m anner:1^

10  2We n eed  to  show th a t  E (eE 0 e )  = E(Efle )  . N o ta t io n a l ly ,
0

V  = / / c  (j ,  » ? 7 r ]w )de5 r )dc<in s  H c  f ( n - c :e ,d c d n

n e
Then, we can  o b se rv e  th e  fo llo w in g  sequence o f  e q u a tio n s : 

E(eEgC) = / / /  Ce / /  e  f ( n ,e :0 )d e d n 3  f 0r)C(0 ,n ,e)ded0dn
H0 e  n e

= f  i f f  c f ( n , e : 0 )dedn] / /  e  f ( 0 ,n ,e )d e d n d 0  

0  ne  ne

= /  C(E_e) / /  e  f ( n ,e : 0 ) ( / Z  f [ 0 ,n  ,e jd ed n )d ed n ]d 0
ne n e

s in c e

B ecause

f n „ ( 0 , n ,e )  = f ( n , e : 0 ) / /  f ( 0 ,n ,e )d e d n .
°»n ’e  ne

/ /  f ( 0 ,n ,e )d e d n  
ne

i s  n o t  a  f u n c t io n  o f  e  and  n ,

E(«E e )  = / ( E fle ) (E « c )  f f  f a (0 ,n ,c )d e d n d 0  
0  e 0  9  ne 0 ,n *c

= / / /  ( E .e ) 2  f ( 0 ,n ,e )d e d n d e  
One

11,

= E(E0 e )

-E 0e
We n o te  t h a t  E ( ~  ^— ) i s  th e  c o v a r ia n c e  b eca u se  E (~ -  )

'11 C11 11

and Cov(X;Y) = E(XY -  EXEY).
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The t h i r d  i n t e g r a l  i s  im m ediate;
A

-  E -  e  dq = -  (Cov(e;vj— )
L 1 1

V a/Cu = C , ,  Cov(~~  ;
11 11

(2 .

S im ila r ly  f o r  th e  fo u r th  i n t e g r a l ,
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Combining equations (2 .1 .7 ) ,  (2 .1 .1 8 ) , (2 .1 .1 9 ) , and (2 .1 .2 0 ) , 12

A2 = 2*bii+cii* Var*ci;L* + Cov(ĉ"»B> + 5<B11+C11) E("Ĉ )

♦ c o v ( i s !  , rH_) ♦ C o v ( - | !  ; B) -  |(B u 2-cu 2)(— ^ 2i _
'11 ' 1 1 U

= ?<B +C ) [ V a r ( ^ - )  + V a r ( - ^ )  + 2 C ov(^2_ .xx xx c u  c 1]L cx l

+ C o v (~ — ;g )  + Cov(— , 6 ) 
U1 1  L 1 1

, - a - E .e  - a -E .e
= ^ (B ,,+ C ,, )[V ar(— jr——)3 + Cov(—  —  ; 8 ) .2 1111 (2.1 .21)

'11 '11

12C o v (a ;e )  e q u a ls  Cov(a;E 0 e )  because

E (aE ge) = E(EQa* e ) = E (a * e ) .

The second  e q u a l i ty  fo llo w s  because  a ( 6 ) i s  a fu n c tio n  o f  n e i th e r  h nia- s- 
N o tic e  t h a t  _ . ,2

 > *  - < 7 ) ( B l l tC U ) ( i f - >
c n  (Bi r c u >  11

b e c a u se , from  e lem en ta ry  a lg e b ra

(BU  - C ^  ) = ( B ^ - C ^ M B ^ + C ^ ) .
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O bserve t h a t  ( - a - E g c ) /C ^  r e p r e s e n ts  th e  cum ula tive  v a r i a t i o n  in  

o u tp u t cau sed  by two so u rces  o f  d is tu rb a n c e  in  th e  c o s t  f u n c t io n :  a c t u a l

random e f f e c t s  to  w hich th e  p e r ip h e r a l  f irm  r e a c t s  and th e  changes th o s e  

e f f e c t s  c r e a te  in  th e  c o n d i t io n a l  e x p e c ta t io n s  o f  th e  e r r o r s .  The form 

o f  ( 2 .1 .2 1 )  i s  p r e c i s e ly  t h a t  o f  ( 2 .1 . 7 ) ;  th e  economic in f lu e n c e s  on th e  

co m p ara tiv e  advan tag e  o f  p r ic e s  a r e  th e r e f o r e  i d e n t i c a l  t o  th o s e  d i s ­

co v ered  in  S u b sec tio n  2 .1 .1 .

2 .1 .3 :  The Flow o f  C ost In fo rm a tio n

T here e x i s t  two p o s s ib le  methods a v a i la b l e  t o  th e  c e n te r  f o r  th e  

c o l l e c t i o n  o f  in fo rm a tio n  ab o u t c o s ts  p r i o r  to  th e  d e c is io n  making 

p r o c e s s .  The r e le v a n t  d a ta  c o u ld  b e  o b se rv ed  by a  subagency o f  th e  

c e n t e r ,  th e  o p e ra t io n  o f  w hich would b e  a  n o n t r i v i a l  ex p en se . The a l ­

t e r n a t i v e  method i s  t o  depend on th e  p e r ip h e r a l  f irm  t o  a c c u r a te ly  r e p o r t  

i t s  c o s ts  t o  th e  c e n t e r .  Under th e  second schem e, how ever, t h e r e  i s  an 

in c e n t iv e  f o r  th e  f irm  to  r e p o r t  h ig h e r  th a n  a c tu a l  c o s t s .  Were t h i s  

t o  h ap p en , q u a n t i ty  c o n t ro l  on th e  b a s i s  o f  t h a t  d a ta  would y i e l d  an  

a c t u a l  o u tp u t  t h a t  would be s o c i a l l y  to o  s m a l l ;  p r ic e  c o n t r o l  would y ie ld  

an  o u tp u t t h a t  would be to o  la r g e .

F ig u re  (2 .7 )  i l l u s t r a t e s  t h i s  p o in t .  The d o tte d  l i n e  r e p r e s e n ts  

th e  e x p e c te d  m a rg in a l c o s t  s c h e d u le  t h a t  th e  c e n te r  would u se  i f  mar­

g in a l  c o s ts  were s y s te m a t ic a l ly  o v e r - r e p o r te d .  The o p tim a l q u a n t i ty  

o r d e r ,  a s  computed th e n  by th e  c e n t e r ,  would be  q^ < qQ, w h ile  th e  

o p tim a l p r i c e  o rd e r  would r i s e  to  > p .  Q u a n tity  c o n t r o l  w ould t h e r e ­

f o r e  n e t  q ^ , and p r ic e  c o n t r o l  would m eanw hile average

” P "  ® _ *  ,PL P a
E[qrt + (----- - -------- ) ]  = q„  + (— --- ) > q^

'11 '11
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b ecau se  th e  ly in g  f irm  w ould s t i l l  p la c e  th e  t r u e  m a rg in a l c o s t  eq u a l to  

th e  h ig h e r  p ^ .

FlGWR*
2 .7

P.V.

p

V arious p e n a l ty  schem es e x i s t  to  a b a te  th e  te m p ta tio n  o f  ly in g .  

Each h as  a s s o c ia te d  w ith  i t  an ex p ec ted  dead -w eigh t lo s s  t h a t  m ust be 

com pared on th e  m argin  w ith  th e  c o s t  o f  th e  c e n t e r 's  o b se rv in g  c o s ts  

f o r  i t s e l f  b e fo re  a system  o f  in fo rm a tio n  c o l le c t io n  cum p e n a l t i e s  i s  

im posed.

S e c tio n  2 .2 ;  U n c e r ta in ty  in  O utput under t h e  Q u a n tity  Regime

C o n s id e r a  p ro d u c tio n  a c t i v i t y  u n d er th e  q u a n t i ty  c o n t ro l  o f  th e  

c e n te r .  T here  w i l l  o f te n  be  c irc u m stan c es  t h a t  a p p e a r  a f t e r  th e  q u a n t i ty  

o rd e r  h as  been  is s u e d  u n d er w hich th e  r e q u ir e d  o u tp u t canno t p o s s ib ly  be  

a c h ie v e d , d e s p i te  th e  b e s t  e f f o r t s  o f  th e  p l a n t  m anager. He th e r e f o r e  

make a  d i s t i n c t i o n  betw een th e  q u a n t i ty  p la n n ed  and o rd e re d  by th e
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c e n t e r ,  q ^ , and th e  q u a n t i ty  a c t u a l l y  p ro d u ced , qa# Assuming t h a t  th e s e  

o u tp u t  d i s t o r t i n g  c irc u m sta n c e s  a r e  ran d an  and in d e x in g  them  by 5 , we 

presum e t h a t  t h e i r  e f f e c t  i s  a d d i t iv e  and w r i te

qa  = 0?  + * ( 5 ) . 13

I t  i s  r e a s o n a b le  t o  assume t h a t  th e  random v a r ia b le  t h a t  d i s t o r t s  o u tp u t 

m ust a l s o  in f lu e n c e  c o s t s .  We th e r e f o r e  in c o rp o ra te  5 in to  th e  argum ent
lit

o f  th e  c o s t  f u n c t io n .  The second  o rd e r  ap p ro x im atio n  i s  th e n

C (q ,0 ,5 )  = a ( 0 ,5 )  + [C' + o ( 0 ,5 ) ] ( q - q o ) + j  (q -qQ)2 ( 2 .2 .1 a )

w here

a ( 0 ,5 )  = 0 ( ^ , 0 , 5 ) ,

C' = E C jX q ^ e ,? ) ,  and 

o (0 ,5 )  = C jC ^ .0 ,5 )  -  C*.

The b e n e f i t  fu n c t io n  i s  unchanged and we a s s  tone t h a t  0 , 5» and  n a re  

j o i n t l y  d i s t r i b u t e d  by f 0 ^ ( 0 , 5 , n ) .

2 .2 .1 :  The C om parative A dvantage o f  P r ic e s

T h era  i s  an e f f i c i e n c y  lo s s  a s s o c ia te d  w ith  any s in g le  q u a n t i ty  

o r d e r ,  q ^ ,  i s s u e d  by th e  c e n te r ;  fo llo w in g  th e  same g eo m e tric  argum ent 

u se d  in 's u b s e c t i o n  2 . 1 . 2 , we s e e  t h a t  t h i s  lo s s  i s

1 3
The random v a r ia b le  5 can be  e i t h e r  a  s c a l a r  o r  a  v e c to r .  To 

h a n d le  b o th  c a s e s ,  we r e p r e s e n t  th e  d i s t o r t i o n  b y  th e  f u n c t io n  + (£ )•

^ T o  d e r iv e  t h i s  e x p re s s io n  from  ( 2 .1 .4 a ) ,  th in k  o f  0  i n  s u b s e c tio n  
2 . 1 .1  as  th e  v e c to r  ( 0 ,5 ) .  The d e r i v a t i o n ^ i s  th e n  im m ediate .

The p o in t  q i s  s t i l l  d e f in e d  by E B .(q  ,n )= E C .(5  , 0 ,5 ) ,  so  we m ain­
t a i n  th e  c o n d i t io n  t h a t  B ' = C’ .
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f o r  a r b i t r a r i l y  s e le c te d  v a lu e s  o f  q ^ , 0 ,  X, and n . The c e n te r  th en  

s e l e c t s  th e  o p tim a l q u a n t i ty  o r d e r ,  , by m in im iz ing  th e  ex p ec ted  

v a lu e  o f  th e s e  lo s s e s :

min
ECL(qp)] = qp { E C L ^ ) ] }  ;

th e  f i r s t  o rd e r  c o n d it io n  r e a d s :

0 * E { 0 (n ) -  o (0 ,5 )  + B' -  C» + (B ^ -C ^ X q p + ^ C ? )  -  q ^ }

S in ce  C ' = B ' and E 0 (n ) = E a (0 ,g )  = 0 ,  th e  o p tim a l q u a n t i ty  o rd e r  i s

qp = qo -  E * (5 ) . ( 2 .2 .2 )

We s e e  t h a t  th e  o p tim a l q u a n t i ty  o rd e r  h a s  been a l t e r e d  so  t h a t  th e  

e x p e c te d  v a lu e  o f  a c t u a l  o u tp u t  i s  s t i l l  qQ.

O utput d i s t o r t i o n  h as  no  e f f e c t  on a  f irm  u n d e r p r i c e  c o n t r o l  s in c e  

th e  m anager can  o b se rv e  5 b e fo re  making h i s  o u tp u t d e c i s io n .  The p r i c e  

re sp o n se  cu rv e  i s  th e r e f o r e  u n d is tu rb e d  and th e  o p tim a l p r i c e  o rd e r  i s  

s t i l l  im p l i c i t l y  d e f in e d  by

p = C '

R e c a llin g  t h a t  B’ = C ',  we have t h a t  p = B ' = C' and  th e  q u a n t i ty  r e ­

sponse  t o  th e  o p tim a l p r ic e  rem ain s
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q< e ,5 ) = q_ -  2 1 M I .  ( 2 .2 .3 )
°  U11

These com putations have submerged one im p o rtan t r a m if ic a t io n  o f  

th e  a s s u m p tio n .th a t  m arg in a l c o s ts  and m a rg in a l b e n e f i t s  a r e  b o th  l i n e a r :  

th e  lo s s  d e r iv e d  e x c lu s iv e ly  from th e  d i s t o r t i o n  i n  o u tp u t i s  a  c o n s ta n t  

m u l t ip le  o f  (B ^ ^ -C ^ ) . C onsequen tly , d i s to r t i o n s  o f  e q u a l m agnitude b u t  

o p p o s ite  d i r e c t io n  r e c e iv e  th e  same w eigh t in  th e  s o c i a l  lo s s  fu n c tio n  

a p p l ie d  by th e  c e n te r .  To see  t h i s  p o in t ,  c o n s id e r  F ig u re  (2 .8 a )  in  

w hich and C2  a re  d e f in e d  such t h a t  <{>(5 ^ ) = 4 (€ 2 )* ^ en 5 ^  o c c u r s * t îe 

lo s s  p e rc e iv e d  by th e  c e n te r  i s  re p re s e n te d  by [ - ( a r e a  1  + a r e a  2 ) 3 ; 

t h a t  i s ,

L(5X) = [ ♦ ( 5 1 ) ] t a n i r + | [ * ( 5 1 ) ] 2 t a n 6 ]t
-- (Bi r ci i ) [*(Ei ):|2-

S im i la r ly ,  th e  lo s s  i s  ( a r e a  1 ' + a re a  2 ' )  when ^ 2  o c c u rs ;

l ( c2 ) = ( b^ i “ Ch ) [ ^ ( c2 )3 2 * ( b i i ’ cu ),:* (5 i )32 *

But a r e  l a r g e  in v e n to r ie s  as  d e le te r io u s  a s  e q u a l s h o r ta g e s ?  I f  one 

b e l ie v e s  n o t ,  a  s tro n g  argum ent can be s t a t e d  f o r  th e  in c lu s io n  o f  t h i r d  

o r d e r  te rm s i n  th e  app ro x im atio n s  o f  th e  c o s t  and b e n e f i t  fu n c t io n s .  

F ig u re  (2 .8 b )  shows th e  e f f e c t  o f  t h a t  change on th e  sh ap es  o f  th e  mar­

g in a l  fu n c tio n s  and th e  co rresp o n d in g  changes in  th e  lo s s  a r e a s .  We 

w i l l  e x p lo re  t h i s  e x te n s io n  in  th e  n e x t s u b s e c tio n .

R e tu rn in g  to  th e  q u e s tio n  a t  hand , we a re  re a d y  t o  compute th e  

co m p ara tiv e  ad v an tag e  o f  p r ic e s :
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-  1f<Bii+cn)Var(̂ )+Cov(̂  * ««»

-  j ^ B j j - C ^ V a r  ♦+ C ov(o ;$ ) -  Cov(B;*)

= A -  §<B1 1 “C11)V ar ♦+ C o v(a ;$ )-C ov(B ;$ )

(2 .2.«0

r - a

The f i r s t  tw o te rm s a r e  th e  com parative  ad v an tage  o f  p r i c e s  when quan­

t i t y  o rd e r s  a r e  f i l l e d  w ith  c e r t a in t y .  They w i l l  s e rv e  a s  a  benchmark 

a g a in s t  w hich th e  rem a in in g  te rm s o f  th e  e q u a tio n  w i l l  b e  m easured ; th e  

r e a d e r  i s  r e f e r r e d  t o  s e c t io n  2 f o r  t h e i r  d e t a i l e d  i n t e r p r e t a t i o n . Out­

p u t v a r i a t i o n  u n d er q u a n t i t i e s  causes  th e  mean o f  b e n e f i t s  t o  f a l l  

below  (a n d  th e  mean o f  c o s ts  t o  r i s e  above) th e  l e v e l  t h a t  would be 

ach iev ed  w ere qQ produced w ith  c e r t a in t y .  N o tic e  t h a t  u n l ik e  o u tp u t 

v a r i a t i o n  u n d er p r i c e  c o n t r o l ,  th e r e  i s  no  c o u n te rb a la n c in g  e f f ic ie n c y  

g a in  i n  t h i s  c a s e .  The e x p re s s io n  ( l / 2 ) ( B ^ - C ^ ) V a r $  r e c o rd s  th e s e  

lo s s e s  and  i s  alw ays n e g a t iv e ;  th e  e n t i r e  te rm  i s  s u b tr a c te d  from  th e  

b a se  A t o  r e f l e c t  a  p o s i t i v e  b ia s  tow ard p r i c e s .  I f  C ov(0 ;4 ) i s  p o s i t i v e  

th e n  o u tp u t u n d e r q u a n t i t i e s  te n d s  t o  in c re a s e  a s  th e  m a rg in a l b e n e f i t s  

cu rv e  s h i f t s  upw ard. S in ce  t h i s  i s  th e  c o r r e c t  d i r e c t i o n ,  i t  c o n s t i tu te s  

a  p o s i t i v e  b ia s  tow ard  q u a n t i t i e s  and m ust a l s o  b e  s u b t r a c te d  from  A.

I f  C ov(a ;+ ) i s  p o s i t i v e ,  on th e  o th e r  h an d , o u tp u t un d er q u a n t i t i e s  te n d s  

t o  in c r e a s e  a s  c o s ts  in c r e a s e ;  s in c e  t h i s  i s  th e  wrong d i r e c t i o n ,  we 

sh o u ld  n o te  a  p o s i t i v e  b ia s  f o r  p r i c e s .  C o v (a ;t)  i s  th e r e f o r e  appro ­
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p r i a t e l y  added t o  th e  o r i g i n a l  A.

T ab le  ( 2 .1 )  r e f l e c t s  t h e  changes th e s e  new t e r n s  c r e a te  i n  th e  

co m p ara tiv e  ad v an tag e  o f  p r i c e s  when and  assume t h e i r  extrem e 

v a lu e s .  One s i g n i f i c a n t  change o c c u rs  when becomes a r b i t r a r i l y  

l a r g e .  O utput v a r i a t i o n  i s  ex tre m e ly  h a rm fu l, i n  t h i s  case*  and we 

n o te  t h a t  p r i c e s  a r e  overw helm ingly  p r e f e r r e d .  T h is  r e s u l t  i s  n o t 

s u r p r i s in g  when we r e c a l l  t h a t  o u tp u t  v a r i a t io n  u n d e r p r ic e s  d is a p p e a rs  

when CX 1  i s  i n f i n i t e ;  v a r i a t i o n  u n d er q u a n t i ty  c o n t r o l  i s  n o t  a f f e c te d  

by Cu  and  i s  th e r e f o r e  sh a c k le d  w ith  huge lo s s e s .

A second  change o c c u rs  when becomes a r b i t r a r i l y  n e g a t iv e .  A gain

we n o te  t h a t  o u tp u t  v a r i a t i o n  i s  p a i n f u l ly  f e l t ,  b u t  th e  v a lu e  o f  Ag

depends c r u c i a l l y  on th e  s ig n  o f  [ V a r ( ^ —) -  Var $ ] .  I f  t h a t  .e x p re ss io n
C 1 1

i s  p o s i t i v e ,  th e  v a r ia n c e  o f  o u tp u t u n d e r p r i c e  c o n t r o l  i s  g r e a t e r  th a n  

th e  v a r ia n c e  o f  o u tp u t  u n d er q u a n t i ty  c o n t r o l ,  and  q u a n t i t i e s  a r e  p re ­

f e r r e d .  The c o n v e rs e ,  o f  c o u r s e , i s  a l s o  t r u e .  N o tic e  t h a t  th e  i n ­

f lu e n c e  o f  1 i s  f e l t  even h e r e .  As in c re a s e s  ( i . e . ,  a s  m arg in a l 

c o s t s  become s t e e p e r ) ,  t h e  v a r ia n c e  o f  o u tp u t u n d er p r ic e s  d e c re a s e s ,  

and i t  becomes more l i k e l y  t h a t  p r i c e s  a r e  fa v o re d .

L im itin g
F a c to r

cn - o

Cl l ~

Bl l * °
BI T

T ab le  ( 2 .1 ) :  The P u re  E f f e c t  o f  O utput
D is to r t i o n  Under Q u a n ti ty  C o n tro l

Q u a l i f i c a t io n s

(none)

(none)

(none)

V ar(j~ -)> V ar
C 1 1

V ar(— —)<Var 4  

C 1 1

( s e c t io n  2 . 2 ) 

— 00 

0

(amb)

+ «

(amb)

~ c, 

+ •
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2 .2 .2 :  The Im pact o f  T h ird  O rder Terras

In  u s in g  q u a d ra t ic  ap p ro x im atio n s  o f  th e  c o s t  and  b e n e f i t  f u n c t io n s ,

15we have im p l i c i t l y  made th e  fo llo w in g  assu m p tio n s:

i )  The u n d e rly in g  p r o b a b i l i t y  d i s t r i b u t i o n  i s  com pact, 

i i )  The v a r ia n c e s  o f  th e  r e le v a n t  random e f f e c t s  a r e  s u f ­

f i c i e n t l y  sm a ll t o  g u a ra n te e  t h a t  th e  q u a d r a t ic  a p p ro x i­

m a tions  y i e ld  o n ly  n e g l ig ib le  d is c re p a n c ie s  from  th e  

g e n e ra l  c a s e .

W hile we do n o t doubt th e  v a l i d i t y  o f  th e  Samuelson ap p ro x im atio n  

th e o re m , we do ask  w h eth er o u r making th e  above assu m p tio n s  h a s  o b scu red  

any s i g n i f i c a n t  economic r e s u l t s .  Our i n t e r e s t  w i l l  b e  fo cu sed  p a r t i c u ­

l a r l y  on p ro v id in g  an asymmetric lo s s  fu n c tio n  in  w hich e q u a l s h o r ta g e s  

and s u rp lu s e s  a r e  g iv en  u n eq u a l a b s o lu te  w e ig h ts . 1 6  The d e s i r e d  assym - 

m e try  can  be  ach iev ed  by in s e r t i n g  t h i r d  o rd e r  te rm s i n t o  b o th  b e n e f i t s  

and c o s t s :

C (q ,0 ,5 )= a (0 ,5 )+ C C ,+ o (e ,C ) ] (q -q o )+ f e ^ q - q ^ 3 ; ( 2 .2 .5 a )

B (q ,n )= b (n )+ [B '+ 0 ( n ) ] (q - q o )+ |B i;L<q-qo ) 2+ | ® i i i (q " ^ o ) 3 » (2 .2 .5 b )

w here = c m ^ q o »®»5 ) and B^  = B^ ^ q ^ n )  a r e  b o th  n o n s to c h a s t ic  and 

n o n -n e g a t iv e .

15A com pact d i s t r i b u t i o n  i s  lo o s e ly  d e f in e d  t o  be  a  d i s t r i b u t i o n  
t h a t  converges t o  th e  s u re  outcome a s  some p a ram e te r  goes t o  z e ro .  I n  
t h i s  c a s e ,  t h a t  p aram ete r i s  th e  v a r ia n c e .

16R e c a ll  t h a t  one o f  th e  im p lic a t io n s  o f  l i n e a r  m a rg in a l c o s t s  and 
b e n e f i t s  i s  a  sym m etric s o c i a l  l o s s  fu n c t io n .

i:-:
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By th e  end o f  t h i s  s u b s e c t io n ,  we w i l l  have shown t h a t  t h i s  com pli­

c a t io n  y ie ld s  l i t t l e  i n  th e  way o f  new economic in s ig h t .  The a n a ly t ic s  

w i l l  have become q u i t e  in v o lv e d , how ever, and m ost o f  th e  in te rm e d ia te  

r e s u l t s  a r e  th e r e f o r e  s im p ly  s t a t e d  w ith o u t p ro o f ;  when t h i s  i s  done , 

t h e i r  i n t u i t i v e  fo u n d a tio n s  w i l l  b e  re c o rd e d  in  accompanying f o o tn o te s .

Our f i r s t  lemma d em o n stra te s  p r e c i s e ly  how th e  t h i r d  o rd e r  te rm s r e le a s e
17us from  th e  e q u a l v a lu a t io n  c o n s t r a in t :

Lemma 1 :

F o r c o s ts  and  b e n e f i t s  r e p re s e n te d  by e q u a tio n s  ( 2 .2 . 5 ) ,  i f  

sh o r ta g e s  a r e  alw ays deemed more s e v e re  th a n  e q u a l s u r p lu s e s ,  

th e n  Bj j ^  > Cn i . I f  s h o r ta g e s  a r e  l e s s  s e v e re ,  th e n  Bn T  < C ,T1.

F o r any q u a n t i ty  o rd e r  q ^ , and a r b i t r a r y  6 ,  5 ,  and t j ,  th e  s o c i a l  

lo s s  i s

qopt(e,U>
L (ip  ; 9 ,? ,n )  = -  C B ^(q ,n )-C ^(q ,0 ,C )Jd q .

. i p  + *CO

The c e n te r  m inim izes th e  ex p ec ted  v a lu e  o f  t h i s  lo s s  in  s e le c t in g  i t s  

o p tim a l q u a n t i ty  o rd e r  and th e r e f o r e  c o n f ro n ts  th e  f i r s t  o rd e r  c o n d itio n

17,Suppose t h a t  5, and £« are d e f in e d  so  t h a t  ♦ (?1 ) * Then
i f  s h o r ta g e s  a r e  more narm fu l th a n  e q u a l s u r p lu s e s ,  a re a  1  i s  g r e a t e r  
th a n  a r e a  2 in  th e  graph  below . Lemma 1 fo llo w s  from t r a c in g  th e  i n f l u ­
ence  o f  t h i s  o b se rv a tio n  on th e  s ig n  o f  th e  c o e f f i c i e n t  (B1 1 1 -C111) .
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T h e re fo re ,

= %  ‘  E* + (2 .2 .6 )

The fo llo w in g  lemma a llo w s u s  t o  s e l e c t  th e  a p p ro p r ia te  r o o t : 18

Lemma 2 :

I f  (Bn i -C1;LL) >, 0 ,  th e n  th e  o p tim a l q u a n t i ty  o rd e r  i s  g iv e n  

by  th e  n e g a t iv e  r o o t  o f  ( 2 .2 .6 ) .  I f  (B^  ̂1 -C 1«.,) < 0 ,  th en  

th e  p o s i t i v e  r o o t  i s  s e l e c te d .

F o r th e  rem a in d e r o f  th e  s u b s e c t io n ,  we w i l l  assum e, w ith o u t lo s s  o f  

g e n e r a l i t y ,  t h a t  s h o r ta g e s  a r e  alw ays w orse th a n  e q u a l s u r p lu s e s . 

Lemma 1  th e n  i n s t r u c t s  u s  t h a t  (B1 1 1 -C ^11) > 0 and th e r e f o r e

qp = qo -  E ( 0 ,  

s in c e  qQ -  E ($ ) + 2 [(B  ̂1 -C^  ̂) / (B j T-C1 1 1  >3 i s  t h e  low er r o o t .

18.As a  fu n c tio n  o f  q ,  ex p ec ted  b e n e f i t s  m inus c o s ts  ap p ea r i n  tw o 
form s depending  on th e  s ig n  o f  (B 1 1 1 -C1 ^ j ) .

U„. - c„.i > o

riou^c i
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The d e te rm in a tio n  o f  th e  o p tim a l p r i c e  o r d e r ,  p ,  c r e a te s  even  more 

d i f f i c u l t y ;  r e c a l l  t h a t  in  th e  g e n e ra l  c a s e ,

P =
E B ^ h .n )  * hx 

Ehl (2.2.7)

D efin in g  pQ t o  be th e  minimum v a lu e  t h a t  m a rg in a l c o s t s  can  assume a t  

q = 0  o v e r  a l l  ( 0 , 0 , we can  combine th e  r e a l i s t i c  c o n s t r a i n t  t h a t  

p r o f i t  m axim izing o u tp u t be n o n -n e g a tiv e  w ith  t h i s  d e f i n i t i o n  t o  s t a t e  

e q u iv a le n t ly  t h a t  th e  o p tim a l p r ic e  o r d e r  i s

EB1 ( h , n ) , h . 
p  = max { po ; [  m ---------- 3 ) (2 .2 .8)

The re sp o n se  cu rv e  o f  th e  p r o f i t  m axim izing f irm  i s  th e n 19

q(0,O = qo ♦
-C^ + /cy 2 -  2c111Ca(e,g)+c*^3

'111
(2.2.9)

N o tic e  t h a t  ( 2 . 2 . 8 ) im p lie s  t h a t  th e  ra d ic a n d  i s  a lw ays n o n -n e g a t iv e , 

even in  t h e  c o s t l i e s t  s t a t e  o f  n a tu r e .  In  a d d i t io n ,  we can  o b se rv e  t h a t  

^ ( p . e , ? )  4 E [h 1 ( p ,0 ,5 ) 3 ;a s  a  r e s u l t ,  p  f  E[B1 (qp+*C C ],n)3 . T h is  second

C o n s tr a in ts  on th e  s lo p e s  o f  b e n e f i t s  and  c o s ts  c o n f in e  o u r  a t t e n t i o n  t o  
th e  l o c a l  maxima and m inim a. To a s s u re  t h a t  we a r e  m axim izing E (B -C ), we 
m ust s e l e c t  th e  lo w er ro o t  when (B1 . , - C . , . )  > 0 and  th e  u p p er r o o t  when

19S lope  c o n d it io n s  im ply t h a t  th e  f irm  m ust a lw ays choose t h e  p o s i ­
t i v e  r o o t .  In d e e d , [pq -C (q)3  lo o k s  l i k e  F ig u re  2  ab o v e , and  t h e  h ig h e r  
r o o t  g u a ra n te e s  a  maximum.
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o b s e rv a tio n  c a u se s  g r e a t  d i f f i c u l t y  in  e v a lu a t in g  p e x p l i c i t l y ,  so  we 

a llo w  p  t o  be  i m p l i c i t l y  d e f in e d  by ( 2 . 2 . 8 ) and w r i te  q ( 8 ,£ )  =

+ g [ a ( 0 , 5 ) , p ]  f o r  th e  f i r m 's  r e a c t io n  fu n c tio n  t o  th e  o p tim a l p r i c e .  

The r e le v a n t  p r o p e r t i e s  o f  g [ a ( 8 ,€ )*  can be deduced e i t h e r  from

( 2 .2 .9 )  o r  from  th e  tinder ly in g  geom etry . For in s ta n c e ,  we n o te  inane-

dc 20d i a t e l y  from  ( 2 .2 .9 )  t h a t  («&■) < 0 ; i . e . ,  a s  c o s ts  r i s e ,  on th e  m arg in ,
dOl

o u tp u t i s  re d u c e d . The v a r io u s  moments o f  g ( a ,p ) ,  on th e  o th e r  hand , 

a r e  m ost e a s i l y  exam ined in  a  g eo m etric  c o n te x t .  The f i r s t  o f  two lemmas 

s e t s  th e  s ta g e :

Lemma 3 :

T here  e x i s t s  a  r e a l  num ber, H, such  t h a t

g [ o ( 8 ,C ) ,p ]  < (^ 2 < M 1 ) .

To p ro v e  t h i s  c o n je c tu r e ,  we r e f e r  t o  F ig u re  ( 2 .9 )  f o r  t h e  c a se  i n  which 

e ( 8 ,£ )  > 0 . N o tic e  im m ed ia te ly  t h a t  = ta n  t . T hen, s e le c t in g  ( 8 ,£ )  

a r b i t r a r i l y ,  we o b serv e

le n g th  AB = le n g th  EF

= '( l e n g th  D F/tan  ir)

= le n g th  F6  

= - g C o ( e ,e ) ,p ] .

S in c e  ( 8 ,5 )  was a r b i t r a r y ,  we can d e f in e  H = and conclude  t h a t

g C o (e .O ,p 3  < C -r ~ ~ ) ,

^°We can  e a s i l y  s e e  t h a t  ( |£ )  < 0  s in c e  th e  f irm  alw ays chooses th e  
p o s i t i v e  r o o t .

I  • '
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f o r  any ( 0 ,5 )  such  t h a t  a ( 6 ,5 )  > 0 . The ca se  i n  w hich a ( 0 ,5 )  < 0 i s  

d em o n stra ted  in  e x a c t ly  th e  same m anner.

One im p lic a t io n  o f  Lemma 3 i s  o f  p a r t i c u l a r  n o te : th e  o u tp u t g a in

caused  by a  n e g a t iv e  d is tu rb a n c e  in  c o s ts  i s  l e s s ,  in  a b s o lu te  t e r n s ,  

th a n  th e  o u tp u t lo s s  caused  by an e q u a l ,  b u t p o s i t iv e  d is tu rb a n c e  in  

c o s t s .  I f  0 ( 0 , 5 ^ )  = - u( 02 ,5 2 ) > 0 ,  th e n  we can ob serv e  d i r e c t l y  from

th e  Lemma t h a t

j g C a ^ , ^ ) , ? ] !  = -  gCo(01 ,51 ) ,p ]

a (0  , 5 . )
*

-<*(e2 ,59)
■ t - i - 2- 3

> g[a(e2 ,52 ),p ]

= |g[«(e2 .e2) ,p J | .

A second lemma i s  more in v o lv e d , and i t s  p ro o f  i s  r e le g a te d  t o  an 

Appendix A:

Lemma 4 :

T here e x i s t  r e a l  numbers M’ and M" o f  th e  form  (a  + b C ^ )  

such  t h a t

( i )  f o r  any ( 0 ,5 )  such  t h a t  a ( 0 ,5 )  > 0 ,  

g [ a ( 0 ,5 ) ,p ]  >

( i i )  f o r  any (0 ,5 )  such  t h a t  a ( 0 ,5 )  < 0 , 

g [a (8 ,5 ) ,p 3  >

He can  employ b o th  r e s u l t s  t o  p u t l i m i t s  on th e  f i r s t  th r e e  moments o f
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th e  r e a c t io n  fu n c t io n .  F o r th e  mean, o b serv e  th e  fo llo w in g  sequence o f  

i n e q u a l i t i e s :

I l I I ( 2 ^ )  f 6E ri( e ,C ,n ) d ? d 9  ♦  |  |  < 2 % £ i >  f ^ U . s . n J d i d e l d n

n (9 ,5 )eX + (0,5)eX ~

= (1/M 1)E a (0 ,5 )  + (g ^ g l)  | | J  o ( 0 ,5 ) f e5n(0 ,5 ,n )dC d0dn

(0 ,5 )e X '

1 -EgCo(0,5),p] >

w here

X+ = { ( 0 ,5 ) :  o (0 ,5 )  > 0} ;

X" = { ( 0 ,5 ) :  o (0 ,5 )  < 0} .

21S in ce  E a (0 ,5 )  = 0 ,  th e  sequence re d u c e s  t o

(K r ”) {{ [ «<0»5) f (0 ,5 ,n )d 0 d n d 5  < g C o (0 ,5 ),p 3  < 0 ( 2 .2 .1 0 )
X"

R e c a ll in g  th e  g e n e ra l  form s o f  M, M ',  and M" in  te rm s o f  C., 1 , we s e e

t h a t  a l l  th r e e  p roceed  to  i n f i n i t y  a t  th e  same r a t e  a s  C1 ̂  becomes a r ­

b i t r a r i l y  l a r g e .  He co n c lu d e , t h e r e f o r e ,  t h a t

« lim  E g C a (0 ,5 ) ,p ]  = 0 (2 .2 .1 1 )
11

23T he l e f t  hand s id e  i s  n e g a t iv e .  T h is  i s  c o n s is te n t  w ith  th e  e a r l i e r  
o b s e rv a tio n  th a t  e q u a l ,  b u t o p p o s i te ,  c o s t  d is tu rb a n c e s  cau se  l a r g e r  
lo s s e s  th a n  g a in s  in  o u tp u t .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-48-

An e q u a l ly  v a l id  approach  t o  t h i s  c o n c lu s io n  w ould have been  t o

u se  th e  tw o lemmas d i r e c t l y  on th e  r e a c t io n  fu n c tio n  t o  o b se rv e  t h a t

g [ a ( 0 ,£ ) ,p 3  te n d s  t o  z e ro  a s  goes t o  i n f i n i t y .  E q u a tio n  ( 2 .2 .1 1 )

would th e n  fo llo w  im m ed ia te ly  from  in te rc h a n g in g  th e  l i m i t  w ith  th e

22i n t e g r a l  t h a t  d e f in e s  th e  ex p ec ted  v a lu e  o p e ra to r .  We w i l l  i l l u s t r a t e  

t h i s  p ro c e d u re  i n  exam ining th e  v a r ia n c e .  For any ( 9 ,5 )  such  t h a t  

o (0 ,5 )  >_ 0 ,

(S ie * ! ) .)2 > g 2[ a ( 0 , O , p ]  > (2 .2 .1 2 a )

f o r  ( 9 ,5 )  such  t h a t  a ( 0 ,5 )  < 0 ,

( « < M 1 )2 > g2[ a ( 0 ,5 )  ,p ]  > ( a ( -̂ -g-)-) . (2 .2 .1 2 b )

T h e re fo re ,

0 1  r 11”  „  Cg2 (o ,p )3  1  0 
C11

and

„  Var[g(aC0,53,p)3 = „  (g2(a ,p ) -  CEg(a,p)32) = 0
U11 C11

The v e ry  same argum ent r e v e a ls  t h a t

-  .  (M3[gCote,53,p)J) = o

22In  th e  p ro o f  g iv e n  in  th e  A ppendix, we have g u a ra n te e d  t h a t  th e  
fu n c tio n  g [ a ( 0 ,£ ) ,p 3  i s  bounded from above by s p e c ify in g  a  maximum p o s­
s i b l e  p r i c e  o r d e r .  S in ce  g ( a ,p )  i s  a l s o  c o n tin u o u s  i n  a ( 0 , £ ) —s e e  equa­
t i o n  ( 2 .2 .9 ) —th e  Lebesgue Dominated C onvergence Theorem j u s t i f i e s  o u r  
s w itc h in g  l i m i t s  and i n t e g r a l s .

____________
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w here 4 g ( g [ a ( 0 , £ ) ,p ] )  i s  th e  t h i r d  moment o f  th e  r e a c t io n  f u n c t io n .

H aving f u l l y  e x p lo re d  th e  r e le v a n t  p r o p e r t i e s  o f  th e  r e a c t io n  

f u n c t io n ,  we r e t u r n ,  f o r  th e  moment, t o  th e  c a se  i n  w hich q u a n t i ty  o rd e rs  

a r e  p roduced  w ith  c e r t a i n t y .  T h is  d ig r e s s io n ,  a lo n g  w ith  th e  assum ption  

t h a t  c o s ts  and b e n e f i t s  a r e  in d e p e n d e n t, w i l l  a llo w  us t o  d is c u s s  th e  

in f lu e n c e s  o f  th e  t h i r d  o rd e r  te rm s in  th e  s im p le s t  p o s s ib le  c a s e .  Be­

h a v io r  a t  th e  c e n te r  i s  th e n  sum m arized by th e  fo llo w in g  e q u a t io n s :

qp = qo , and

EBj^ (  [ q Q+ g ( o  ,p ) 3 ,n  )  • g 2 C o  ,P  ) 
p = -  Eg2( a ,p )  *

a « 23The f i r m 's  r e a c t io n  cu rv e  i s  s t i l l  q ( 0 ,£ )  = qQ + g [ a ( 0 , £ ) ,p ] .  I n  t h i s  

c o n te x t ,  th e  co m p ara tiv e  ad v an tag e  o f  p r i c e s  i s  g iv e n  b y :

%
[B1 (q ,n ) -C 1 ( q ,0 ,5 ) ] d q

q Q + g ( a , p )

S - E [ a * g ( a , p ) ]  + |(B 11-C11)V ar[g(o,f)3 + |(B 111-C111)Cp3(gCo*§3)3 

+ |< bi i - c i 1 >^e 8>2 + g<B1T1-Cn 1 )C (E g)3 + 3Eg Var g3. ( 2 .2 .1 3 )

The ex trem e v a lu e s  o f  B11 and p ro v id e  a  r e v e a l in g  a re n a  in  which 

t o  b e g in  o u r d is c u s s io n  o f  A^. O bserve t h a t  th e s e  p a ra m e te rs  s t i l l  r e ­

f l e c t  t h e  c u rv a tu r e s  o f  th e  b e n e f i t  and c o s t  f u n c t io n s ,  r e s p e c t iv e l y .

We n o te  f i r s t  o f  a l l  t h a t

lim  .A. = -®B^-> - «  4

23In  t h i s  d ig r e s s io n , th e  random v a r i a b le  € rem ain s  as  an in d e x  o f  a  
seco n d  s o u rc e  o f  c o s t  d is tu rb a n c e .
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On th e  o th er hand, we have ju s t  demonstrated th a t

»  E [g (o ,p )D  = 0 ,

„  V a r [g (a ,p ) ]  = 0 ,  and

»  W3C g (a .? ) ]  = 0 .
C11 3

S in ce  g(a,f>) i s  ze ro  a t  th e  same l i m i t ,

C11!  „  C o v [a ;g (o ,p )3  = 0 .
Cn

E q u a tio n  ( 2 .2 .1 1 )  can  be used  t o  show t h a t

C11™ •  C V a r [g (o ,p ) ]  = 0 ,  
°1 1  x

2M-
a s  w e l l .  As a  r e s u l t ,  we conclude t h a t

lim  .

v  4 ,(  =  0 -

24From e q u a tio n s  ( 2 .2 .1 2 ) ,

0 /°(Q  » € )\2  £ 2 / _) c  /<*(6 »5) \2
Cl l *  M* '  -  Cl l g ^ ° ,P '  -  LU K CX1 }

f o r  ( 6 ,5 )  su ch  t h a t  a ( 8 ,5 )  > 0 ;  f o r  ( 6 ,5 )  su ch  t h a t  o (6 ,5 )  < 0 ,

C 2  g  2 / 0  f i )  > c
^11* M" '  -  Cl l g l a ,p J  -  L11V Cn  '  *

In  e i t h e r  c a s e ,  s in c e  M' and MM a r e  b o th  o f  th e  form (a  + b C ^ ) ,
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In  b o th  c a s e s ,  v a r i a t io n  in  o u tp u t under p r ic e s  i s  deemed u n d e s ira b le  

b eca u se  o f  la r g e  c u rv a tu re  in  th e  lo s s  f u n c t io n .  The e f f e c t  o f  c o s t  

d is tu rb a n c e s  on o u tp u t i s  d im in ish e d , how ever, a s  in c r e a s e s .  The 

r e s u l t i n g  in d i f f e r e n c e  in  th e  l i m i t in g  c a s e  p ro v id e s  s t ro n g  ev id en ce  

t h a t  o u tp u t v a r i a t io n  u nder p r ic e s  rem ains th e  p o w erfu l d e te rm in a n t o f  

th e  com parative  ad v an tag e .

C o n s id e ra tio n  o f  th e  t h i r d  moment te rm  in  (2 .2 .1 3 )  w i l l  s t r e n g th e n  

t h i s  co n c lu s io n  even f u r th e r .  Suppose t h a t  p o s i t i v e  d iv e rg e n c e s  from 

th e  mean in  m a rg in a l c o s ts  a r e  l a r g e r  th a n  th e  co rre sp o n d in g  n e g a t iv e  

d iv e rg e n c e s ; t h a t  i s ,  suppose t h a t  m a rg in a l c o s ts  a r e  p o s i t i v e ly  skewed. 

We have a lre a d y  n o te d  in  Lemma 3 t h a t  an in c re a s e  in  c o s ts  w i l l  c r e a te  

a  l a r g e r  change in  o u tp u t ( a  re d u c t io n )  th a n  w i l l  an  e q u a l d e c re a se  in  

c o s t s  ( t h a t  w i l l  c r e a te  an in c re a s e  in  o u tp u t ) .  Q u a n tity  s h o r t f a l l s  

a r e  th e r e f o r e  l a r g e r  th a n  s u r p lu s e s .  R e c a llin g  t h a t  s h o r t f a l l s  have 

b een  assumed more harm fu l th a n  s u r p lu s e s ,  we e a s i l y  s e e  how t h i s  b ia s  in  

o u tp u t v a r i a t io n  becomes an a d d i t io n a l  l i a b i l i t y  t o  p r i c e  r e g u la t io n .

The e f f e c t  o f  c o s t  d is tu rb a n c e s  on o u tp u t i s  d im in ish e d , how ever, a s  

Cu  in c r e a s e s ;  in  th e  l i m i t ,  th e  t h i r d  moment te rm  v a n is h e s .  O bserve , 

a s  a  f i n a l  n o te ,  t h a t  i f  c o s ts  w ere n e g a t iv e ly  skewed to  a  d eg ree  s u f f i ­

c i e n t  t o  c r e a te  a  p o s i t i v e  o u tp u t b i a s ,  th e n  o u tp u t skew ness would b e  in  

th e  c o r r e c t  d i r e c t io n  and would w eigh p o s i t i v e ly  on th e  co m para tive  ad ­

v a n ta g e  o f  p r i c e s .

The t h i r d  moment te rm , to g e th e r  w ith  ( j ) ( B 11-C11 )V arC g(a,f5)] m easures 

t h e  lo s s e s  t h a t  p r ic e  c o n t ro ls  in c u r  becau se  o f  o u tp u t v a r i a t io n  around 

a  mean, qQ + E [g (a [0 ,£ ] $ ) ] .  R e c a ll  t h a t  such  v a r i a t i o n  r e s u l t s  in  l e s s  

b e n e f i t s  and h ig h e r  c o s ts  th a n  c e r t a i n  o u tp u t p ro d u c tio n  a t  th e  mean.
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The c o u n te rb a la n c in g  e f f ic ie n c y  g a in s  a r e  c a p tu re d  by  th e  c o v a ria n c e  o f  

a  and  g ( a , p ) .  S in ce  p r o f i t  m axim izers r e a c t  c o r r e c t ly  t o  changes in  

c o s t s ,  t h i s  c o v a r ia n c e  i s  alw ays n e g a tiv e  ( a s  c o s t s  in c r e a s e ,  i . e .  

a ( 0 ,£ )  in c r e a s e s ,  o u tp u t  i s  d im in ish ed  c e t e r i s  p a r ib u s ; g (a ,f j)  f a l l s ) .  

Only p r i c e  c o n t ro l s  a llo w  t h i s  r e a c t io n ,  so  th e  n e g a t iv e  c o v a ria n c e  i s  

s u b tr a c te d  t o  p ro v id e  a  p o s i t i v e  b ia s  i n  th e  com para tive  o f  p r i c e s .

T here  a r e  s e v e r a l  rem a in in g  te rm s in  th e  e x p re s s io n  f o r  A  ̂ t h a t  

w a rra n t a t  l e a s t  p a s s in g  m en tion . We can  e a s i l y  show t h a t  s in c e  B' = Cf ,

-E

rqQ + (g -E g)

(Bj -C j M , = i  ( B ^ - C ^ H E g ) 2 ♦  i  ( B ^ - ^ X E g ) 3 ♦ ±  ( B ^ - C ^ C E g J V a r  g .

qo + (g -E g) + g

The l a s t  th r e e  te rm s in  e q u a tio n  (2 .2 .1 3 )  th e r e f o r e  r e p r e s e n t  th e  e x t r a  

l o s s  a t t r i b u t e d  t o  p r i c e  c o n t ro l  b ecau se  th e  ex p ec ted  v a lu e  o f  o u tp u t
A

does n o t e q u a l qQ—th e  p o in t  a t  which ex p ec ted  m a rg in a l c o s ts  and b e n e f i t s

a re  e q u a l .  N o tic e  t h a t  when Eg < 0 ,  f o r  exam ple , t h a t  th e  " s t r a i g h t  l i n e
1 2l o s s , "  m easured  by ( y ) ( ) ( Eg)  , i s  dampened by th e  t h i r d  o rd e r  te rm . 

The same c u rv a tu re  in  th e  m a rg in a l fu n c tio n s  t h a t  in tro d u c e s  .asymmetry 

i n t o  s o c i a l  l o s s e s  a l s o  te n d s  t o  red u ce  t h i s  p a r t i c u l a r  l i a b i l i t y  f o r  

p r i c e s ,  i n  t h i s  p a r t i c u l a r  c a s e .  T here a r e ,  t o  b e  s u r e ,  o th e r  p o s s ib le  

c a s e s  i n  w hich th e  t h i r d  o rd e r  te rm  a m p lif ie s  th e  l o s s .

The e f f e c t s  t h a t  a re  c r e a te d  by th e  r e in t r o d u c t io n  o f  n o n - t r i v i a l  

o u tp u t d i s t o r t i o n  u n d er q u a n t i ty  c o n t ro l  a r e  e n t i r e l y  p r e d ic ta b le .  In  

t h i s  c a s e ,  th e  co m p ara tiv e  ad v an tag e  o f  p r ic e s  i s  g iv e n  by A^ below :
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= -E [a * g (a ,p ) ]  -  E[a«<K 5)]

+ J  ( B ^ - C ^ X V a r  g ( a ,p )  -  Var $)

+ F B̂n j~cn i,̂ ya(g[«»p3 - PgĈII)!!

+ j  (Bu - cu > (Eg>2 + |  B̂u i _cl l l ),:(Eg)3 + 3<E«>Var &•
( 2 .2 .1 4 )

In  th e  l i m i t  a s  1 becomes a r b i t r a r i l y  l a r g e ,  we now f in d  p r i c e s  o v e r­

w helm ingly  p r e f e r r e d ;

„  Aq = C ov(o;+ ) + (y)Ci;LV ar(^) = » .

O u tpu t v a r i a t i o n  i s ,  o f  c o u r s e ,  d e t r im e n ta l  a t  t h i s  e x tre m e , and w h ile  

in c r e a s in g  w i l l  d e c re a se  th e  v a r ia n c e  o f  o u tp u t u n d er p r i c e s ,  i t  h as 

no e f f e c t  on th e  v a r ia n c e  o f  o u tp u t u nder q u a n t i t i e s .  S im i la r ly ,

Hm A, = 
Bl l * ~  *

+ • ;  V ar[g (a ,f> )] < V a r ( t)

-  « ;  V ar[g (a ,ji)!l > V a r($ ) ;

t h e  r e l a t i v e  d eg ree  o f  o u tp u t v a r i a t i o n  i s  a g a in  c r u c i a l . O utpu t v a r i a ­

t i o n  i s  l i k e l y  t o  be l e s s  u n d e r  p r ic e s  th a n  under q u a n t i t i e s  f o r  la r g e  

v a lu e s  o f  C ^ ,  and p r i c e  c o n t ro l s  a re  th e r e f o r e  t o  b e  f a v o re d . Con­

v e r s e ly ,  when C11 i s  s m a l l ,  th e  e f f e c t s  o f  c o s ts  d is tu rb a n c e s  in  a  p r i c e  

reg im e w i l l  l i k e l y  dom inate and q u a n t i t i e s  w i l l  be  p r e f e r r e d .

The t h i r d  moment te rm  i n  (2 .2 .1 4 )  fu n c tio n s  p r e c i s e ly  a s  i t  d id  

i n  ( 2 .2 .1 3 ) .  The dichotom y o f  e f f e c t s — X O  in f lu e n c in g  o n ly  q u a n t i ty  

c o n t r o l s  and g ( a ,p )  in f lu e n c in g  o n ly  th e  p r i c e  mode—g e n e ra te s  t h e
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o p p o s ite  s ig n s .  The f i n a l  new te rm  i s  th e  c o v a r ia n c e  o f  th e  random 

v a r ia b le  in f lu e n c in g  o u tp u t u n d er q u a n t i t i e s  and th e  random changes in  

m a rg in a l c o s t s ;  we have seen  i t  b e fo re .  I f  t h a t  c o v a r ia n c e  i s  n e g a t iv e ,  

o u tp u t u n d e r th e  q u a n t i ty  mode o f  c o n t ro l  te n d s  t o  d e c re a se  a s  m a rg in a l 

c o s t s  a r e  in c r e a s in g .  S ince  t h i s  i s  th e  c o r r e c t  d i r e c t i o n ,  we o b serv e  

a  p o s i t i v e  b ia s  tow ard  th e  q u a n t i ty  mode. O utput te n d s  t o  move in  th e  

wrong d i r e c t i o n  and p ro d u ces  a  co rre sp o n d in g  l i a b i l i t y  t o  q u a n t i t i e s  i f  

th e  c o v a r ia n c e  i s  p o s i t i v e .

The le s s o n  o f  t h i s  s u b se c tio n  i s ,  a t  t h i s  p o in t ,  i n t u i t i v e l y  c l e a r :  

th e  t h i r d  o rd e r  te rm s c r e a te  a  g r e a t  d e a l  o f  m a th em a tic a l havoc and 

r e v e a l  v e ry  l i t t l e  new econom ics. The new e f f e c t s  t h a t  w ere r e v e a le d  

co u ld  have been  d em o n stra ted  j u s t  a s  w e ll by h e u r i s t i c  r e a s o n in g .  We 

r e t u r n ,  t h e r e f o r e ,  t o  th e  rea lm  o f  l i n e a r  m a rg in a l f u n c t io n s .  Any s i g ­

n i f i c a n t  t h i r d  o rd e r  e f f e c t s  t h a t  we th e re b y  subm erge w i l l  be  deduced 

h e u r i s t i c a l l y  i n  th e  c o n te x t  o f  th e  geom etry t h a t  o r i g i n a l l y  in s p i r e d  

t h i s  s u b s e c t io n .

2 .2 .3 :  The Im pact o f  a  C ap ac ity  C o n s tra in t

We have n o te d  in  s u b se c tio n  2 .2 .1  t h a t  c e n t r a l  p la n n e rs  " t o t a l l y

a d a p t"  t h e i r  q u a n t i ty  o rd e rs  to  th e  o u tp u t d i s t o r t i o n  t h a t  th e y  f a c e ;

t h a t  i s ,  th e  o rd e r  i s  s p e c i f i e d  s o  t h a t  th e  o u tp u t mean i s  p r e c i s e ly

e q u a l t o  th e  o u tp u t l e v e l  t h a t  would be r e q u ir e d  w ere q u a n t i ty  o rd e rs

25f i l l e d  w ith  c e r t a i n t y .  I t  i s  o f te n  a rg u e d , how ever, t h a t  i n  t h e  fa c e

25 A AE q u a tio n  ( 2 .2 .2 )  o b se rv es  t h a t  q_ = q -  E$. A c tu a l o u tp u t ,  
t h e r e f o r e ,  h a s  a  mean g iv en  by E [qQ -  E$ + $ ? § )]  = qQ.

■
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o f  a  c a p a c i ty  c o n s t r a i n t ,  p la n n e rs  h ed g e , i n  th e  s h o r t  r u n ,  a g a in s t  th e  

s e v e re  c o s t  p e n a l t i e s  o f  p ro d u c in g  above norm al c a p a c i ty  by  n o t  ad a p tin g ; 

t h e i r  q u a n t i ty  o rd e rs  c o m p le te ly . We can  co n ce iv e  o f  th e s e  c o s t  in ­

c re a s e s  em erging from a  v a r i e ty  o f  s o u rc e s ;  o v ertim e  wages and in c re a s e d  

m a in tenance  on overw orked and a c c e le r a te d  m achinery  a re  b u t  two e n t r i e s  

i n  a  lo n g  l i s t .  In  t h i s  b r i e f  s u b s e c t io n ,  we exam ine t h i s  c o n je c tu re  

and  i n f e r  i t s  e f f e c t  on th e  p r i c e s - q u a n t i t i e s  com parison by a p p ly in g  a  

p re v io u s  r e s u l t .

T here i s  no need t o  become swamped by e q u a tio n s  in  t h i s  s tu d y ; 

g eo m e tric  re a s o n in g  w i l l  s u f f i c e .  We can  in c o rp o ra te  a  c a p a c ity  con­

s t r a i n t  i n t o  o u r l i n e a r  model in  th e  fo llo w in g  m anner. D efin e  a  p o in t  

q03** a t  w hich m a rg in a l c o s ts  become su d d en ly  s te e p e r  f o r  a l l  s t a t e s  o f  

n a tu r e .  F ig u re  (2 .1 0 )  i l l u s t r a t e s  ou r d e f i n i t i o n  f o r  s e v e r a l  a r b i t r a r y  

v a lu e s  o f  ( 0 ,5 ) •  I f  t h e r e  e x i s t s  a  s t a t e  o f  n a tu re  such  t h a t  qQ + $ (£ )  

ex ceed s q03** ( a  r e a s o n a b le  fo rm a l iz a t io n  o f  " fa c in g  a  c a p a c i ty  con­

s t r a i n t " ) ,  th e n  t h a t  s t a t e  i s  burdened  w ith  a  p e n a l ty  o f  h ig h e r  c o s t s .  

The shaded a r e a  in  F ig u re  (2 .1 1 )  i l l u s t r a t e s  t h i s  p e n a l ty  g r a p h ic a l ly .  

T hese  p e n a l t i e s  a c h ie v e  an  in c re a s e  i n  ex p ec ted  c o s ts  o f

r cap
q *

E { (C11 + cu ) ( q  ~ « o )d* } > 0

q0 + ♦ ( «

As a  r e s u l t ,  th e  o p tim a l q u a n t i ty  o rd e r  i s  re d u c e d ;

= q -  E (*) -  A,*o

3̂icV-. ■ ~
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26w here A > 0 .  We co n c lu d e , a s  e x p e c te d , t h a t  th e  c e n te r  no lo n g e r  

f u l l y  a d a p ts  t o  th e  o u tp u t d i s t o r t i o n  o f  q u a n t i ty  o r d e r s .

The e f f e c t  on th e  com para tive  advan tage o f  p r ic e s  i s  a l s o  e a s i l y  

deduced . I f  th e r e  e x i s t  s t a t e s  o f  n a tu re  such  t h a t  th e  o p tim a l p r ic e  

o rd e r  i n t e r s e c t s  th e  s te e p e r  c o s t  s c h e d u le ,  th e n  th e r e  i s  a  p o s i t i v e  

b ia s  tow ard  p r i c e s ,  s in c e  o u tp u t v a r ia t io n  u n d er p r ic e s  i s  l e s s ,  in  

th e s e  s t a t e s ,  th a n  i t  was w ith o u t th e  c a p a c ity  c o n s t r a i n t .  When we 

s t a t e  t h i s  r e s u l t ,  we a r e ,  o f  c o u r s e ,  draw ing on th e  f u l l y  developed  

in f lu e n c e  o f  in  tra n s fo rm in g  c o s t  d is tu rb a n c e s  i n t o  o u tp u t v a r i a t io n  

u n d e r p r i c e  r e g u la t io n .

S e c t io n  2 .3 :  U n c e r ta in ty  Between P ro d u c tio n  and Consumption •

The m o tiv a tin g  exam ple f o r  t h i s  s e c t io n  i s  any a i r  p o l lu t io n  c a se  

i n  w hich th e  amount o f  p o l lu t io n  b e in g  e m itte d  from a  sm okestack ( th e  

q u a n t i ty  p roduced) i s  t y p i c a l l y  f a r  g r e a t e r  th a n  th e  amount b e in g  b re a th e d  

by  th e  im m ediate p o p u la tio n  ( th e  q u a n t i ty  consum ed). To model t h i s  exam­

p l e ,  we w r i te

qc = qa + *(*>.

26The f i r s t  o rd e r  c o n d it io n  t h a t  d e te rm in es  th e  o p tim a l q u a n t i ty
o r a e r  i s  now

E C (c i i " Bn ) ( V * U ) " ^ o )  + ( c i i ~ c i i } Cmax ( °  ; ( qp+4»( C) -q c a p ) )  3 3 = 0  

Under th e  c o n s t r a i n t  l i s t e d  in  th e  t e x t

( c J l - c ^ l) [m a x (° ;[q p + $ U ) -  qcap 3) > 0 .

T h e re fo re ,  we can conclude t h a t

C2 -C1
3 = q_ -  E$ -  ( w1-1- :=■—)ECmax(0;[3 + $ (5 )  -  qcap3 ) 3 .
-p  o Cn - Bi i
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w here q i s  th e  q u a n t i ty  consumed, q i s  th e  q u a n t i ty  a c tu a l ly  p ro d u ced ,
C ol

and 4*(X) i s  th e  d i s t o r t i o n  c r e a te d  by th e  v e c to r  o f  random v a r ia b le s  X. 

The j o i n t  d i s t r i b u t i o n  o f  th e  fo u r  random v a r ia b le s  i s  now

C o sts  a r e ,  o f  c o u r s e ,  a  fu n c tio n  o f  q , and b e n e f i t s  depend on q .
3  C

For any q u a n t i ty  o rd e r  is s u e d  by th e  c e n t e r ,  q ^ , and a r b i t r a r y  

v a lu e s  o f  0 ,  £ ,  n ,  and X, th e  e f f ic ie n c y  lo s s  i s

L(q^0,S, i i ,X)  = -

l0 p t+*(A)

B1 (q ,n )d q  + 

q p+ $ (|)+ K X )

' o p tq. *

C ^ q .S iD d q .  

i p  + ♦ (£ )

The c e n te r  s e l e c t s  th e  o p tim a l q u a n t i ty  o r d e r  by m in im izing  ex p ec ted  

lo s s e s  and m ust th e r e f o r e  so lv e  th e  fo llo w in g  f i r s t  o rd e r  c o n d it io n :

0 = + ♦ (£ ) + iKA) -  qQ) + + * (5 )  -  qQ)

The o p tim a l q u a n t i ty  o r d e r ,  th e n ,  i s  g iv en  by

Bn E*A  ̂ 11 ( 2 .3 .1 )

The co rre sp o n d in g  o p tim a l p r ic e  o rd e r  can  be seen  to  e q u a l

C11BH E*
P = C* -  ( <B ' S ' -(Bn cnJ

by n o tin g  t h a t  th e  " e f f e c t iv e "  r e a c t io n  fu n c t io n  o f  th e  f irm  t o  any 
27p r ic e  o rd e r  i s

27By " e f f e c t iv e  re sp o n se  f u n c t io n ,"  we mean th e  q u a n t i ty  a c tu a l ly  
consum ed, g iv e n  tp(X), a f t e r  th e  f irm  r e a c t s  t o  p,  6 ,  and £ i n  d e c id in g  
t o  p roduce  th e  p r o f i t  m axim izing am ount.
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q(p,0.5.X) = S + P-C,:-ot(e»£). + *(X).
'11

The p ro d u c tio n  re s p o n s e  fu n c t io n  t o  th e  o p tim a l p r i c e  i s

_ - o (6 ,£ )  Bn  E*
q ( e ,5) = qo * - T T 5-  ■ *

'11 Bn - Cn
( 2 . 3 . 2 )

The co m p ara tiv e  ad v an tag e  o f  p r ic e s  o v e r q u a n t i t i e s  i s  deduced 

from  ( 2 . 3 . 1 )  and ( 2 . 3 . 2 ) :

4 .  = -E {

qp + $ (5 )  + V»(A) 

B1 (q ,n )d q  

q ( 6 ,5 )  + *(X)

q ( e ,5 ) ip + * (5 )

= -E { B1 (q ,n )d q  + (B1(q ,n ) -C 1( q ,e ,5 ) ) d q  +

q (e ,5 )+ * (A ) q (0 ,5 )

i p  + ♦ (? )

C ^ q .O .O d q  } 

q (0 ,5 )

*qp+*(5)++(X)

B1(q ,n )d q  J 

qp+*(5)

i ? -«  b ( E* r
= -  + 2 E ( * - ( ^ - ) )  «■  ) -  E (e (n ) .* (A ))

'11 11 11

O bserve i n i t i a l l y  t h a t

f q (e .c )

(Bx )dq

q (e ,c )+ * (x )

rqn++(5)+’l'(X) ,
1 2 B <E*)2

E (B1 )dq = i  B11(E*^+2E(t-*)-2E*E#+ b^ . C/  > + E(B *«).

‘ qp+*(5)

T h e re fo re ,  we co n c lu d e  t h a t

11 "11

Ag = -  B11 (C o v (^ ;^ ) -  Cov(g2— ; ^») + Ag, ( 2 . 3 . 3 )

w here Ag i s  d e f in e d  in  s u b s e c tio n  2 . 2 . 1 .  The two c o v a ria n c e s  r e f l e c t
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th e  c o r r e l a t i o n  betw een th e  p o t e n t i a l  so u rc e s  o f  o u tp u t v a r i a t io n  and

28th e  consum ption d i s t o r t i o n .  I f  Cov ($ ;♦ )  i s  p o s i t i v e ,  f o r  exam ple, 

th e  consum ption d i s t o r t i o n  and th e  o u tp u t d i s t o r t i o n  u n d er q u a n t i t i e s  

te n d  to  move in  th e  same d i r e c t io n ,  a m p lify in g  each o th e r .  Such an 

in c re a s e  in  v a r ia n c e  i s  h a rm fu l, and we n o te  a  p o s i t i v e  b ia s  tow ard 

p r i c e  c o n t r o l s .  S in ce  th e s e  e f f e c t s  e n te r  th e  model o n ly  th ro u g h  th e  

b e n e f i t  f u n c t io n ,  i s  th e  lo n e  c o e f f i c i e n t .  I t  i s  a l s o  im p o rtan t 

t o  n o te  t h a t ,  a s id e  from th e s e  c o r r e l a t i o n  e f f e c t s ,  th e  consum ption d i s ­

t o r t i o n  i s  n e u t r a l .

The re a so n s  f o r  t h i s  n e u t r a l i t y  a re  tw o fo ld ; b o th  a r e  re v e a le d  by 

t h e  fo llo w in g  theorem :

Theorem 1 :

Given a  q u a d ra t ic  v a lu a t io n  fu n c tio n  and two d is tu rb a n c e s  

around  i d e n t i c a l  m eans, th e  r e l a t i v e  ex p ec ted  v a lu a t io n  o f  

t h e  tw o d is tu rb a n c e s  i s  in v a r i a n t  under a r b i t r a r y  t r a n s l a t i o n .

N o tic e  t h a t  o u r p r e s e n t  exam ple e a s i l y  s a t i s f i e s  th e  c o n d i t io n a l  c la u se  

o f  th e  theorem . Our v a lu a t io n  fu n c tio n  i s  sim ply  th e  b e n e f i t  fu n c t io n ,  

s in c e  th e  consum ption d i s t o r t i o n  a f f e c t s  o n ly  th e  q u a n t i ty  consumed.

The b e n e f i t  fu n c tio n  i s  in d eed  q u a d r a t ic .  O bserve f u r th e r  t h a t

Bn  E*
Eq = E q  (8 ,5 )  = q -  ( ~ , 

c  o 11 1 1

28The c o r r e l a t i o n  e f f e c t  betw een \(( X) and th e  b e n e f i t  fu n c tio n  in ­
f lu e n c e s  b o th  modes e q u a l ly ,  and th e r e f o r e  c a n c e ls .
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and  t h a t  s in c e  $(A) i s  a d d i t i v e ,  we a r e  e f f e c t iv e l y  add ing  E (f(A ))  t o
A

b o th  q and q (9 ,£ )  f o r  a l l  ( 0 ,5 ) .  Theorem 1 th e r e f o r e  r e e s t a b l i s h e s  c

th e  c o n c lu s io n  o f  ( 2 .3 .3 )  when A i s  in d ep en d en t o f  8 , 5 , and n .

To p ro v e  th e  th eo rem , l e t

V(x) = VQ + V ^ x )  + Vj j (̂x ) 2 ( 2 .3 .4 )

be  th e  v a lu a t io n  fu n c tio n  and d ^ (x ) and  d^(x ) b e  th e  two d is tu rb a n c e s  

around  a  s in g le  mean x q .  Assume t h a t  f ^ ( x )  d i s t r i b u t e s  x  and t h a t  th e r e  

e x i s t s  a  su b se t S o f  th e  domain o f  f x (x )  such t h a t

d ^ (x ) i  d j ( x )  f o r  any x  S , and

I "
xcS

x fx (A)dx /  0.

R ew rite  ( 2 .3 .4 )  i n  th e  fo llo w in g  form :

V(x) = v  + v . ( x  — x  ) + v . ( x  -  x )2 , o l  o 11 o .

where

VI  = V1 + 2Vl l V

VI I  = Vl l *  and

V« = Vo + V1X« + V„ ( 0 2 .O O 1 O 11 o 

The expec ted  v a lu e  o f  th e  f i r s t  d is tu rb a n c e  b e fo re  t r a n s l a t i o n  i s

th e n

E(V(dx ( x ) ) )  = v q  +  vxEdx +  vu E(d1 ) 2

'= vo  + VjEd^ + v11(V ar(d 1 ) -  ( E d ^ 2 )
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S im i la r ly ,  f o r  th e  second d is tu rb a n c e ,

E(V(d2 ( x ) ) )  = vq + + v ^ C V arC d j) -  (E d ,,)2 )

He d e f in e  th e  " r e l a t i v e  ex p ec ted  v a lu a tio n "  a s  th e  d i f f e r e n c e  o f  th e s e  

two e x p re s s io n s  and t h u s ,

E(V(d1 )-V (d2 ) )  = v ^ E d j-E d g )  + v11 (V ar(d1 )-V a r(d 2 ))

+ v ^ C E d j^ )2 -  (Ed2 ) 2 ) .

S uppose, f o r  th e  sake  o f  argum ent, t h a t  we t r a n s l a t e  th e  f i r s t  d is tu rb a n c e  

by an  amount and  th e  second by an  amount T hen,

E(V(d1+L1 ))  = v q  + v1<Ed^+L1 ) + vn (V ar(d1 ) )

+ V j j U E d ^ 2 + 2I>1Ed1 + (Lx )2 ) .

T here  i s  a  s im i la r  e x p re s s io n  f o r  E(V(d2+L2 ) )  so  t h a t  th e  r e l a t i v e  

v a lu a t io n  a f t e r  t r a n s l a t i o n  i s  g iv e n  by

v ^ E d j- E d j )  + v11(V ar(d1 )-V a r(d 2 ) )  + v11((E d1 ) 2-(E d 2 ) 2 )

+ vH (Li 2“L22) + vl l (2Li Edi * 2L2Ed2 ) + Vl (Ll " L2 ) *

The r e l a t i v e  v a lu a t io n  w i l l  rem ain  c o n s ta n t  i f  Ed^ = Ed2 and s  L j .

He a l s o  n o t e ,  f o r  f u tu r e  r e f e r e n c e ,  t h a t  when Ed^ ? Ed2 ,  th e  r e l a t i v e  

v a lu a t io n  i s  a l t e r e d  by 2v11L1 (Ed1-Ed2) , even i f  1^ = L^. I t  was th e r e ­

f o r e  c r u c i a l ,  f o r  th e  v a l i d i t y  o f  o u r n e u t r a l i t y  r e s u l t ,  t h a t  b o th  o u tp u t 

d i s t o r t i o n s  have th e  same mean.

I t  i s  a l s o  i n s t r u c t i v e  to  n o te  th e  n e c e s s i ty  o f  th e  q u a d ra t ic  v a lu a ­

t i o n  fu n c t io n  in  o u r r e s u l t .  The r e l a t i v e  ex p ec ted  v a lu a t io n  w i l l  alw ays

ll&
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b e  a l t e r e d  by t r a n s l a t i o n  i f  th e  v a lu e  fu n c t io n  i s  n o n t r i v i a l l y  c u b ic ,  

even when th e  d is tu rb a n c e s  have e q u a l  means and a r e  t r a n s l a t e d  e q u a l 

d i s t a n c e s .  To s e e  t h i s ,  o b se rv e  t h a t  in  th e  c u b ic  c a se  when Ed^ = E d j, 

th e  r e l a t i v e  e x p e c te d  v a lu a t io n  i s

v11(V ar(d 1 )-V a r(d 2 ) )  + 3v111(E d )(V ar(d 1 )-V ar(d 2 ))

b e f o r e  t r a n s l a t i o n ,  and

v11(V ar(d 1 )-V a r(d 2 ) )  + 3v 1, ,  (E d+ L H V arU , )-V a r(d ? ) )

a f t e r  t r a n s l a t i o n  ( o f  an  a r b i t r a r y  le n g th  L ) . The d i f f e r e n c e  o f  th e s e  

e x p re s s io n s  i s  th e  c r u c i a l  s t a t i s t i c ;  i t  i s

3v., 11L(V ar(d.| ) -V a r(d ? ) ) , i . e . ,  ( 2 .3 .5 )

th e  change in  th e  s lo p e  o f  th e  m a rg in a l v a lu e  sc h e d u le  betw een ( x q  + Ed)

and (x_  + Ed + L) tim e s  th e  d i f f e r e n c e  in  t h e  v a r ia n c e  o f  th e  two d i s -  o

tu r b a n c e s .

The r e l a t i v e  e f f e c t s  o f  th e  v a r ia n c e s  o f  th e  two d is tu rb a n c e s  on 

th e  e x p ec ted  v a lu a t io n  a r e  th e r e f o r e  in c re a s e d  (d e c re a se d )  i f  th e  t r a n s ­

l a t i o n  moves th e  d is tu rb a n c e s  i n t o  a  r e g io n  in  w hich th e  v a lu e  fu n c tio n

29i s  m ore ( l e s s )  h ig h ly  cu rv ed . R e tu rn in g  t o  o u r m odel, i f  E4>(1) < 0 , 

f o r  exam ple , th e n  th e  mode o f  c o n t r o l  t h a t  a llo w s  th e  g r e a t e r  v a r ia n c e  

in  o u tp u t i s  sh a c k le d  w ith  an even g r e a t e r  n e g a t iv e  b ia s  i n  th e  compara­

t i v e  ad v an tag e  o f  p r i c e s ,  when 11 > 0 . N o tic e ,  how ever, t h a t  ( 2 .3 .5 )

29Note t h a t  i f  v , 11 > 0 ,  L < 0 moves t h e  d is tu rb a n c e s  i n t o  a  more 

h ig h ly  cu rved  r e g io n .  A l t e r n a t iv e ly ,  i f  v  ̂11 > 0 and L > 0 ,  th e y  a r e  

moved i n t o  a  f l a t t e r  r e g io n .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-64-

g u a ra n te e s  t h a t  t h i s  t h i r d  o rd e r  e f f e c t  o f  th e  consum ption d i s t o r t i o n

30o n ly  a c c e n tu a te s  o r  dampens th e  o v e r a l l  e f f e c t  o f  o u tp u t v a r i a t i o n .

We h a v e , n o n e th e le s s ,  d is c o v e re d  a  s i g n i f i c a n t  econom ic in f lu e n c e  t h a t  

was subm erged by th e  symmetry o f  o u r q u a d ra t ic  a p p ro x im a tio n s .

S e c tio n  2 .4 ;  The Im pact o f  In a c c u ra te  In fo rm a tio n

We have r e q u i r e d , in  th e  p re v io u s  s e c t io n s  o f  t h i s  c h a p te r ,  t h a t  

th e  c e n te r  i s s u e  e i t h e r  a  p r i c e  o r d e r ,  o r  a  q u a n t i ty  o r d e r ,  b e fo re  th e  

v a lu e s  o f  th e  random v a r ia b le s  t h a t  in f lu e n c e  th e  p ro d u c tio n  outcom es 

o f  th o s e  o rd e rs  become known. The c e n te r  h as  been  e q u ip p ed , th u s  f a r ,  

w ith  p r e c i s e  knowledge o f  th e  d i s t r i b u t i o n  o f  th e  random v a r ia b le s .  I t  

i s  q u i t e  l i k e l y ,  how ever, t h a t  th e  c e n te r  i s  n o t  so  eq u ipped . The sub­

j e c t i v e  d i s t r i b u t i o n  w ith  which i t  makes i t s  d e c is io n s  w i l l  b e  in a ccu ­

r a t e  f o r  o n e , o r  many, o f  a  v a r i e ty  o f  re a so n s  (a n  u n p e rc e iv e d  b ia s  in  

m easurem ent, an i n s u f f i c i e n t l y  f i n e  m easurem ent g r i d ,  e t c . ) .  In  t h i s  

s e c t i o n ,  we r e q u i r e  t h a t  th e  c e n te r  i s s u e  o rd e rs  on th e  b a s i s  o f  ex p ec ted  

v a lu e  com pu ta tions  perfo rm ed  w ith  an  in a c c u ra te  d i s t r i b u t i o n  

( *eenX(0 ,5 ,n ,A )  * f g ^ ^ ^ O , 5 ,n ,A ) f o r  ex am p le), and a sk  what e f f e c t ,  i f  

a n y , t h i s  c o m p lic a tio n  has on th e  co m p ara tiv e  ad v an tag e  o f  p r i c e s  i n  

th e  c a se s  t h a t  we have j u s t  s tu d ie d .

2 .4 .1 :  U n c e r ta in ty  u n d er Q u a n tity  C o n tro l

F o r any  q u a n t i ty  o r d e r ,  q ^ ,  and a r b i t r a r y  v a lu e s  o f  0 ,  £ ,  and n ,

30We a re  d is c u s s in g  o n ly  th e  v a r i a t io n  e f f e c t .  I f ,  w ith o u t th e  con­
sum ption  d i s t o r t i o n ,  p r ic e s ,w e re  s l i g h t l y  p r e f e r r e d ,  even though

V ar(^2—) > V a r($ ) ,  th e  consum ption, d i s t o r t i o n  co u ld  r e v e r s e  t h e  o v e r a l l
. c u

p r i c e s - q u a n t i t i e s  p re fe re n c e .
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th e r e  e x i s t s  an e f f ic ie n c y  lo s s  g iv e n  by

CB1 (q ,n )  -  C1 ( q ,0 ,C ) )d q .  

ip  + * (5 )

The c e n te r  s e l e c t s  th e  o p tim a l q u a n t i ty  o r d e r ,  ^ , by m in im izing  th e  

s u b je c t iv e  ex p ec ted  v a lu e  o f  th e s e  lo s s e s ,

E(L(qp ; 0 ,  I ,  * ) ) ,

4k

w here E (— ) r e p re s e n ts  th e  i n t e g r a l  o p e ra to r

( — ) f 65n(0 ,5 ,n )d n d £ d 0 . 

0 i  n

The f i r s t  o rd e r  c o n d itio n  o f  t h i s  m in im iza tio n  d e te rm in e s

= 4,
E a(0 ,O -E B , .

-  E + U ) + (-7 =----- .  V  ) • (2 .^.1 )

The r e a c t io n  fu n c tio n  o f  th e  f in n  f o r  any p r i c e ,  p ,  i s

q (p ,e ,C ) = q„ + P- C'~a-(-9-7 p  = h (p ,0 ,C ) , ( 2 .4 .2 )
'11

so  t h a t

hx (p ,0 ,C )  = (1 /C U ) .

The c e n te r  knows th e  r e a c t io n  f u n c t io n , and th e  o p tim a l p r i c e  o rd e r  i s  

com puted th ro u g h  th e  fo llo w in g  sequence o f  e q u a tio n s :
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Combining term s,

and f i n a l l y ,

(1  -  = (1  -  C» -  ^  Eo + EB,
U11 11 U11

B .. Ea C ,. EB 
s  s  c* +   —___
P Bl l ”Cl l  B1 1 'C11

The q u a n t i ty  re sp o n se  t o  t h i s  o rd e r  i s

q ( e ,e )  = q -  ) .  ( E-g- — ) . ( 2 . 3 )°  c u  ci ;l b11- c11 H  U

D efin in g

Q = ( -B— c- - ) , and Q' = ( Ei — ) ,
B11 C11 B11 C11

we can  r e w r i t e  ( 2 .4 .1 )  and ( 2 .4 .3 )  in  more m anageable form :

Op = qo -  E (*) + Q -  Q ',  and ( 2 .4 . 1 ) '

£
'11 H

g
4 (6 ,5 )= ^ ,  -  (-° f r — ) + ( ^ ) Q  -  Q! . ( 2 .4 .3 ) '

He a r e  now c a p a b le  o f  com puting and i n t e r p r e t i n g  th e  co m para tive

31ad v an tag e  o f  p r i c e s  under im p e rfe c t in fo rm a tio n .

H h e  " h a t"  n o ta t io n  o v e r d e l t a  in d ic a te s  t h a t  th e  c e n t e r  u sed  th e  
in c o r r e c t  d i s t r i b u t i o n  f  in  making i t s  d e c i s io n s .  The s u b s c r ip t  r e f e r s  
th e  r e a d e r  t o  th e  p re v io u s  d e l t a  t h a t  was computed u n d er th e  same b e ­
h a v io r a l  c o n d i t io n s  when th e  c e n te r  had th e  c o r r e c t  d i s t r i b u t i o n .
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a3 = - e

qp + ♦(?)

( B ^ q jn )  -  C1 (q ,6 ,C ))d q  

q (0 ,£ )

- e {

rqD " c11

(B1-C1 )dq + 

q ( e .O

qo-E$+$(£)

(B1-C1 )dq +

qo “ C
a

11

•qp+<K5) 

(B1-C1 )dq  } .

qQ-E * + * (0 ( 2 .4 .4 )

The second  i n t e g r a l  i s  f a m i l i a r ;  i t  i s  A^. I t s  s o lu t io n  i s  re c o rd e d  by 

e q u a t io n  ( 2 .2 .4 )  and i t s  i n t e r p r e t a t i o n  i s  p re s e n te d  in  g r e a t  d e t a i l  in  

t h e  su b se q u en t t e x t .  The f i r s t  i n t e g r a l  r e p r e s e n ts  th e  lo s s  cau sed  by 

th e  d is c re p a n c y  from  th e  p e r f e c t  in fo rm a tio n  c a se  in  th e  o u tp u t re sp o n se  

t o  th e  p r i c e  o r d e r .  The firm  i s  s t i l l  a b le  to  r e a c t  p r e c i s e ly  t o  p ,  6 , 

and  £ in  d e c id in g  i t s  o u tp u t ,  b u t th e  in c o r r e c t  s u b je c t iv e  p r o b a b i l i ty  

d i s t r i b u t i o n  d i s t o r t s  t h e  o p tim a l p r ic e  o rd e r  by (B ^Q  -  C ^ jQ ') . The 

l a s t  i n t e g r a l  s im i l a r l y  r e p r e s e n ts  th e  lo s s  caused  by in a c c u ra te  s p e c i­

f i c a t i o n  o f  th e  o p tim a l q u a n t i ty  o rd e r .

S o lv in g  e q u a tio n  ( 2 .4 .4 )  e x p l i c i t l y ,  we s e e  t h a t

g
A3 = |  (B11-C11) E ( ^ - Q * ) 2 + A2 + i  (B11-C11)(Q-Q,+E (*-E *))2

'11

= 7  ♦ 7  <Bu -Cu ><Var<*>+<£*-£*>2 )

+ C C o v (^ -} 0 )+ (E $ E (~ i)D  + [C o v (a ;* )-(E o )(E * -E * )], - a ,
'11 '11

-  CCov(B;*) -  (E B )(E*-E *)] ( 2 .4 .5 )

E q u a tio n  ( 2 .4 .5 )  i s  e a s i l y  i n t e r p r e t e d .  C o n sid e r th e  second  moment o f
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th e  o u tp u t v a r i a t io n  a llo w ed  by p r ic e s  a round  {•=— ) ,  th e  c e n t e r 's  per-
11

c e p t io n  o f  th e  mean:

11 xx ^11 U11

N o tic e  t h a t  t h i s  i s  p r e c i s e ly  th e  f i r s t  te rm  o f  ( 2 .4 .5 )  w ith o u t th e  

c o e f f i c i e n t . S im i la r l y ,

c o v a r ia n c e  te rm s can  a l s o  b e  th o u g h t o f  a s  th e  c o v a ria n c e  o f  tw o e f f e c t s  

a round  in c o r r e c t  m eans. F or in s ta n c e ,

change in  th e  p o in t s  a ro u n d  w hich th e  v a r i a t i o n  i s  m easured . The e n t i r e  

a n a ly s i s  o f  v a r ia n c e  t h a t  was f u l l y  d ev e lo p ed  in  S u b sec tio n  2 .2 .1  can 

t h e r e f o r e  b e  a p p l ie d  h e r e ,  t o t a l l y  i n t a c t ;  we need o n ly  r e c a l l  th e  

change in  th e  e x p an s io n  p o in t s .

2 .4 .2 :  O utpu t U n c e r ta in ty  a t  th e  Firm

The f i r s t  s u b s e c tio n  d is c u s s e s  th e  l a r g e s t  gap i n  know ledge t h a t  

can  e x i s t  betw een th e  c e n t e r  and th e  f i r m .  We m odify t h a t  c o n d it io n  in
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V ar(* ) + (E * -E * )2 = E (*2 ) -  (E * )2 + (E * )2 -  2E*E$ + (E * )2

= E(+ -  E*)2 ,

th e  second  moment o f  <J> around  th e  c e n t e r 's  v iew  o f  i t s  mean, E>. The

C ov(6;+ ) -  (E8(E<J>-E<fr)) = E(B«*) -  E&E* + E0fi+

E (0 * t)  -  EBE<f> -  E0E* 4- E8E+

e ( b-£ b ) (♦ -£ * ) .

The i n c o r r e c t  s u b je c t iv e  d i s t r i b u t i o n  has  acco m p lish ed  n o th in g  b u t  a
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t h i s  s u b s e c tio n  and assume t h a t  th e  f i rm , a s  w e l l  a s  th e  c e n t e r ,  can n o t

view  th e  v a lu e s  o f  th e  r e le v a n t  random v a r ia b le s  b e fo re  making i t s  o u tp u t 

d e c i s io n .  In  a d d i t io n ,  we in tro d u c e  o u tp u t u n c e r t a in ty ,  s t i l l  in d ex ed  

by € , i n t o  th e  q u a n t i ty  o rd e rs  is s u e d  a t  th e  f irm  ( i n  re sp o n se  t o  a  

p r i c e  o r d e r ) . The ex p o s t  r e a c t io n  to  th e  v a lu e  o f  £ t h a t  a c t u a l l y  

o c c u rs  i n  t h i s  c o n te x t sh o u ld  be  indep en d en t o f  th e  o r ig in  o f  th e  quan­

t i t y  o r d e r .  The d iv e rg e n ce  in  a c t u a l  o u tp u t from  a  q u a n t i ty  o rd e r  is s u e d  

a t  th e  p la n t  l e v e l  sh o u ld  th e r e f o r e  be e q u a l t o  th e  d iv e rg e n c e  i n  o u tp u t 

from  a  c e n t r a l l y  is s u e d  command, f o r  any £• The d i f f e r e n c e  betw een 

a c t u a l  o u tp u t ,  q ^ , and o rd e re d  o u tp u t ,  q ^ , i s  r e p re s e n te d  by $ (£ )  re g a rd ­

l e s s  o f  th e  so u rc e  o f  th e  o rd e r .  A llow ing t h a t  th e  m anager o f  t h e  p e r i ­

p h e r a l  f irm  w i l l  have a  d i f f e r e n t  p e rc e p tio n  o f  £ ( f i n e r  m easurem ent 

g r i d ,  more r e c e n t  d a t a ,  e t c . ) ,  we f u r th e r  assume t h a t  th e  m anager works 

w ith  a  s u b je c t iv e  d i s t r i b u t i o n ,  f  f .  In fo rm a tio n  need n o t be  p e r f e c t ,  

even a t  th e  f irm  l e v e l ,  so  f  4 f ,  a s  w e ll .

C om putation o f  th e  o p tim a l q u a n t i ty  o rd e r  rem ains th e  same a s  

b e f o r e :

The p r i c e  r e a c t io n  fu n c t io n  o f  th e  f irm  has  changed m a rk ed ly , how ever, 

and th e  com pu ta tion  o f  th e  o p tim a l p r ic e  r e f l e c t s  t h i s  change . The f irm  

now m axim izes ex p ec ted  p r o f i t s ,  g iv e n  any p r i c e  o r d e r ,  p ,  t o  s e l e c t  i t s

qp = qQ -  E* + Q -  Q‘ ( 2 .4 .6 )

o u tp u t c o n d i t io n  f o r  t h i s  m ax im iza tio n  i s

p = E(C1 (qp (p )  + $ (£ ) ,6  ,£))
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w here E (— ) r e p r e s e n ts  th e  expec ted  v a lu e  a s  computed by th e  f irm : 

E (— ) = | | |  C— ) f 0Cn(e ,5 ,n )d n d W 0 .

e £ n

The r e a c t io n  fu n c tio n  i s  th e re f o r e

QpCp) = qQ -  E* + P ~c°-' “ . (2 .i* .7 )
'11

The c e n t e r ,  how ever, m ust deduce th e  f i r m 's  r e a c t io n  fu n c tio n  from i t s  

own in fo rm a tio n ,  and th e r e f o r e  b e l ie v e s  t h a t  i t  i s

<^(p) = qo -  E« + P  ~c ^  ~ E?  . (2 .U .7 )e

As a  r e s u l t ,  i t  i s  e q u a tio n  (2.*+ .7)e t h a t  i s  u sed  t o  compute th e  o p tim a l 

p r i c e  o rd e r :

p  = E C B ^C p) + * ( 0 ,n )

B' t  Eg t  B .. ( ?■---■■£  + e» -  E » ) ,

so  t h a t

-  n« _ . _____
11 C11

p = C  -  C1JLQ' + BU Q .

The r e a c t io n  t o  th e  o p tim a l p r ic e  o rd e r  i s  now c o n s ta n t :

~ B
q_ = q  -  ( j r 5- )  -  E* + ( - i i )  $  -  (2 .« * .8 )

N o tic e  t h a t  ( 2 .4 .8 )  was d e r iv e d  by in s e r t i n g  p in to  ( 2 .4 . 7 ) ,  n o t  ( 2 .4 .7 ) e .

The com para tive  advan tage o f  p r ic e s  o v e r  q u a n t i t i e s  i s  a g a in  a v a i l ­

a b le :

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-71-

a6 = - e

9p + ♦ (? )

(B1-C1 )dq = -  y  (B11-C11)[(E *-E #+ Q -Q ')2 -  (E*-E*+ - M q-(^L_)-Q « ) 2]

3p + +C5)

O bserve t h a t  s in c e  ( -  jf)(®jLl”Cl l ^  > °*

O „
A A A O -  1 1 A P m  a  O

A- > 0 <«- (E*-E*+Q-Qf ) > (E ^-E ^+ C sii) Q -  (£ 2 -)  -  Q’ )
6 < C11 C11

<=<► |E«f -  E* + Q -  Q* |

B ■ -
> |E* -  E* + ( A q  -  i p - )  -  Q * |. ( 2 .4 .9 )

U11 C11
32 A A

W ith p e r f e c t  in fo rm a tio n , = qQ -  E ($ ) = <Jp. The e x p re s s io n

| e (* ) -  E (+) + Q -  Q '|

i s  th e r e f o r e  th e  a b s o lu te  m agnitude o f  th e  e r r o r  made by th e  c e n te r  in  

s e t t i n g  i t s  q u a n t i ty  o r d e r ;

B -
|E (* )  -  E (* ) + ( jr^ )Q  -  <p2_) -  Q11 

L11 U11

i s  th e  a b s o lu te  m agnitude o f  th e  e r r o r  made by th e  p e r ip h e r a l  f irm  in  

making i t s  q u a n t i ty  d e c i s io n .  E q u a tio n  ( 2 .4 .9 )  r e v e a ls  t h a t  th e  d e c is io n  

maker who makes th e  s m a l le r  e r r o r  in  i s s u in g  a  q u a n t i ty  o rd e r  sh o u ld  be 

a llo w ed  t o  do s o ;  i . e . ,  i f  th e  a b s o lu te  v a lu e  o f  th e  e r r o r  made by  th e  

c e n te r  in  a  q u a n t i ty  d e c is io n  i s  l e s s  th a n  th e  e r r o r  made a t  th e  p e r ip h e ry ,  

th e  c e n te r  sh o u ld  i s s u e  th e  q u a n t i ty .  O th e rw ise , th e  c e n te r  sh o u ld  i s s u e

32P e r f e c t  in fo rm a tio n  h e re  i s  lo o s e ly  d e f in e d  a s  p e r f e c t  knowledge 
o f  th e  r e le v a n t  d i s t r i b u t i o n ;  i . e . ,  £  = f  * f .
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a  p r i c e  o rd e r  and th e  p e r ip h e r a l  f irm  d e c id e s  th e  in te n d e d  o u tp u t .

2 .4 .3 :  The Consumption D is to r t io n  w ith  E r ro rs

We now t e s t  th e  g e n e ra l  v a l i d i t y  o f  th e  r e s u l t s  o f  S u b se c tio n  2 .4 .1  

by re c o n s id e r in g  th e  random d i s t o r t i o n  betw een th e  q u a n t i ty  p roduced  

and th e  q u a n t i ty  consumed i n  th e  c o n te x t o f  th e  model p re s e n te d  th e re :  

th e  p e r ip h e r a l  f irm  i s  a b le  t o  o b se rv e  6 and £ b e fo re  making i t s  o u tp u t 

d e c i s io n ,  w h ile  th e  c e n te r  i s  burdened  w ith  an  in a c c u ra te  s u b je c t iv e  

d i s t r i b u t i o n  in  d e c id in g  i t s  o rd e r .

N o ting  th e  s ta n d a rd  e f f ic ie n c y  lo s s  f o r  any q u a n t i ty  o r d e r ,  th e  

c e n te r  s e l e c t s  th e  o p tim a l q u a n t i ty  o r d e r ,  by m in im izing  th e  ex­

p e c te d  v a lu e  o f  th e s e  l o s s e s .  I t  s o lv e s ,  th e r e f o r e ,  th e  f i r s t  o rd e r  
33c o n d it io n  t h a t

E Bx  (qp  + * (£ )  + * (A ),n )  -  E Cx ( ^  + ♦ ( £ ) ,0 ,£ )  * 0 .

The o p tim a l q u a n t i ty  o rd e r  i s  th u s

R e c a l l  t h a t  Q = ( ■■ —
11 11

A

■) and Q' = (— ££— ) ,  and d e f in e  
11 11

E q u a tio n  (2 .4 .1 0 )  can be w r i t t e n

33R e c a ll  t h a t  i|/(X) i s  th e  random d i s t o r t i o n  betw een th e  q u a n t i ty  
consumed and th e  q u a n t i ty  produced ( s e e  S ectio n  2 .3 ) .
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s  4q “ E+ + Q -  Q* -  B ^ Q " . ( 2 .4 .1 0 ) 1

The r e a c t io n  f u n c t io n  o f  th e  f irm  i s  in d ep en d en t o f  ^ (A ) , so  t h a t

p = E B^ ( h ( p ,0 ,? )  + V»(X),n),

w here h ( p ,0 ,? )  i s  d e f in e d  by e q u a tio n  ( 2 .4 . 2 ) .  The o p tim a l p r ic e  o rd e r  

i s  th e r e f o r e

p = C ' + Bn  Q -  Cu  Q' -  Q ", (2 .4 .1 1 )

and th e  re sp o n se  cu rv e  f o r  p i s

Q
q (0 » 5 ) = 5 ~ “p 6-* --  + ( A  Q -  Qf -  B -Q'l (2 .4 .1 2 )  

°  C 1 1  C 1 1  J”L

E q u a tio n s  ( 2 .4 .1 0 )  and ( 2 .4 .1 2 )  combine t o  g e n e ra te  th e  com parative  

ad v an tag e  o f  p r i c e s :

A , = -E

’$p+*(C)+M A) 

Bx ( q ,n ) d q  + E 

^ ( 0 ,? )  +*(A)

’5p + ♦<?) 

C ^ (q ,0 ,? )d q

q ( 0 ,? )

B,

= -E  {

°  1 1  L 1 1  

B1 ( q ,n )  dq

5 ( 0 ,? )  + *(A )

’Op + ♦ (? )

B1 (q»n) dq

qo -  £* + Q -  Q' + ♦ (? )

5o  -  E* + Q -  Q* + iU )

(B1 ( q ,n )  -  C ^ (q ,0 ,? ) )  dq

4 -  Q'
°  C11 C11

* a  ® ll  » * .
r V  —  + ci i Q-Ql 

n
C1 ( q . 0 .5 )d q

q ( 0 ,O

qp + ♦ ( «

C. (q ,0  ,? )d q .
O

a  a  1 1  a  a

q©~ c—  +
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The second  i n t e g r a l  i s  f a m i l i a r ;  e q u a tio n  ( 2 .4 .5 )  r e c o rd s  i t s  s o lu t io n .

The su b se q u en t t e x t  e x p la in s  i t  f u l l y .  M an ip u la tio n  o f  th e  o th e r  i n t e ­

g r a l s  r e v e a ls  t h a t

Ag ■ Ag -  B ^ IK C o v ^ tp )  + (E$ -  E$)(E<> -  DJi)

-  Cov(^L;<f») -  E ( ? - ) ( E *  -  E * )] ( 2 .4 .1 3 )
L 1 1  L 1 1

O bserve t h a t

(C ov ($ ;* ) + (E* -  E$)(E* -  Etf>)

= (E($*ij/)-E$Ei|i) + (E$E* -  E$E<|> -  E$E<> t  E*E*>)

= E (*-E*) (* -E * ).

S in c e  ( E ( ^ —) )  = 0 , a  s im i la r  r e s u l t  h o ld s  f o r  ( C o v ( ~ - j  ) - ( E ( ~ —)(E ^ -E + )), 
U11 11 11 

The argum ents o f  th e  c o e f f i c i e n t  a r e  th u s  th e  c o v a ria n c e s  o f  th e  two

p o s s ib le  o u tp u t d is tu rb a n c e s  and th e  consum ption d i s t o r t i o n  computed 

a round  w hat th e  c e n te r  b e l ie v e s  to  b e  th e  means o f  th e s e  e f f e c t s .  The 

a n a l y t i c s  o f  s e c t io n  2 .3  can  th e r e f o r e  be  a p p l ie d  d i r e c t l y  t o  t h i s  

exam ple , k eep ing  in  mind t h a t  a l l  v a r i a t io n  i s  m easured from  th e  in c o r ­

r e c t  m eans. The s p i r i t  o f  s u b se c tio n  2 .4 .1  i s  a l s o  p re s e rv e d .

R e c a ll  t h a t  in  s e c t io n  2 .3 ,  th e  n e u t r a l i t y  o f  th e  consum ption d i s ­

t o r t i o n  was n o ted  under th e  assum ption  t h a t  X be  in d ep en d en t o f  th e  o th e r  

random v a r i a b l e s .  He a l s o  o b served  t h a t  i f  th e  two p o t e n t i a l  o u tp u t d i s ­

tu rb a n c e s  had  d i f f e r e n t  m eans, th e n  th e r e  would be  a  seco n d ary  e f f e c t  

even w ith  independence . In  th e  c o n te x t o f  th e  p re s e n t  exam ple, we w i l l  

r e a d  th e  v a lu e  o f  t h a t  e f f e c t  from ( 2 .4 .1 3 ) ,  d em o n stra te  th e  d e r iv a t io n  

o f  t h a t  v a lu e  from th e  v a lu a t io n  fu n c t io n  argum ent o f  S e c tio n  2 . 3 ,  and
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p ro v id e  a  g e o m e tric  d e s c r ip t io n  o f  i t s  o r ig in .

The r e le v a n t  r e s u l t  from S e c tio n  2 .3  re a d s  a s  fo l lo w s : f o r  any
2

v a lu a t io n  fu n c t io n  o f  th e  form V(x) = v  + v , ( x - x  ) + v , ,  (x -x  ) , th eo l  o u  o
r e l a t i v e  ex p ec ted  v a lu e  o f  two random d is tu rb a n c e s  in  x ,  d ^ (x ) and d ^ (x )

i s  c a te r e d  by 2 v1 1 L(Ed1 -Ed2 ) when b o th  d is tu rb a n c e s  a r e  t r a n s l a t e d  a

d is ta n c e  L. Allow t h a t  q i s  x ,  q i s  x , and d e f in eo o

d^Cq) = § ( 0 , £ ) ,  and 

d 2 (q )  h 3 p + * (5 ) .

T h e re fo re ,  Ed -E d . = (E(~~ ) - (E $ -E $ ) ) .  The o u tp u t t h a t  i s  in s e r t e d  in t o
11

th e  b e n e f i t  f u n c t io n  i s  t r a n s l a t e d  a  d is ta n c e  o f  (Ety -  B ^ Q ") under 

e i t h e r  mode o f  c o n t r o l  by th e  in t ro d u c t io n  o f  th e  consum ption d i s t o r t i o n .

The r e s u l t  o f  S e c tio n  2 .3  p r e d ic t s  a  change in  th e  r e l a t i v e  ex p ec ted  

v a lu a t io n  o f  th e  two d is tu rb a n c e s  ( i . e . ,  th e  co m para tive  ad v an tag e  o f  

p r i c e s  o v e r  q u a n t i t i e s )  e q u a l t o

B ^ E #  -  Bi ;lQ " ) (E (~ _ )  -  (E+ -  E + »  .

B C
* -  W  -  ( _ ^  ) E* <E(£2-) -  (E* -  £ ♦ ))

11 l i - i i  1111  cn

The o u tp u t t h a t  i s  in s e r t e d  i n t o  th e  c o s t  fu n c t io n  i s  s im i la r ly  t r a n s ­

l a t e d  (-B j j Q") u n d e r e i t h e r  mode. The change in  th e  r e l a t i v e  ex p ec ted  

v a lu a t io n  f o r  t h i s  t r a n s l a t i o n  i s

Bn
CH ( ( B -- . a— ) E* (E (^ 2 -)  -  (E+ -  E+))

11 11 LH

The t o t a l  change i n  th e  r e l a t i v e  ex p ec ted  v a lu a t io n  from th e s e  two e f f e c t s  i s
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Bj^CEf-EfXECjjS-) -  (E*-E*))
11

(2 .4 .1 U )

T his  e g r e s s i o n  i s  p r e c i s e ly  e q u a l t o  A 5 “ A 3  under th e  assum ption  t h a t  X 

i s  in d ep en d en t o f  6 , £ , and n ; i t  i s  th e r e f o r e  th e  change in  th e  com­

p a r a t iv e  advan tage o f  p r ic e s  t h a t  r e s u l t s  e n t i r e l y  from th e  c e n t e r 's  

in a c c u ra te  knowledge o f  th e  d i s t r i b u t i o n  o f  th e  consum ption d i s t o r t i o n .

We can c o n s tru c t  a  geo m etric  a re n a  in  w hich th e  g e n e s is  o f  t h i s  

r e s u l t  becomes q u i te  c l e a r .  F ig u re  (2 .1 2 )  i l l u s t r a t e s  th e  c a s e  in  w hich 

E<J>-E<J> = D > 0 . We b e g in  by assum ing t h a t  Eo = 0 and d e f in e

The in c re a s e  in  b e n e f i t s  t h a t  i s  c r e a te d  by D > 0 when X) i s  h e ld  a t

in t o  a  re g io n  in  w hich th e  b e n e f i t  fu n c t io n  i s  more s te e p ly  s lo p e d  ( s e e

i|i(X) = E*.

E<p i s

(B ' = B(n))D + j B u  (2D qao + D2 ) .

The co rresp o n d in g  g a in  i n  b e n e f i t s ,  how ever, when ^(X)-Ei|) < 0 i s

(B ' + S (tl ) ) 8  + j B u  (2$aoD + 2D(*(A) -  £*) + D2 )

so  t h a t  th e  e x t r a  g a in  i n  b e n e f i t s  i s

BU D (K X )-E *).

T his e x t r a  g a in  e x i s t s  b ecau se  (KA)-Ei|») < 0 pushes th e  q u a n t i ty  consumed

F ig u re  ( 2 .1 2 ) ) .  Note t h a t  B^D(ip(A)-Ei/0 i s  th e  e x t r a  lo s s  t h a t  r e s u l t s
A

when D < 0 from th e  same s te e p e r  s lo p e .
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The q u a n t i ty  consumed e n te r s  th e  b e n e f i t  fu n c t io n  in  a  f l a t t e r
A

r e g io n  when, on th e  o th e r  h an d , $(A )-E$ > 0 .  He o b se rv e  th ro u g h  p a r a l l e l  

r e a s o n in g  t h a t

i )  jD (^ ( l ) -E ^ )  i s  th e  lo s s  i n  in c re a s e d  b e n e f i t s  o v e r
A A

th e  c a s e  in  which = Etf/ when D > 0 r a t h e r  th a n

D = 0 .

i i )  B1 1 P(K^)-E<>) i s  th e  d e c re a se  in  l o s t  b e n e f i t s  o v e r
A *

th e  same c a se  when D < 0 in s te a d  o f  D ■ 0 .

S in c e  th e  o p tim a l p r ic e  o rd e r  i s  in d e p en d en t o f  D, th e  above a r e  th e
A

o n ly  e f f e c t s  when Ea = 0 ,  and r e f l e c t  changes u n d er q u a n t i ty  c o n t ro l

o n ly .  The e x p re s s io n  B^D(Et(i-Eip) i s  th e r e f o r e  added  to  th e  e x p e c te d

b e n e f i t s  a c h ie v e d  un d er q u a n t i ty  c o n t r o l ,  o r  e q u iv a le n t ly  s u b t r a c te d

34from  th e  co m p ara tiv e  ad v an tag e  o f  p r i c e s .

S im i la r  r e a s o n in g  can be em ployed t o  e x p la in  th e  ap p ea ran ce  o f

B .-C E C ^ —))(Et|/-Eif>) in  /L. The c r u c i a l  d i f f e r e n c e  h e re  i s  t h a t  th e  e r r o r  xx a

3I|,
The fo llo w in g  t a b l e  shows t h a t  a d d i t io n  i s  th e ^ p ro p e r  o p e ra t io n  

i n  a l l  o f  th e  p e rm u ta tio n s  o f  th e  s ig n s  o f  D and (E^-E^»):

(E^i-E^i) < 0;D > 0 g a in  in  b e n e f i t s  =» B1 1 (E^-E+)D > 0 added
under q u a n t i t i e s

(E ^-E O  < 0;D < 0 lo s s  in  b e n e f i t s  =* B ^(E ^-E ^)D  < 0 added
un d er q u a n t i t i e s

A A
(E<|i-E^) > 0;D > 0 =» lo s s  in  b e n e f i t s  ^  B1 1  (E^-ify)D < 0 added

u n d er q u a n t i t i e s

(E^-Ety) > 0;D < 0 g a in  in  b e n e f i t s  *=̂  B.,(E<(>-fi^)D > 0 added
un d er q u a n t i t i e s
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made by th e  c e n te r  in  e v a lu a tin g  th e  mean o f  m a rg in a l c o s ts  in f lu e n c e s  

n o t  o n ly  th e  q u a n t i ty  o rd e r ,  b u t  a l s o  th e  p r i c e  o r d e r .  He b eg in  as  

b e f o r e ,  d e f in in g

*lo = %  + +(e )  -  V and 3 ( 0 , 5 ) = ( q ( 6 ,£ )  -  6 )
Eo = 0 Eo = 0 

*U )= E *

a  a  35  a

and assum ing t h a t  D = E+ -  E$ = 0 . I f  Eo > 0 ,  th e  d e c re a se  in  b e n e f i t s

u n d er q u a n t i ty  c o n t ro l  o v e r  th e  c a se  where Eo = 0 i s

(B* + B (n »  Q + |  B1X (2q^o Q + Q2 ) (2 .4 .1 4 )

t h i s  v e ry  same e x p re s s io n  r e p r e s e n ts  th e  in c re a s e  in  b e n e f i t s  when E

becomes n e g a t iv e .  The te rm

B B B
(B* + B ( n )  <7̂ Q )  + 4 b  (25 ( 0 , 5 ) ( - i i Q )  + ( _ i t $ ) 2) .

U11 11 11

s im i l a r l y  r e p r e s e n ts  th e  in c re a s e  i n  b e n e f i t s  undo? p r i c e  c o n t ro l  when
a a ^
Eo > 0 in s te a d  o f  Eo = 0 ,  and th e  d e c re a se  i n  b e n e f i t s  when Eo i s  

n e g a t iv e .

The a d d i t io n a l  lo s s  i n  b e n e f i t s  u nder q u a n t i ty  c o n t r o l  f o r  th e  c a se  

i n  w hich Eo > 0 o v e r  th e  c a se  in  w hich Eo * 0 i s ,  how ever,

(B* + 3(iy)) Q + \  Bi ; l  (2q^o Q + 2<*(A)-E*)Q + Q2 ) (2 .4 .1 5 )

when ♦ (A )-E t < 0 . He s e e  by com paring (2 .4 .1 4 )  and ( 2 .4 .1 5 )  t h a t

35T re a t in g  each  e r r o r  in d iv id u a l ly  by assum ing th e  o th e r  i s  e q u a l 
t o  z e ro  i s  p e rm is s ib le  s in c e  t h e i r  e f f e c t s  a r e  e n t i r e l y  s e p a ra b le .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-80-

b11<^CX)-E#)Q

A

i s  th e  e x t r a  lo s s  in c u r re d  u n d er q u a n t i ty  c o n t ro l  when f (A )-E f  < 0  and 

pushes th e  q u a n t i ty  consumed in t o  a  more s te e p ly  s lo p ed  re g io n  o f  th e  

b e n e f i t  f u n c t io n .  The e x t r a  g a in  u nder p r ic e  c o n t ro l  i s  s im i la r ly

* B 1 1  - 
C 1 1

A A

As a  r e s u l t ,  B. 1 (E^-E^)Q sh o u ld  b e  added to  th e  ex p ec ted  lo s s  u n d er
-  B 1 1  '

q u a n t i t i e s  and B ..(E ^-E tyK ^— )Q sh o u ld  be  s u b tr a c te d  from th e  ex p ec ted  
xx C 1 1  

g a in  u n d e r  p r i c e s ;

B. i c
BU (E4»-E*)Q -  B1 1 (E<J»-E<J.)<S^ ) Q  = B ^ E iM W C — -) •

sh o u ld  th e r e f o r e  b e  added t o  th e  com para tive  advan tage  o f  p r ic e s  

(summing th e  two e f f e c t s ) .  P e r f e c t ly  analogous argum ents produce th e  

same r e s u l t  in  th e  o th e r  th r e e  p e rm u ta tio n s  o f  s ig n s .

We have  d em o n stra ted  t h a t  th e  consum ption d i s t o r t i o n  moves th e  

q u a n t i ty  consumed around  in  th e  domain o f  th e  b e n e f i t  f u n c t io n .  S in ce  

t h e  means o f  th e  tw o p o s s ib le  o u tp u t d is tu rb a n c e s  a re  d i f f e r e n t ,  th e  

e f f e c t  o f  t h i s  movement i s  asym m etric and  th e  c o n c a v ity  o f  th e  b e n e f i t  

f u n c t io n  g e n e ra te s

B (E*-Ey>)(E<~-) -  (E *-E *)) 
xx L 1 1

i n  th e  e x p re s s io n  f o r  th e  com para tive  advan tag e  o f  p r ic e s  o v e r q u a n t i t i e s .
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' S e c tio n  2 .5 :  An Example—Autom obile E m issions

The p roposed  c o n t ro l  o f  au tom obile  em iss io n s  w i l l  p ro v id e  an a re n a  

in  which we can a p p ly  our a n a ly s i s .  Carbon monoxide s ta n d a rd s  w i l l  be  

s tu d ie d  i n  t h i s  c h a p te r  and th e  n e x t ;  n i t r o u s  o x id e s  w i l l  be  in c lu d e d  

l a t e r  in  C hap ter F o u r. These a p p l ic a t io n s  w i l l  be  q u i t e  c a s u a l  in  

n a t u r e ,  s e rv in g  p r im a r i ly  a s  an i l l u s t r a t i o n  o f  th e  p o t e n t i a l  v a lu e  o f  

o u r  r e s u l t s .  We w i l l ,  how ever, draw upon th e  e m p ir ic a l  work o f  o th e r  

r e s e a r c h e r s  t o  p ro v id e  t h i s  i l l u s t r a t i o n  w ith  a  b r id g e  t o  r e a l i t y .

Our p re s e n t  r e s u l t s  r e v e a l  t h a t  th e  c u rv a tu re s  o f  th e  b e n e f i t  and 

c o s t  fu n c t io n s  in  th e  neighborhood o f  th e  d e s i r e d  em issio n  l e v e l s  ( B ^  

and C ^ )  a r e  o f  c r u c i a l  im p o rtan ce . B e n e f i t  fu n c t io n s  f o r  th e  r e d u c t io n

o f  v e h ic u la r  carbon monoxide and  n i t r o u s  o x id e  em iss io n s  have been  com-

36p u te d  r e c e n t ly  by W illiam  A h em , J r .  From a  v a r i e t y  o f  s o u r c e s ,  he  

h as  e x p re s se d  b e n e f i t s ,  in  te rm s o f  " e q u iv a le n t  days o f  r e s t r i c t e d  a c ­

t i v i t y ” (EDRA) p e r  y e a r ,  as a  fu n c tio n  o f  th e  p e rc e n ta g e  re d u c t io n  o v e r

th e  CO and N0x em iss io n s  l e v e l s  o f  a  t y p i c a l  1967 au to m o b ile . We w i l l

37 38u se  h i s  u p p er e s t im a te  o f  th e  av erag e  c o s t  o f  an  EDRA, $ 1 1 .0 0 , t o  

e x p re s s  th e s e  b e n e f i t s  in  d o l l a r s  p e r  y e a r .  We h o p e , in  t h a t  w ay, t o

c a p tu re  n o t  o n ly  th e  human h e a l th  e f f e c t s  re c o rd e d  by  an EDRA, b u t  a l s o

39a t  l e a s t  p a r t  o f  th e  o th e r  p o l lu t io n  r e l a t e d  dam ages. T able (2 .2 )

36W illiam  A hern , J r . ,  "M easuring th e  V alue o f  E m issions R e d u c t io n s ,"  
i n  Jacoby  and S te in b ru n e r ,  C lean in g  th e  A i r , pp . 175-205.

37T h is  i s  th e  amount t h a t  peop le  a re  w i l l i n g  t o  pay to  a v o id  an  EDRA.

3 8 I b i d . ,  p .  2 0 2 .

39Non-human b i o l o g i c a l . e f f e c t s  on p la n t s  and  w i l d l i f e ,  p ro p e r ty  
damage, e t c .
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1967 L ev e ls

T ab le  2 .2  

EDRA E s tim a te s  f o r  Carbon Monoxide

50% R eduction 75% R eduction

l .* * 2  x  1 0 a 2 .35  x 10 8 1 .9 0  x  10 '

S ou rce : W illiam  A hern, J r . , "M easuring th e  V alue o f  E m issions R e d u c tio n s ,"
in  Jacoby  and S te in b n in e r ,  C lean ing  th e  A i r ,  p .  198.

$/yr.

^ /Vr l* ‘oc)
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to

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-83-

and F ig u re s  (2 .1 3 )  su n m arize  A h e rn 's  f in d in g s  f o r  ca rb o n  m onoxide. The 

c u rv a tu re  o f  b e n e f i t s  can th e n  be approx im ated  g e o m e tr ic a l ly  by e s t i ­

m ating  th e  s lo p e  o f  m a rg in a l b e n e f i t s  i n  F ig u re  (2 .1 3 b ) .

Donald Dewes h as  c a lc u la te d  m a rg in a l c o s t  s c h e d u le s  f o r  th e  red u c ­

t i o n  o f  ca rb o n  monoxide and n i t r o u s  o x id e s  a s  a  f u n c t io n  o f  th e  p e rc e n ta g e
un

re d u c t io n  o f  th e  t y p i c a l  em iss io n s  o f  a  1963 a u to m o b ile . S in ce  no 

p o l lu t io n  d e v ic e s  w ere r e q u ir e d  n a t io n a l l y  betw een 1963 and 19 6 7 , th e  

em iss io n s  o f  a  t y p i c a l  1963 au to m o b ile  sh o u ld  n e a r ly  e q u a l  th o s e  o f  a  

1967 v e h i c le .  He w i l l  assum e e x a c t  e q u a l i ty  o f  th e s e  b a se  l e v e l s  and

summarize th e  Dewes r e s u l t s  f o r  carbon  monoxide u n d e r  t h a t  assum ption
U1  W1in  T ab le  ( 2 .3 )  and F ig u re  ( 2 .1 4 ) .  The s lo p e  o f  t h i s  m a rg in a l

sc h e d u le  w i l l  g iv e  t h e  r e l e v a n t  c u rv a tu re  f o r  th e  c o s t  f u n c t io n .

The v a r ia n c e s  o f  em iss io n s  u n d e r  b o th  modes o f  c o n t ro l  a r e ,  o f

c o u r s e ,  a l s o  e s s e n t i a l .  R e c a ll  t h a t  th e  c e n te r  m ust i s s u e  e i t h e r  a

s i n g l e ,  b in d in g  p r i c e  o r  q u a n t i ty  o rd e r  b e fo re  a c t u a l  c o s ts  a r e  known.

The l e v e l  o f  em iss io n s  p roduced  u n d e r p r i c e  c o n t r o l  w ould th e r e f o r e  be

unknown t o  t h e  c e n t e r  u n t i l  t h e  a c t u a l  p ro d u c tio n  c o s t s  a re  p e rc e iv e d .

To e x p lo re  t h i s  o u tp u t u n c e r ta in ty  b e fo re  making i t s  d e c i s io n ,  th e

c e n te r  c o u ld  c o l l e c t  a  s e t  o f  c o s t  e s t im a te s  f o r  each  o f  th e  system s

l i s t e d  i n  T a b le  ( 2 .3 ) .  The e x p e c te d  c o s t  and s ta n d a rd  d e v ia t io n  f o r

40D onald Dewes, Economics and P u b lic  P o l ic y :  The A utom obile P o l lu ­
t i o n  C ase ,  MIT P r e s s .

4 1 I b i d . ,  Appendix C.
1*2

Dewes l i s t s  h i s  d a ta  i n  d o l l a r s  p e r  m i le ,  w h ile  m a rg in a l b e n e f i t s  
a r e  r e c o rd e d  i n  d o l l a r s  p e r  y e a r .  To c o r r e c t  t h i s  u n i t s  d is c re p a n c y , we 
e x t r a p o la t e  th e  t o t a l  m ileag e  f ig u r e s  f o r  th e  l a s t  few  y e a rs  a s  r e p o r te d  
by th e  au to m o b ile  m a n u fa c tu re rs  and  su p p o se ,  q u i t e  r e a s o n a b ly ,  t h a t  1 .4  
t r i l l i o n  v e h ic le  m ile s  w i l l  b e  d r iv e n  in  1975.
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T ab le  2 .3  

The C ost S ide  f o r  CO

System (A ): P o s i t iv e  C rankcase V e n ti la t io n

System (B ): 1968 C lean A ir  Package p lu s  (A)

System (C ): 1970 C o n tro lle d  Combustion System p lu s  (A)

System (D ): Low-Lead, Low O ctane Engine p lu s  1971
C a ta ly t ic  E xhaust C o n v erte r p lu s  (C)

M arginal
System E m ission % R eduction Change in  T o ta l C ost C ost

No
C o n tro l 7 6 .7 ----- ------- ------

(A) 7 6 .7 ----- .00027 ------

(B) 3 8 .3 50% . 0 0 0 2 2 .4  x  10“ 5

(C) 2 5 .0 69% .00008 .4  x  10" 5

(D) 2 .3  
(g m ./m i.)

97% .00688
($ /m i.)

' 25 x  10” 5  

$ /(g m ./m i.)
S o u rce : Donald Dewes, Economics and P u b lic  P o lic y :  The Autom obile

P o l lu t io n  C ase , MIT P re s s ,  Cam bridge, 1974 , Appendix C.
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each  system  co u ld  th e n  be com puted and used  t o  q u a n tify  th e  c o s t / p r o f i t  

m o tiv a te d  u n c e r ta in ty  t h a t  th e  c e n te r  fa c e d .

He can  i l l u s t r a t e  t h i s  p ro ced u re  w ith  th e  d a ta  c o l le c te d  by Dewes. 

Each c o s t  f ig u r e  t h a t  he l i s t s  f o r  a  p a r t i c u l a r  system  h a s  been d e r iv e d  

from  a  s e t  o f  e s t im a te s  p ro v id e d  by th e  E nv ironm enta l P ro te c t io n  Agency, 

th e  N a tio n a l  Academy o f  S c ie n c e s  and th e  au tom ob ile  m an u fa c tu re rs  them­

s e lv e s .  The ra n g e  o f  th e s e  e s t im a te s  f o r  each  system  w i l l  su g g e s t 

s ta n d a rd  d e v ia t io n s  in  m a rg in a l c o s ts  s im i la r  t o  th e  s t a t i s t i c s  t h a t  

th e  c e n t e r  would com pute. I f  c o s ts  a r e  q u a d r a t ic ,  th e s e  s ta n d a rd  d e v ia ­

t i o n s  i n  m a rg in a l c o s t  can be  t r a n s l a t e d  in t o  s ta n d a rd  d e v ia t io n s  in

43e m iss io n s  by d iv id in g  by th e  c u rv a tu re  o f  th e  c o s t  f u n c t io n .  T h is  

com pu ta tio n  w i l l  p ro v id e  a  rough  n o tio n  o f  th e  p r o f i t  m o tiv a te d  v a r ia n c e  

in  v e h ic u la r  em iss io n s  t h a t  th e  c e n te r  would c o n fro n t in  t h i s  p a r t i c u ­

l a r  p rob lem .

The t o t a l  c o s ts  o f  system  (D) f o r  th e  m a n u fa c tu re r a r e , f o r  exam ple,
g

g iv e n  by Dewes t o  be $ 4 .3  x 10 / y r .  The e s t im a te s  o f  th e  EPA, th e

N a tio n a l  Academy o f  S c ie n c e s ,  and th e  m a n u fa c tu re rs  su g g e s t a  s ta n d a rd
8  44d e v ia t io n  around  t h a t  v a lu e  o f  $ 5 .4  x  10 / y r .  The m a rg in a l c o s t  o f

8  7 45system  (D) o v e r  system  (C) i s  th e n  $ 3 .5  x  10 ± $ 1 .9  x 10 p e r  y e a r .

R?om th e  p o in t  o f  view  o f  th e  c e n t e r ,  th e n ,  t h i s  c o s t  u n c e r ta in ty  im p lie s  

43When c o s ts  a r e  q u a d r a t ic ,  d is tu rb a n c e s  i n  m a rg in a l c o s ts  and d i s ­
tu rb a n c e s  in  o u tp u t  a re  r e l a t e d  by a  f a c t o r  o f  ( 1 / C , . ) ,  t h e  in v e rs e  o f  
th e  c u rv a tu re  o f  th e  c o s t  f u n c t io n .  As w i l l  become c l e a r  in  th e  exam­
p l e s ,  t h i s  i s  a  system  by system  co m p u ta tio n .

^ I b i d . ,  p .  191.

45System  (D) p ro d u ces  an a d d i t io n a l  28% re d u c t io n  in  carbon  monoxide 
e m is s io n s  o v e r  system  (C ). .$ 5 .4  x 10® /yr. d iv id e d  by t h i s  28% y ie ld s  
$ 1 .9  x 107 / y r .
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a  p r o f i t  m o tiv a ted  s ta n d a rd  d e v ia tio n  in  em issio n s around  th e  97% re d u c -  

t i o n  ex p ec ted  o f  system  (D) e q u a l to  $ 1 .9  x  10 / y r .  d iv id e d  by th e  c u r ­

v a tu re  o f  th e  y e a r ly  c o s t  fu n c tio n  in  t h a t  neighborhood . Between C and
7

D, t h a t  c u rv a tu re  i s  $1 .3  x 10 / y r .  p e r  1% r e d u c t io n ,  so  t h a t  system  

(D) a c h ie v e s  i t s  97% re d u c tio n  p lu s  o r  minus 1.4%. The c e n te r  m ust 

th e r e f o r e  work w ith  a  p r o f i t  m o tiv a ted  v a r ia n c e  in  ca rb o n  monoxide 

em iss io n s  o f

(1 .4 (7 6 .7 )  x 10"2 )2 (gm ./m i . ) 2  = 1 .1  (gm ./m i . ) 2

i f  i t  t r i e s  t o  a c h ie v e  a  97% re d u c t io n  in  CO by p r ic e  c o n t r o l s .

A s im i la r  com putation  f o r  system  (C) r e v e a ls  t h a t  th e  t o t a l  c o s t

8 8 t o  th e  m a n u fa c tu re r  i s  $5 .5  x  10 / y r .  p lu s  o r  minus $ 1 .4  x  1 0 ./ y r .  f o r

a  69% r e d u c t io n .  T h is  c o s t  u n c e r ta in ty  im p lie s  a  p r o f i t  induced  v a r i -
2

ance  in  carbon  monoxide em issio n s  under p r ic e s  o f  .3  (g m ./m i.)  from  

th e  c e n t e r 's  p o in t  o f  view .

An au tom ob ile  m a n u fa c tu re r  m ust a l s o  d e a l  w ith  p ro d u c tio n  v a r i a ­

b i l i t y  in  i t s  em issio n s  re d u c in g  d e v ic e s  a s  he re sp o n d s  t o  a  c o n t r o l  o f  

e i t h e r  mode. T h is  v a r i a b i l i t y  p roduces a  second so u rc e  o f  ex  a n te  

u n c e r ta in ty  w ith  w hich th e  c e n te r  m ust d e a l  a s  i t  makes i t s  c o n t ro l  

c h o ic e . Carbon monoxide em issio n s  from au tom ob iles s u b je c t  t o  th e  1975

q u a n t i ty  s ta n d a rd s  have e x h ib i te d  a  s ta n d a rd  d e v ia t io n  o f  2 0 % o f  t h e

46r e q u ir e d  3 .4  g m ./m i.,  f o r  exam ple. The v a r ia n c e  i n  CO o u tp u t can

46H ilto n  W einste in  and Ia n  C la rk , "E m issions M easurem ents and 
T e s tin g  o f  New V e h ic le s ,"  in  Jacoby and S te in b ru n e r ,  C lean in g  th e  A i r ,
p .  106.
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th e re fo re  be estim ated a t

( . 2 ( 3 . 4 ) ) 2 (gm ./m i . ) 2  = .*♦ (g m ./m i.)

in  t h i s  c a s e  u nder t h i s  q u a n t i ty  c o n t r o l .  Such v a r i a b i l i t y  in  o u tp u t 

i s  d i r e c t l y  a t t r i b u t e d  to  th e  co n sc io u s  q u a l i ty  c o n t ro l  d e c is io n s  o f  

th e  au to m o b ile  m a n u fa c tu re rs . The c e n te r  m ust th e r e f o r e  d e te rm in e  

w h eth er t h i s  v a r ia n c e  in  o u tp u t would b e  s e t  a t  th e  same l e v e l  u n d er an 

e q u iv a le n t  t a x a t io n  schem e. To answ er t h i s  q u e s t io n ,  th e  m a n u fa c tu re r’s  

re sp o n se  t o  a  q u a n t i ty  s ta n d a rd  m ust b e  s tu d ie d  i n  ^ g re a te r  d e t a i l .  He 

w i l l  a g a in  a t te m p t to  i l l u s t r a t e  th e  c e n t e r 's  assessm en t p ro ced u res  

w ith  th e  l im i te d  d a ta  t h a t  we have a v a i la b l e .

An au tom obile  m an u fac tu re r f a c e s  n o t  o n ly  a  q u a n t i ty  s ta n d a rd ,  b u t 

a l s o  t h e  u n c e r ta in ty  o f  th e  t e s t i n g  p ro ced u re s  used  t o  compare h i s  

p ro d u c t to  t h a t  s ta n d a rd .  P ro d u c tio n  v a r i a b i l i t y  a s  w e ll  a s  m easurem ent 

e r r o r  th e r e f o r e  c o n tru c t  an o u tp u t d i s t r i b u t i o n  around h i s  ex p ec ted  ob­

se rv e d  em issio n  l e v e l ,  e .  He would n e v e r  s e t  h is  e  e q u a l t o  th e  g iv en  

s ta n d a rd  becau se  such  p o l ic y  would im ply a  50% chance o f  ex ceed in g  th a t  

s ta n d a r d .  He would o b v io u s ly  p ic k  a  low er mean so  t h a t  he  m eets th e  

re q u ire m e n t x% o f  th e  t im e ,  where x i s  d e te rm in e d .b y  e q u a l iz in g  th e  

m a rg in a l c o s t  o f  in c re a s in g  x  and th e  ex p ec ted  lo s s  o f  exceed ing  th e  

s ta n d a rd  (100-x)%  o f  th e  t im e . The s i t u a t i o n  i s  i l l u s t r a t e d  in  F ig u re

(2 .1 5 )  below  f o r  th e  1975 carbon monoxide s ta n d a rd ;  e  can  be shown to

M-7e q u a l 2 .4  gm ./m i. when x  i s  97.5%.

**7 I b i d . ,  p .  107.
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7A

N o tic e  t h a t  in  t h i s  s i t u a t i o n ,  q u a l i ty  c o n t ro l  w ould be l o g i c a l l y  

g e a re d  t o  a v o id  d i s a s t e r s ; th e  t a i l s  o f  th e  d i s t r i b u t i o n  w ould be k e p t 

s m a ll .  Were a  p e r  u n i t  ch a rg e  l e v ie d ,  how ever, t h i s  s t r a t e g y  would g iv e  

way t o  one in  w hich th e  e n t i r e  d i s t r i b u t i o n  i s  s c r u t i n i z e d .  The v a r ia n c e  

in  e m iss io n s  w ould th e n  depend c r u c i a l l y  on w hich e m iss io n s  l e v e l s  w ere 

c h e a p e r  t o  a v o id . S in ce  th e s e  im p lic a tio n s  a re  im p o ss ib le  to  p r e d ic t  

w ith  th e  a v a i l a b l e  d a t a ,  we w i l l  compare p r i c e  c o n t ro ls  and  q u a n t i ty  

c o n t ro l s  u n d e r th r e e  a ssu m p tio n s : th e  s ta n d a rd  d e v ia t io n  o f  p ro d u c tio n

in d u ced  v a r i a b i l i t y  i n  CO em iss io n s  under p r i c e  r e g u la t io n  i s  50% o f ,  

e q u a l  t o ,  o r  150% o f  th e  c o rre sp o n d in g  s ta n d a rd  d e v ia t io n  u n d er q u a n t i ty  

r e g u la t i o n .  I f  th e  s ta n d a rd  d e v ia t io n  w ere red u ce d  by 50% under p r i c e s ,  

f o r  i n s t a n c e ,  th e  v a r ia n c e  in  CO o u tp u t due to  p ro d u c tio n  v a r i a b i l i t y  

would f a l l  t o  .12  (g m ./m i.)  a t  th e  3 .4  gm ./m i. l e v e l .  I f  i t  w ere i n ­

c re a s e d  by  50%, on th e  o th e r  h an d , th e  v a r ia n c e  in  CO e m is s io n s  due t o
2

p ro d u c tio n  v a r i a b i l i t y  w ould r i s e  t o  1 . 0  (g m ./m i.)  .

We have n o te d  how p ro d u c tio n  v a r i a b i l i t y  w i l l  c r e a te  a  nonzero  

v a r ia n c e  i n  th e  em iss io n s  o f  carbon  monoxide u n d e r q u a n t i ty  s ta n d a r d s ;
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2 2 2we now d e s ig n a te  t h a t  v a r ia n c e  a and assume t h a t  c  = .4  (g m ./m i.)q  q

ev ery w h ere . The a n a ly s i s  o f  t h i s  c h a p te r  h as  em phasized th e  d e c re a se

in  e x p e c te d  b e n e f i t s  and th e  in c re a s e  in  ex p ec ted  c o s ts  t h a t  such

v a r ia n c e  in  o u tp u t would c a u se . In  te rm s o f  o u r p re v io u s  n o ta t io n ,
2

th e s e  lo s s e s  a re  summarized by ( 1 /2 ) ( B , . - C , . )o and a r e  s u b tr a c te d  from
1 1  1 1  q

th e  co m p ara tiv e  advan tage  o f  p r ic e s  t h a t  th e  c e n te r  w ould com pute. We

have a l s o  n o te d  a  s im i l a r l y  c re a te d  v a r ia n c e  under p r ic e  c o n t r o l s ,
2

in d ic a te d  h e re  by o ^ . T h is  v a r ia n c e  c au ses  co rre sp o n d in g  lo s s e s  under
2p r i c e s ,  s o  t h a t  th e  te rm  (l/2 )(B ^ j_ -C 1 1 ) i s  added t o  th e  com para tive  

ad v an tag e  o f  p r i c e s .  F i n a l l y , we have deduced p r o f i t  m o tiv a te d  v a r ia n c e  

(o  ) u n d e r p r ic e s  t h a t  c r e a te s  a  d e c re a se  in  ex p ec ted  b e n e f i t s ,  an i n -n

c re a s e  in  ex p ec ted  c o s t s ,  and an e f f ic ie n c y  g a in .  The n e t  o f  th e s e
2

th r e e  e f f e c t s  i s  g iv e n  by ( 1 / 2 ) ( and i s  a l s o  added t o  th e  

c e n t e r 's  com para tive  ad v an tag e . I f  th e  p r o f i t  m o tiv a ted  v a r i a b i l i t y  

and th e  p ro d u c tio n  v a r i a b i l i t y  tinder p r i c e  c o n t ro l s  a r e  in d e p e n d e n t, 

th e n  th e  com para tiv e  advan tag e  o f  p r ic e s  o v e r  q u a n t i t i e s  i s  th e  sum o f  

th e  above th r e e  te rm s ta k e n  w ith  th e  in d ic a te d  s ig n s :

( I /S X B ^ + C j X  + ( l / i ) < B u -Cn )„ *  -  ( 1 « X B U -C 11) « |

= (1 /2 )(B 11+C11)a j  + ( 1 / 2 ) ( B11~C11 )(c^  -  o j )  ( 2 .5 .1 )

F ig u re  (2 .1 6 )  r e v e a ls  t h a t  a t  th e  o r i g i n a l  1975 carbon  monoxide
£ip

q u a n t i ty  s ta n d a rd  o f  3 .4  gm ./m i. (96% r e d u c t io n ) ,  m a rg in a l b e n e f i t s  

d is a p p e a r  ( i . e . ,  = 0 ) .  The co m p ara tiv e  advan tag e  o f  p r ic e s  th e n

fi Q
F e d e ra l R e g i s t e r ,  3 6 :2 2 8 , N o v ., 1971, p .  22452.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-90-

2o

10

1.16

tu r n s  on th e  s ig n  o f  t h e  c o s t  s i d e :

( 1 / 2 )0 . .  (o '; + a 2  -  o 2 ) .
1 1  it q p

2
T ab le  ( 2 .4 )  sum m arizes th e  r e s u l t s  f o r  th e  assumed th r e e  v a lu e s  o f  o ^ ; 

th e  v a lu e s  o f  th e  o th e r  p a ram e te rs  have been d e r iv e d  in  th e  t e x t  above.

T ab le  2 .4

C om parative A dvantage o f  P r ic e s  a t  
96% R eduction  o f  Carbon Monoxide

B H  = 0

C1  ̂ = $ 1 .3  x  107 / y r .  p e r  1% 

o f  = 1 . 1  (g m ./m i . ) 2n

a 2  = .4  (g m ./m i . ) 2

.12

.4

1 .0

( 1 / 2 ) ( 1 .3 ) ( 1 .1  + .4  -  .1 2 )  x  1 0 ' > 0 

( 1 /2 ) ( 1 .3 ) ( 1 .1  + .4  -  .4 )  x 107  > 0 

( 1 / 2 ) ( 1 .3 ) ( 1 .1  + .4  -  1 .0 )  X 107  > 0
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P r ic e  c o n t ro ls  a re  p r e f e r r e d  i n  a l l  th r e e  c a s e s ;  a  p e r  u n i t  ch arg e  o f  

ap p ro x im ate ly  $25 x  10- ^ /(g m ./m i .) would a ch iev e  th e  p re s c r ib e d  96% 

re d u c t io n .
*

C o n sid e r, as a  second  exam ple, a  more n e a r ly  e f f i c i e n t  re q u ire m e n t 

o f  24 gm ./m i. (70% r e d u c t io n ) .  The s lo p e  o f  th e  m a rg in a l b e n e f i t  cu rv e
g

i s  n e a r ly  -$ 9 .0  x 10 / y r .  p e r  1% in  th e  re g io n  around 70%; th e  s lo p e
g

o f  t h e  m a rg in a l c o s t  cu rv e  i s  s im i la r ly  $13 x 10 / y r .  p e r  one p e rc e n t .

T ab le  (2 .5 )  summarizes th e  r e s u l t s  f o r  t h i s  c a s e .  P r ic e s  a re  s t i l l

—5p r e f e r r e d  in  th e  f i r s t  tw o c a s e s ;  a  t a x  o f  abo u t $ .4  x 10 /(g m ./m i.)  

p e r  au tom obile  would r e g u la te  av e rag e  em iss io n s  to  th e  r e q u ire d  24 gm. /m i. 

When th e  s ta n d a rd  d e v ia t io n  o f  p ro d u c tio n  v a r i a b i l i t y  u n d er p r i c e  con­

t r o l s  i s  50% g r e a t e r  th a n  t h a t  under q u a n t i t i e s ,  how ever, q u a n t i ty  

s ta n d a rd s  c l e a r ly  c a r ry  th e  d ay . In  th e  c e n t e r 's  ex  a n te  v iew , o u tp u t 

v a r ia t io n  u nder p r ic e s  i s  ex p ec ted  t o  be to o  h a rm fu l t o  a l lo w , d e s p i te  

th e  in h e re n t  e f f ic ie n c y  g a in s .

T ab le  2 .5

C om parative Advantage o f  P r ic e s  a t
70% R eduction  o f  Carbon Monoxide

= -$ 9 .0  x 106 / y r .  p e r  1%

C .. = $ 1 .3  x  1 0 ^ /y r .  p e r  1%'11
2 2 a = .3  (g m ./m i.)
IT

o 2  s  .4  (g ra ./m i . ) 2

2a
_E_

.12 ( l / 2 ) ( ( 4 . 0 ) ( .3 )  -  ( 2 0 ) ( .12 -  .4 ) )  x 10° > 0

.4  ( l / 2 ) ( ( 4 . 0 ) ( .3 )  -  ( 2 0 ) ( 0 ) ) X  10® > 0
1 .0  ( 1 7 2 ) ( ( 4 .0 ) ( .3 )  -  ( 2 0 ) (1 .0  -  .4 ) )  x  106  < 0
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P r ic e  c o n t r o l s  a r e  p r e f e r r e d  in  a l l  th r e e  c a s e s ;  a  p e r  u n i t  charg e  o f  

ap p ro x im a te ly  $25 x  1 0 ~ ^ /(g m ./m i.) would a c h ie v e  th e  p re s c r ib e d  96% 

r e d u c t io n .

C o n s id e r , a s  a  second exam ple, a  more n e a r ly  e f f i c i e n t  re q u ire m en t 

o f  24 gm ./m i. (70% re d u c t io n ) .  The s lo p e  o f  th e  m a rg in a l b e n e f i t  cu rve
g

i s  n e a r ly  -$ 9 .0  x  10 / y r .  p e r  1% in  th e  re g io n  around  70%; th e  s lo p e  

o f  t h e  m a rg in a l c o s t  cu rve  i s  s im i la r ly  $13 x 10 / y r .  p e r  one p e rc e n t .  

T ab le  ( 2 .5 )  sum m arizes th e  r e s u l t s  f o r  t h i s  c a s e .  P r ic e s  a r e  s t i l l  

p r e f e r r e d  in  th e  f i r s t  tw o c a s e s ;  a  ta x  o f  ab o u t $ .4  x 10~5 /(g m ./m i.)  

p e r  au to m o b ile  would r e g u la te  average  em iss io n s  t o  th e  r e q u ir e d  24 gm ./m i. 

When th e  s ta n d a rd  d e v ia t io n  o f  p ro d u c tio n  v a r i a b i l i t y  u n d e r p r i c e  con­

t r o l s  i s  50% g r e a t e r  th a n  t h a t  under q u a n t i t i e s ,  how ever, q u a n t i ty

s ta n d a rd s  c l e a r l y  c a r ry  th e  day . In  th e  c e n t e r 's  ex  a n te  v iew , o u tp u t 

v a r i a t i o n  u n d e r p r i c e s  i s  expec ted  t o  be  to o  h a rm fu l t o  a l lo w , d e s p i te  

th e  in h e re n t  e f f ic ie n c y  g a in s .

T ab le  2 .5

C om parative A dvantage o f  P r ic e s  a t  
70% R eduction  o f  Carbon Monoxide

= -$ 9 .0  x 106 / y r .  p e r  1%

= $1 .3  x  107 / y r .  p e r  1% 

cr2 = .3  (g m ./m i . ) 2

o2  = .4  (gm ./m i . ) 2
q

2
°P

.12  ( l / 2 ) ( ( 4 . 0 ) ( .3 )  -  ( 2 0 ) ( .12 -  . 4 ) )  x 106  > 0

.4  ( l / 2 ) ( ( 4 . 0 ) ( .3 )  -  ( 2 0 ) (0 ) )  x  10® > 0
1 .0  ( 1 7 2 ) ( ( 4 .0 ) ( .3 )  -  ( 2 0 ) (1 .0  -  . 4 ) )  x 106  < 0
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S e c t io n  2 .6 :  C onclu sion

E i th e r  node o f  c o n t r o l  can  e a s i l y  a llo w  v a r i a t i o n  in  th e  o u tp u t 

t h a t  i s  a c t u a l l y  p ro d u ced . The fun d am en ta l r e s u l t  o f  t h i s  c h a p te r  has 

been  th e  v i t a l  r o l e  p la y e d  by th e s e  o u tp u t v a r i a t io n s  in  th e  p r i c e s -  

q u a n t i t i e s  com parison . The r e l a t i v e  m agnitudes o f  t h e i r  v a r ia n c e s  has  

a  d i r e c t  b e a r in g ,  e s p e c i a l l y  when th e  c u rv a tu re  o f  e i t h e r  c o s ts  o r  

b e n e f i t s  app roaches an  extrem um . O utput i s  a l s o  v a ry in g  in  th e  c o n te x t 

o f  s h i f t i n g  m a rg in a l c o s ts  and b e n e f i t s .  The s im u l ta n e i ty  o f  th e s e  

v a r i a t io n s  w eighs on th e  com parison  to  th e  e x te n t  t h a t  o u tp u t u n d er 

e i t h e r  mode te n d s  t o  move in  th e  c o r r e c t ,  o r  i n c o r r e c t ,  d i r e c t i o n .

The c o r r e c tn e s s  o f  th e  o u tp u t s h i f t  i s  d e f in e d ,  o f  c o u r s e ,  by th e  d i ­

r e c t io n s  o f  th e  s h i f t s  i n  th e  m a rg in a l fu n c tio n s  th e m se lv e s .
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C h ap te r T hree 

THE REGULATION OF MANY FIRMS PRODUCING ONE GOOD

The lo g i c a l  f i r s t  e x te n s io n  o f  C h ap te r Two i s  th e  c a se  in  which 

many f irm s  p roduce  th e  same good. He th e r e f o r e  exam ine th e  m u ltif irm  

c a se  t o  d e te rm in e  when in d u s try -w id e  p r i c e  c o n t ro l s  a re  p r e f e r r e d  t o  

in d u s try -w id e  q u a n t i ty  c o n t r o l s ,  and when a  p o l ic y  mix i s  p r e f e r r e d  to  

e i t h e r  o f  th e s e  tw o schem es. A ll  o f  th e  m ajo r u n c e r t a in t i e s  in tro d u c e d  

in  th e  p re v io u s  c h a p te r  a re  t r e a t e d  in  t u r n ,  and th e  s t r e n g th  o f  o u r 

p re v io u s  r e s u l t s  i s  c a r e f u l ly  n o te d .

S e c t io n  3 .1 :  A F i r s t  Model3-

We b e g in  o u r  in v e s t ig a t io n  o f  th e  m u l t i f i r m - s in g le  p ro d u c t c a s e  by 

r e tu r n i n g  t o  o u r  m ost e lem en ta ry  a n a l y t i c  fram ew ork. He d is r e g a r d ,  f o r  

th e  moment, b o th  th e  o u tp u t d i s t o r t i o n  and th e  consum ption d i s to r t i o n  

and c o n f in e  u n c e r t a in ty  t o  o n ly  th e  random e lem en ts  t h a t  in f lu e n c e  

b e n e f i t s  and c o s t s .  Some im p o rta n t r e s u l t s  w h ich , a l th o u g h  th e y  rem ain  

v a l i d  i n  th e  more co m p lica ted  m o d e ls , a r e  m ost e a s i l y  d is c u s s e d  and 

u n d e rs to o d  in  th e  c o n te x t  o f  o u r  s im p le s t  c a s e .

C o n s id e r , the - a  b e n e f i t  fu n c tio n  depending  o n ly  on one p ro d u c t ,  

d en o ted  B ( q ,n ) ,  and a  t o t a l  c o s t  fu n c tio n

n .
C T ( q . , e . ) ,  

i = l

^T h is  m odel co rre sp o n d s  t o  th e  c a se  o r i g i n a l l y  d is c u s s e d  in  
S e c t io n  2 .1 .

-9 3 -
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i  2w here C i s  th e  c o s t  fu n c tio n  f a c in g  in d iv id u a l  f irm  i ,  i s  th e

o u tp u t produced  by f irm  i , and q i s  t o t a l  o u tp u t d e f in e d  by

n
= I  v

i = l  1

The random v a r ia b le s  n and th e  0^ once ag a in  e x p l i c i t l y  in c o rp o ra te  th e  

u n c e r t a in t i e s  o v e r b e n e f i t s  and c o s ts  a t  th e  i  f i rm ,  r e s p e c t iv e l y ,  

i n t o  th e  a n a ly s i s .  The c e n te r  m axim izes ex p ec ted  b e n e f i t s  minus c o s ts  

w ith  an a c c u ra te  s u b je c t iv e  d i s t r i b u t i o n  o f  n and th e  0 ^ t o  s e l e c t  i t s  

o p tim a l p r ic e  and q u a n t i ty  o r d e r s .  Each f irm  a t  th e  p e r ip h e ry  re a d s  i t s  

c o rre sp o n d in g  6 ^ b e fo re  s e l e c t i n g  i t s  p r o f i t  m axim izing o u tp u t in  

re sp o n se  t o  a  p r i c e  o rd e r  from th e  c e n te r .  We a r e  now equ ipped  t o  i n ­

v e s t i g a te  th e  com para tiv e  ad v an tag e  o f  in d u s try -w id e  p r i c e  c o n t r o l  o v e r  

in d u s try -w id e  q u a n t i ty  c o n t r o l  in  t h i s  r a t h e r  s im p le  env ironm en t.

The o p tim a l q u a n t i ty  o r d e r , in  t h i s  exam ple, i s  a  l i s t  o f  o r d e r s , 

qQ£ ( i = l ,  . . . , n ) ,  d e te rm in e d  a t  th e  c e n te r  by s o lv in g

Q ) E<B< l  qr n> -  I  C*( q . , 8 . ) ) .  
i = i  1  i = i  1  1

The f i r s t  o rd e r  c o n d i t io n s  r e q u i r e  t h a t  th e  o p tim a l o rd e rs  b e  computed 

by th e  s im u ltan e o u s  s o lu t io n  o f  th e  fo llo w in g  system  o f  e q u a t io n s :  

n
« V  I = £<<£( .̂,0 )̂; i = 0.1.1)

2
We assum e t h a t  t h e  c o s t  fu n c t io n s  a l l  behave a s  th e  one c o s t  

f u n c tio n  o f  C hapter Two. T hus,
•  •

Cl(q £ » 0 i )  > 0  and C ^ C q ^ e . )  > 0  f o r  a l l  i .
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Our assum ptions co n ce rn in g  th e  shapes o f  th e  c o s t  fu n c tio n s  g u a ran tee  

t h a t  n o n n eg a tiv e  s o lu t io n s  t o  ( 3 .1 .1 )  e x i s t .  We d e f in e ,  f o r  n o ta t io n a l  

e a s e ,

« 5 1  4ol-1=1

Having e s ta b l i s h e d  th e  e x is te n c e  o f  th e  3Q£ , we can expand th e  

b e n e f i t  fu n c tio n  around q and th e  in d iv id u a l  c o s t  fu n c tio n s  around t h e i r  

co rre sp o n d in g  qQ̂ . We assum e, a s  b e f o r e ,  t h a t  th e  random v a r ia b le s  

e n t e r  th e  m a rg in a l fu n c tio n s  o n ly  th ro u g h  th e  in t e r c e p t s  and t h a t  a  

second  o rd e r  ap p ro x im atio n  i s  s u f f i c i e n t ;  i . e . ,  we assume t h a t  th e  

b e n e f i t  fu n c tio n  may b e  approx im ated  a r b i t r a r i l y  w e ll  by

B (q ,n ) = b (n )  + (B ' + B (n ))(q  -  <D + j  B .^  (q  -  q ) 2  ( 3 .1 .2 a )

w h ile  f o r  th e  i **1 f i r m ,  th e  c o s t  fu n c tio n  i s  w r i t t e n

C1^ . ^ )  = a ^ )  + (C l + o i ( e i ) ) ( q i - ^ o i ) + |  c J 1 (q i -4 o i ) 2  ( 3 .1 .2 b )  

By d e f in in g  B ' = E B ^(4,n) and C | = EC1 (4O£»0^)» we a l s o  g u a ra n te e  t h a t

EB(n) = E o .( 6 . )  = 0 ,  Vi = l , . . . , n . 3  ( 3 .1 .3 )
1 1

These ap p ro x im atio n s a r e  th e  f i n a l  a s su m p tio n s ' r e q u ire d  to  com plete th e  

a n a ly t i c s  o f  t h i s  s e c t io n .  O bserve , b e fo re  we p ro c e e d , th a t  ( 3 .1 .1 )  and 

( 3 .1 .3 )  im ply im m ed ia te ly  t h a t  B* = f o r  any i .

For any p r ic e  o r d e r ,  p ,  each  f irm  m axim izes p r o f i t s ,  g iv en  8 ^ ,  by

3
The te rm  b (n )  i s  d e f in e d  by B (4 ,n ) ,  w h ile  f o r  any i ,  a ^ e ^  = 

C ^ o i * 9!**
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p ro d u c in g  th e  q u a n t i ty ,  q ^ ( p , 0 ^ ) , t h a t  s e t s  m arg in a l c o s t  e q u a l t o  th e  

g iv e n  p r i c e ;  t h a t  i s

P = C | + cu (0 £ ) + C ^ (q j .(p ,0 £ )  _

The f i r m s ' r e a c t io n  fu n c tio n s  t o  any p r i c e  o rd e r  a re  th e r e f o r e

C 1  + -  P iq± = 4oi - —----- ±------------ = l/Cp.e.);
C 1 1

q u i t e  t r i v i a l l y ,  th e n ,

h* ( p ,0 . )  = ( C ^ ) " 1 . ( 3 .1 .4 )

The c e n te r  has p r e c i s e  knowledge o f  th e  r e a c t io n  fu n c tio n  o f  each f i rm , 

and s e l e c t s  th e  o p tim a l p r i c e  o r d e r , p , by so lv in g

“  {b( I ^ ( p . e  ) , n )  -  I c W c p . e j . e . ) }  .
P i = l  1  i = l  1  1

The p r i c e  o r d e r  i s  th u s  d e te rm in ed  by th e  f i r s t  o rd e r  c o n d it io n  t h a t

•  i  1) »  •

E B .( Z i r ,n )  • (Eh7) = I  C, • h* .
L i = l  1 x

By r e c a l l i n g  t h a t  u n d er p r i c e  c o n t r o l s ,  th e  g iv en  p r ic e  i s  alw ays eq u a l 

t o  t h e  m a rg in a l c o s ts  a t  ev ery  f i r m ,  and  by em ploying e q u a tio n  ( 3 .1 . 4 ) ,

we have  th e  fo llo w in g  im p l ic i t  e x p re s s io n  f o r  p :

n
p = E B ( I  h ^ p . e . M )  

i = l  1

n -C j + p
( 3 .1 .5 )= B ' + B ( I ( - ± ----- ) ) .

i = l  C
L1 1
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S in ce  B ' = C | f o r  any i ,  ( 3 .1 .5 )  re d u c e s  to

p = B' = C | ; Vi = 1 , . . . ,n . ( 3 .1 .6 )

The r e a c t io n  fu n c t io n  o f  th e  i * * 1 f irm  t o  t h i s  p r i c e  o rd e r  i s  th e r e f o r e

a . ( 9 . ) 

^ 1 1

( 3 .1 .7 )

3 .1 .1 :  The C om parative Advantage o f  P r ic e s  Over Q u a n t i t ie s

He can  e a s i l y  compute th e  co m p ara tiv e  ad v an tag e  o f  p r i c e s  in  i t s  

m ost g e n e ra l  form  by r e c a l l i n g  th e  d e f in i t i o n s  o f  th e  and e q u a tio n  

( 3 .1 .7 ) :

v - E
n

B .(q ,n )d q  + E  f  
- i= l

i = l  

n  n

3 •^ o i

Cl (q i * 0 i )d q i

W

= I  [  i f l . .  E (-K- 
i = l j = l 2  1 1

a . ( 6 . ) o . ( 0 . )  . n  .

\  V  ■j  > ♦ ?  £ c i i E < - ¥ * - >
c u cl i  1 = 1  c i i

n  0^ ( 0 ..)
+ I  E (- B(n)).

i = l
'11

O. Ob
N o tic e  t h a t  E(—t- ; - 4 - )  i s  t h e  c o v a ria n c e  o f  th e  o u tp u t  d is tu rb a n c e s  

C11 L11
a llo w ed  by p r ic e s  a t  f irm s  i  and  j , i f  i  /  j , and i s  th e  v a r ia n c e  o f
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4
th e  o u tp u t d is tu rb a n c e  a t  one firm  i f  i  = j .  He can r e w r i te  th e  e x ­

p re s s io n  f o r  Ar a s  fo llo w s :

n  ,  . - a , ( 0 . )  n  - a . ( 0 . )
An - I  i ( B  +C* ) V ar ( * 1  ) + £ Cov ( ; 8 ( n ) )n ^  2  1 1  1 1  c x^ . = 1  c i^

n  n - a . ( 0 . )  - a . ( 0 . )
+ I  I Bn  Cov ( ■■■■ ■ ; 3-0 . ( 3 .1 .8 )

i = l  1 = 1  C Cr

He w i l l  s h o r t ly  b e  in t e r e s te d  in  th e  c e t e r i s  p a r ib u s  e f f e c t  on An 

o f  a  change in  th e  number o f  f irm s  ( n ) .  To c o r r e c t  f o r  th e  p u re  i n ­

f lu e n c e  o f  n ,  we p ro p o se  th e  fo llo w in g  tra n s fo rm e d  c o s t  fu n c tio n :

i  X{r1 ( X j . 0 . )  = n  C1  (“ ,e i ) ; Vi = l , . . . , n ,

5 iw here i s  t o t a l  o u tp u t .  O bserve t h a t  T may be  i n t e r p r e te d  a s  t o t a l

c o s t  -given a s  a  fu n c t io n  o f  t o t a l  o u tp u t u nder th e  assum ption  t h a t  each

f irm  i s  an  e x a c t d u p l i c a te  o f  th e  i**1. i t  w i l l  be r*  and n o t  C* t h a t

w i l l  b e  h e ld  c o n s ta n t  t o  in s u r e  t h a t  we a re  c a p tu r in g  o n ly  th e  e f f e c t s

o f  a  change i n  n  and n o t  th e  e f f e c t s  o f  some seco n d ary  p ro d u c t io n /c o s t

c h a n g e s . .

The c h a r a c t e r i s t i c s  t h a t  make th e  above tr a n s fo rm a tio n  p a r t i c u l a r l y  

u s e f u l  a r e  summarized below :

^ i
1*2 ~ ^ 5  ^ ~ I * * »* >n;

•  *

ri2  5  ̂ = !>.••• snd

r n  ~ ~ ̂ »• • • •

ij.
We s e e  t h i s  by  o b se rv in g  t h a t  E o .(0 .)« O j(0 ;.)= E (o i (e i )-Eoi ) (o ^ (0 j) -E o ;j ) <

5
H eitzm an , op . c i t . ,  p .  23 .
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We h a v e , a s  a  d i r e c t  consequence o f  th e s e  r e l a t i o n s  t h a t  th e  v a r ia n c e -  

c o v a r ia n c e  m a tr ix  o f  m a rg in a l c o s t ,  and th u s  o u tp u t d is tu rb a n c e s  u n d e r 

p r i c e s ,  h a s  su rv iv e d  th e  tr a n s fo rm a tio n  i n t a c t .  E q u a tio n  ( 3 .1 .8 )  can  

now be r e w r i t t e n

An = c i /n )2 ^  bu  E (c .« j / r i 1r i 1 )

+ ( 1 /n )  Z Var (<*i / r i l ) + Cov ( " “ i / r i l  ;6 )  f 3 -1 *9 *

( 1 / n ) 2  $  (B1JL + r ^ )  V ar ( c ^ / T ^ )

+ a / n )  J l  J l  ®u  COV ‘ a i / r i 1>

n
+ ( 1 /n )  I  Cov (-a ./I* *  ;3 ) .  ( 3 .1 .1 0 )

i = l  1

Even c a su a l c o n s id e ra t io n  o f  ( 3 .1 .9 )  r e v e a ls  t h a t ,  i n  t h i s  i n i t i a l  

m u l t i f i rm  m odel, th e  s p i r i t  o f  th e  s in g le  f irm  ca se  h as  been p re s e rv e d .

We s e e  t h a t  an  in c re a s e  in  th e  a b s o lu te  m agnitude o f  c a u se s  th e  nega­

t i v e  im p ac t o f  t o t a l  o u tp u t v a r i a t io n  t o  in c r e a s e ;  A^ i s  d im in ish e d . An 
•  •

in c r e a s e  i n  and  th u s  in  1* ^  f o r  a  g iv e n  n ,  s im i la r ly  red u ce s  o u tp u t 

v a r i a t i o n  u n d er p r i c e s  and fa v o rs  p r ic e  c o n t r o l .  The second  te rm  in  

( 3 .1 .1 0 )  r e g i s t e r s  th e  in f lu e n c e  o f  o u tp u t c o v a r ia n c e  a c ro s s  f i rm s ;  i t  

can  b e s t  b e  e x p la in e d  by com paring th e  c a s e  in  w hich th e s e  c o v a r ia n c e s  

a r e  a l l  z e ro  w ith  a  c a se  in  w hich on ly  one c o v a ria n c e  i s  n o n ze ro . Sup-
i  2

p o se  t h a t  c o v a r ia n c e  i s  betw een f irm s  1 and 2 . I f  C o v (o ^ /ri l ;a 2 / r i l ) > 0 

o u tp u ts  o f  f irm s  1  and  2  te n d  t o  v ary  i n  th e  same d i r e c t io n  under p r i c e s
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and th e r e f o r e  In c re a se  t o t a l  o u tp u t v a r i a t i o n ,  o v e r th e  case  o f  com plete 

in t e r f i r m  independence , by a m p lify in g  each o th e r .  Such in c re a se d  v a r ia ­

t i o n  i s  d e t r im e n ta l  and i s  an a d d i t io n a l  b ia s  a g a in s t  p r ic e  c o n t ro l  
o o o o

(B .nCov(—=■ ;-=■ ) < 0 ) .  C o n v erse ly , when Cov(—r- ; —  ) < 0 ,  o u tp u ts  o f
r r r r* ii ‘u  11 l i

1  and 2  te n d  t o  v a ry  in  o p p o s ite  d i r e c t io n s  and c a n c e l ;  th e  r e s u l t in g

d e c re a se  in  th e  v a r ia t io n  o f  t o t a l  o u tp u t i s  a  p o s i t i v e  b ia s  f o r  p r ic e s
ol a

1  2o v e r th e  independen t c a se  and B. 1 Cov(—  ; ) a* o .
r r11 11

3 .1 .2 :  The E f f e c t  o f  a  Change in  th e  Number o f  Firm s

He now c o n s id e r  th e  ca se  in  which a l l  o f  th e  f irm s  a re  i d e n t i c a l ,  

so  t h a t  we can  t o t a l l y  i s o l a t e  th e  e f f e c t  o f  a  change in  th e  number o f  

f i r m s ,  n ,  on th e  com para tive  advan tage  o f  p r ic e s  o v e r  q u a n t i t i e s ,  i . e . ,

F11 5 r i l ; 1 = and

_ 2V a r (a ^ /r J 1 ) = a  ; i  = l , . . . , n .

He f u r t h e r  assume t h a t  th e  0 ^ a re  d i s t r i b u t e d  such t h a t  th e  c o r r e la t io n  

betw een th e  m a rg in a l c o s ts  o f  any two f irm s  i s  e q u a l t o  one p a r t i c u l a r  

c o n s ta n t :

i  2
C ov(-r- ; -4- ) = pff ; i  i  j .

r rJ * n  * i i

T hese two s ta te m e n ts  a re  n o t  p r e c i s e ly  e q u iv a le n t  t o  r e q u ir in g
ot h a t  th e  f irm s  be i d e n t i c a l ,  b u t and o a r e  th e  tw o p a ram e te rs  t h a t  

a p p e a r  in  o u r e x p re s s io n  f o r  th e  com para tive  ad v an tag e  o f  p r i c e s .
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7
The p a ra m e te r  p i s  th e  c o n s ta n t  c o r r e l a t i o n  c o e f f i c i e n t .  The compara­

t i v e  ad v an tag e  o f  p r i c e s  i s  now

“n = B1 1  I t " 2  -  +  T r i l  ° 2  +  COT(T 7 7  > 6 >
11 n

= P ( B 1 1  “  + r i l  + (1 _ p )(n B 1 1  “  + r i l  St- *

+ C ov(=2- ; 6 ) .  (3 .1 .1 1 )
11

In  c o n s id e r in g  a  c e t e r i s  p a r ib u s  change in  n , we w i l l  be h o ld in g  th e
2

b e n e f i t  f u n c t io n ,  th e  tra n s fo rm e d  c o s t  fu n c t io n ,  a , and p f ix e d .

O bserve t h a t  w ith  any f i n i t e  d e g re e  o f  in t e r f i r m  independence, 

a  c e t e r i s  p a r ib u s  in c re a s e  in  th e  number o f  f irm s  c o n tr ib u t in g  t o  th e  

t o t a l  o u tp u t  o f  th e  s in g le  good in  q u e s tio n  p roduces a  co rre sp o n d in g ly  

g r e a t e r  co m p ara tiv e  ad v an tag e  o f  p r i c e s .  A few rem arks a r e  in  o rd e r  

b e fo re  t h e  economic fo rc e s  beh in d  t h i s  r e s u l t  a r e  ex p lo re d . N o tic e , 

f i r s t  o f  a l l ,  t h a t  a  l a r g e  n does n o t g u a ra n te e  t h a t  w i l l  be  p o s i t i v e . 1 

F u rth e rm o re , t h i s  r e s u l t  in  no way depends on o u r  assum ption  t h a t  a l l  

f irm s  a r e  i d e n t i c a l ;  c o n s id e ra t io n  o f  (3 .1 .1 0 )  d i r e c t l y  would r e a c h  th e  

same c o n c lu s io n  by means o f  more a rduous re a s o n in g . The id e n t i c a l  f irm  

a s su m p tio n , t h e r e f o r e ,  s e rv e s  o n ly  t o  r e n d e r  th e  e x p o s it io n  s im p le r .

7
The p a ra m e te r  p i s  c o n s tr a in e d  by [ - 1 ,  1 ] ,  and a lth o u g h  i t  i s  u su ­

a l l y  p o s i t i v e  in  p r a c t i c e ,  i t  w i l l  n o t be  so  assum ed.
0
The c r u c i a l  l i m i t  i s  _ _

lim  . _ ,* l l ,  a \ 2 X . / I I ,  o ,2, n -*■ m n ~ ) + {T<r̂ ) }

w hich n eed  n o t be  p o s i t i v e .
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T urn ing  t o  th e  econom ic g e n e s is  o f  th e  r e s u l t ,  t h e  f i r s t  e f f e c t  

t h a t  comes t o  mind i s  th e  ex p o s t  e f f ic ie n c y  g a in  a f fo rd e d  p r i c e  con­

t r o l s  by t h e i r  g u a ra n te e  t h a t  m arg in a l c o s ts  a r e  e q u a l a c ro s s  f i rm s ;  

t h a t  i s

C1  ( V ei ) , 0 i ) = C1 ( ^ j ( 0 j ) »ej ) * * V i ; j = l , . . . , n .

P r ic e  c o n t r o l s ,  t h e r e f o r e , a u to m a tic a l ly  s c re e n  h ig h  c o s t  p ro d u c e rs  

and encourage  them  t o  p roduce  l e s s .  Low c o s t  p ro d u c e rs  a re  s im i la r ly  

encouraged  t o  p roduce  m ore. Under q u a n t i t i e s ,  how ever, we have t h a t

ex c e p t on a  s e t  o f  m easure z e ro . The v e ry  s p e c ia l  c a se  in  w hich th e  0^

a r e  p e r f e c t ly  c o r r e l a te d  (p = 1 ) l i e s  w ith in  t h a t  s e t .  The e f f ic ie n c y

g a in  d is a p p e a r s ,  i n  t h a t  c a s e ,  because  m a rg in a l c o s ts  a r e  e q u a l a c ro s s
g

a l l  f i rm s  even when q u a n t i ty  c o n t ro l s  a r e  im posed. Our o b s e rv a tio n  

r e q u i r e s ,  t h e r e f o r e ,  a t  l e a s t  a f i n i t e  d e g re e  o f  in te r f iz m  ind ep en d en ce .

A second  in f lu e n c e  can  b e  uncovered  i f  we compute th e  s e t  o f  p o in t s  

(q Q̂ : i  = l , . . . , n )  such  th a t

n n
I Q • = I 5   ̂ }.*•- Mo i  Mo i  *1=1 i=l

C j ^ 0 i*® i^ 1  • • •»  n  »

t h a t  i s ,  th e  qQ^ a r e  s e le c te d  n o t o n ly  t o  e q u a l iz e  m a rg in a l c o s t s  a c ro s s  

f i r m s ,  b u t  a l s o  t o  m a in ta in  t o t a l  o u tp u t a t  th e  l e v e l  p r e s c r ib e d  by

g
F or i d e n t i c a l  f i r m s ,  ,
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q u a n t i ty  c o n t r o l s .  We can s o lv e  f o r  th e  q ^  i n  th e  g e n e ra l  c a se  u s in g  

C ram er's  R ule and in d u c tio n  on th e  number o f  f irm s  ( s e e  Appendix B):

n
( n - l ) c u ( 0 j )  -  E a k^6 k^

R—1

_ „ ________________k£i________
qo i  "  qo i  “ „ in CX 1

We have .assum ed, in  t h i s  s u b s e c t io n , t h a t  a l l  o f  th e  f irm s  a re  i d e n t i c a l  

so  t h a t
n

( n - l ) o ( 0 . )  -  £ <*(0 V)
1  k= l K

5 o i = 4o l ------------------------------   (3 .1 .1 2 )
n C1JL

E q u a tio n  (3 .1 .1 2 )  w i l l  i l l u s t r a t e  th e  second e f f e c t :  a  d i v e r s i f i c a t i o n

g a in  a f fo rd e d  p r i c e  c o n t ro l s  a s  th e  number o f  f irm s  in c r e a s e s .

O b se rv e , f i r s t  o f  a l l ,  t h a t  i f  th e  0^ a r e  p e r f e c t ly  c o r r e l a t e d ,  

th e n  o ( 0 j )  = a ( 0 j )  f o r  a l l  i  and j  and §0 £ = % i ’ In  t h i s  c a s e ,  t h e r e  

can  be no g a in  in  s e t t i n g  m a rg in a l c o s ts  eq u a l because  th e y  a l re a d y  

a r e  e q u a l u n d e r q u a n t i t i e s ;  we have n o te d  t h i s  p o in t  b e fo r e .  On th e  

o th e r  e x tre m e , i f  th e  8 ^ a re  in d e p e n d e n tly  d i s t r i b u t e d ,  th e n

I e ( 0 . )  = (n -1 )  E ( o ( 0 ) )  = 0 
k=l K 
t f i

a s  n  g row s, and

lira  -  ,  lira  .
n  -*• «> qo i  n  -*■ •  o i  ”  n C,'11

o ( 0 . )

■ « « I  '  - E ^  5
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I n  th e  l i m i t ,  t h e r e f o r e ,  we can  s e t  an  o u tp u t f o r  each  f irm  so  t h a t  th e  

m a rg in a l c o s t  o f  each  firm  i s  p r e c i s e ly  e q u a l to  th e  o p tim a l p r i c e  o rd e r  

w ith o u t moving t o t a l  o u tp u t from  th e  l e v e l  s e t  u n d er o p tim a l q u a n t i ty  

c o n t r o l .  H ost c a s e s  l i e  betw een th e  two e x tre m e s , b u t  th e  i n t u i t i o n  

th e s e  ex trem es p ro v id e  can c e r t a in l y  be e x t r a p o la te d .  The g a in  from  

d i v e r s i f i c a t i o n  l i e s  in  th e  a b i l i t y ,  a s  n  in c r e a s e s ,  t o  s e t  m a rg in a l 

c o s ts  o f  each  f irm  c l o s e r  t o  p w ith o u t a l t e r i n g  t o t a l  o u tp u t .  P u t 

a n o th e r  w ay, th e  t o t a l  o u tp u t v a r i a t io n  t h a t  r e s u l t s  from  s e t t i n g  mar­

g in a l  c o s t s  a t  each  f irm  e q u a l t o  fi becomes m o n o to n ic a lly  s m a lle r  a s  

th e  number o f  f irm s  in c r e a s e s .  S in ce  i t  i s  t h a t  o u tp u t v a r i a t io n  t h a t  

" h u r ts "  p r i c e s ,  th e  d im in is h in g  o f  t h a t  v a r i a t io n  i s  a  p o s i t i v e  b ia s  in  

th e  co m p ara tiv e  ad v an tag e  o f  p r i c e s .

The fo llo w in g  p r o p o s i t io n  s e rv e s  t o  sum m arize th e  im port o f  t h i s  

s u b s e c t io n .

P ro p o s i t io n  1 :

A c e t e r i s  p a r ib u s  in c re a s e  in  th e  number o f  f irm s  c o n t r ib u t in g  

t o  th e  t o t a l  o u tp u t  c r e a te s  a  c o rre sp o n d in g  in c re a s e  in  th e  

co m p ara tiv e  advan tag e  o f  in d u s try -w id e  p r ic e  c o n t r o l  o v er 

in d u s try -w id e  q u a n t i ty  c o n t r o l ,  g iv e n  any f i n i t e  d e g re e  o f  

i n t e r f i r m  in d e p en d en ce .

We have seen  t h a t  t h e r e  a r e  two economic fo rc e s  t h a t  s im u lta n e o u s ly  

c o n t r ib u te  t o  th e  g e n e s is  o f  t h i s  p ro p o s i t io n .  The f i r s t  i s  th e  e f f i ­

c ie n c y  g a in  cau sed  by th e  e q u a l iz a t io n  o f  m a rg in a l c o s t s  a c ro s s  f irm s  

u n d er p r i c e  c o n t r o l .  The second  i s  a  d i v e r s i f i c a t i o n  g a in  t h a t  d im in ish e s  

th e  v a r i a t i o n  o f  t o t a l  o u tp u t u n d er th e  same in d u s try -w id e  p r ic e  s p e c i f i ­

c a t io n .
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S e c tio n  3 .2 :  M ixing P o l i c i e s  W ith in  an In d u s try 1 0

In  t h i s  s e c t io n ,  we b e g in  to  in v e s t ig a te  th e  e x is te n c e  o f  circum ­

s ta n c e s  in  w hich a  mixed p o l ic y  s e t —i . e . ,  th e  r e g u la t io n  o f  some o f  

th e  f irm s  in  th e  in d u s try  by p r i c e s ;  th e  r e s t ,  by q u a n t i t i e s —would be 

p r e f e r a b le  t o  un ifo rm  in d u s try -w id e  c o n t ro l  by e i t h e r  mode. He s t i l l  

conform  t o  th e  model s p e c i f i e d  a t  th e  b eg in n in g  o f  S e c tio n  3 .1 ;  in  

summary:

(1 )  The c e n te r  m axim izes ex p ec ted  b e n e f i t s  minus ex pec ted  

c o s ts  w ith  th e  c o r r e c t  d i s t r i b u t i o n  f o r  th e  random 

v a r ia b le s .

( 2 )  The p e r ip h e r a l  f irm s  maximize p r o f i t s  by o b se rv in g  th e  

v a lu e  o f  0 £ t h a t  ap p ea rs  and s e t t i n g  th e  o rd e re d  p r ic e  

eq u a l t o  m a rg in a l c o s t s .

(3 )  T here i s  no o u tp u t d i s t o r t i o n  under q u a n t i t i e s  and no 

consum ption d i s t o r t i o n  a t  a l l .

C o n s id e r , a s  a  f i r s t  exam ple, th e  ca se  in  which one good i s  produced 

by  n  f irm s  t h a t  a re  d iv id e d  in t o  two groups by d i f f e r e n c e s  in  t h e i r  c o s t  

f u n c t io n s .  Assume, t o  be  more p r e c i s e ,  t h a t  we can number th e  f irm s  so  

t h a t  t h e  f i r s t  m c o n fro n t c o s t  fu n c tio n s  o f  th e  form

C1 (qi ,e i ) = a ^ e . )  + (C j + a 1 ( 0 . ) ) ( q i -<}o l ) + |  ,

10U n ti l  we c o n s id e r  th e  g e n e ra l  c a se  in  S e c tio n  3 .2 .3 ,  we assume 
f o r  e x p o s i t io n a l  e a se  t h a t  th e  0 ^ and n a re  in d e p e n d e n t.
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w hile th e  rem aining (n-m) face

c2(q1,ei ) = W  + (CJ ♦ <.2(e .) ) (q. - ^ 2) + J C u < < !r V 2-

We f u r t h e r  assume t h a t  th e  c o r r e l a t i o n  c o e f f i c i e n t s  o f  o u tp u t v a r i a t io n  

u n d e r p r i c e s  a r e  u n e q u a l, b o th  w ith in  and betw een th e  two g ro u p s . T h is 

fined , assum ption  i s  m a th e m a tic a lly  s p e c i f i e d  a s  fo l lo w s : 1 1

i  2V a r C a j / r ^ )  = o ; i  = l , . . . , m ;

C o v C ^ / r ^ j a ^ / r ^ )  = pjO2 ; i  and j  = l , . . . , m  w ith  i  t  j ;

V aiK o^/r^j,) = t a 2 ; k = (m+1 ) ,  n ;

C o v C o ^ r ^ j a ^ / r ^ )  = t p 2 o 2 ; k  and 4 = (m+1 ) , . . . , n  w ith  4 k ; and

i  Jc 2
C o v C c u / r ^ j a j j / r ^ )  = / t  pgo ; i  = l , . . . , m  and k = (m+1 ) , . . .  ,n .

The co m p ara tiv e  ad v an tag e  o f  p r ic e s  f o r  t h i s  exam ple can be com­

p u te d  d i r e c t l y  from  ( 3 .1 .1 0 ) :

4A ■ r  ‘<*1 $  Bu  r ♦ rn  r >  * Bu  t -  ♦ ri i  r » »

♦ (2zHL){p2(Sl2. Bu  ♦ U - P , K ^  + ^ - »

+ ( 2 .) ( 2 ^ ) ( B l l P .o 2 / t ) .  ( 3 .2 .1 )
n  n  jl i o

“ We w i l l  s h o r t l y  c o r r e c t  f o r  th e  p u re  e f f e c t  o f  n ,  so  t h a t  we l i s t  
th e s e  a ssu m p tio n s  i n  t h e i r  tra n s fo rm e d  n o ta t io n .  These c o n d i t io n s  a re  
s im u lta n e o u s ly  c o n s t r a in t s  on th e  v a r ia n c e -c o v a r ia n c e  m a tr ix  o f  margined, 
c o s t s .  The c o v a r ia n c e  betw een th e  g roups a p p e a rs  in  i t s  p e c u l ia r  form 
b e c a u se  g iv e n  any two random v a r i a b l e s ,  x  and y ,  th e  c o r r e l a t i o n  c o e f f i ­
c i e n t  i s  d e f in e d

.  ,  2  . /  2  2 xp s (o / / a  a  ) .  xy xy x y
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When th e  tw o g roups o f  f irm s  a re  in d e p en d en t (p 3  = 0 ) ,  A^ e q u a ls  th e  

convex sum o f  a  m od ified  e x p re s s io n  f o r  th e  com para tive  ad v an tag e  o f  

p r ic e s  f o r  each  group ta k e n  a lo n e . The m o d if ic a t io n ,  e x h ib i te d  by  th e  

f r a c t i o n a l  c o e f f i c i e n t s  in  ( 3 .2 . 1 ) ,  r e f l e c t s  th e  d i v e r s i f i c a t i o n  g a in  

a f fo rd e d  p r ic e  c o n t ro l  by th e  g ro u p in g ; each  g ro u p , ta k e n  in d i v id u a l ly , 

can  now a f f e c t  o n ly  a  f r a c t io n  o f  th e  t o t a l  in d u s try -w id e  o u tp u t .  Each 

group can th e r e f o r e  p ro v id e  o n ly  a  f r a c t i o n  o f  th e  v a r ia n c e  in  t o t a l  

o u tp u t t h a t  a p p ea rs  in  th e  b e n e f i t  fu n c t io n .  W ith in  each  b r a c k e t  o f

( 3 .2 . 1 ) ,  th e n ,  i s  th e  com para tive  ad v an tag e  o f  p r ic e s  o v e r  q u a n t i t i e s  

f o r  each  g ro u p , ta k e n  in  th e  c o n te x t  o f  t h a t  g ro u p 's  r e l a t i v e  p o s i t io n  

in  th e  in d u s t r y .  We make t h a t  d i s t i n c t i o n  n o ta t i o n a l ly  by  r e w r i t in g

( 3 .2 .1 )  a s  fo llo w s :

A' = (m /n) A1  (m /n) + (£21) A2  ( ^ )  + (E)(DzEL) B - .p .a 2 / ^  n n n n n 1 1  3

( 3 . 2 . 1 ) '

P ostp o n in g  a  d e t a i l e d  d is c u s s io n  o f  th e  o r ig in s  o f  t h i s  change 

u n t i l  l a t e r  i n  th e  s e c t i o n ,  we can e a s i l y  n o te  an exam ple in  w hich a  

p o l ic y  mix w ould b e  p r e f e r r e d .  Suppose t h a t ,  ta k in g  i t s  p o s i t i o n  in  

t h e  in d u s tr y  i n to  c o n s id e ra t io n ,  p r i c e s  a re  p r e f e r r e d  in  g roup  o n e , 

w h ile  q u a n t i t i e s  a r e  s im i l a r l y  fa v o re d  in  g roup  tw o. In  o u r  new n o ta t i o n ,

AX(m /n) > 0 6  (Hd“) < o.n

A s im p le  co u n tin g  argum ent r e v e a ls  t h a t  a  m ix w ith  p r i c e  c o n t r o l s  o v e r 

g roup  1  and  q u a n t i ty  c o n t ro ls  o v e r g roup  2  o u tra n k s  in d u s try -w id e
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12c o n t r o l  o f  e i t h e r  k in d  when = 0 .

3 .2 .1 :  O ptim al D ec is io n s  Under a  Mixed Scheme

H aving d em o n stra ted  th e  e x is te n c e  o f  c a s e s  in  w hich p o l ic y  m ixes 

a r e  p r e f e r a b l e ,  we w i l l  s h o r t l y  p u rsu e  g e n e r a l i t y  i n  s e v e r a l  d i r e c t i o n s .  

I t  i s  n e c e s s a r y ,  how ever, t o  d em o n stra te  t h a t  th e  q u a n t i ty  d e c is io n s  

made u n d e r  a  m ixed scheme e i t h e r  a t  t h e  c e n t e r ,  o r  a t  th e  p e r ip h e ry  in  

re sp o n se  t o  a  p r i c e  o rd e r  from th e  c e n t e r ,  a r e  th e  same a s  th e y  would 

have  been  u n d e r a  u n ifo rm  c o n t ro l .  He c o n s id e r ,  t o  t h a t  e n d , a  p o te n ­

t i a l  m ix i n  w hich  th e  f i r s t  m f irm s  fa c e  p r i c e  c o n t ro ls  and maximize 

p r o f i t s ,  w h ile  th e  l a s t  (n-m ) f irm s  o p e ra te  u n d e r d i r e c t  q u a n t i ty  r e g u la ­

t i o n .  The c e n t e r  se e k s  t o  maximize ex p ec ted  b e n e f i t s  minus c o s ts  w ith  

r e s p e c t  t o  i t s  c o n t r o l  v a r ia b le s  p '  and ( q | : i  = (m+1 ) ,  . . . ,  n ) ,  h av in g

f u l l  ex_ a n te  know ledge o f  th e  p r i c e  re sp o n se  cu rv es  o f  th e  f i r s t  m 

13f i r m s :

q | ( p ‘ , 0 . )  = l ^ C p ' . e p

The c e n t e r  th e r e f o r e  s o lv e s

m . n
( p . . ^  , .  {E(B(( £ h Cp' .O j)  + I  q p . n )
lp » qm+l’***’V  i=l 1 j=m+l 1

-  I  C .O i1 ,© .) -  I  C .C q j .e .) ) }  
i = l  1  1  i=m+l 1  1

1 2
He a r e  e s s e n t i a l l y  m axim izing e x p e c te d  b e n e f i t s  minus c o s ts  o v e r 

f o u r  a l t e r n a t i v e s  t h a t  in c lu d e  th e  tw o p re v io u s ly  a v a i la b le  c h o ic e s .  He 
can  th e r e f o r e  do no w o rse ; t h i s  exam ple i s  c o n s tru c te d  so  t h a t  we do b e t t e r .

i g
S in c e  f irm s  a r e  p r o f i t  m ax im ize rs , th e y  a r e  concerned  o n ly  w ith  th e  

p r i c e  a t  w hich  th e y  can s e l l  t h e i r  p ro d u c t an d  t h e i r  own margined, c o a t  
s c h e d u le ,  n o t  t h e  ty p e  o f  c o n t ro l  t h a t  o th e r  f irm s  a r e  f a c in g .  T h e ir  
p r i c e  re s p o n s e  c u rv e s  a r e  th e r e f o r e  th e  same as  th o s e  in tro d u c e d  in  S e c tio n  3 .1 .
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f o r  th e  o p tim a l c o n t ro l  m ix , d e s ig n a te d  { £ ';

Expanding th e  b e n e f i t  and c o s t  f u n c t io n s  around  q and th e  as 

d e f in e d  i n  s e c t io n  3 .1 ,  we s e e  im m ed ia te ly  from  th e  l a s t  (n-m ) f i r s t  

o rd e r  c o n d i t io n s  t h a t

f o r  any i  = (m+1 ) ,  . . . ,  n .

The rem a in in g  f i r s t  o rd e r  c o n d it io n  r e q u i r e s ,  in  a d d i t i o n ,  t h a t
m

E(Bi  • h i>
5 = f --- - - - - -

e z  h i
i = l

m n
E(B. ( (  I  h . ( p , 0 . ) +  I  qr.),n) 

i = l  1  i=m+l ^

m -C! + p
B* + B . . (  I  (— i , ------) ) .

1=1 C XL

We r e c a l l  t h a t  B* = C | f o r  a l l  i  and conclude t h a t  p  = B* = C ! .1** S in c e  

b o th  t h e  o p tim a l p r i c e  o r d e r  and th e  p r i c e  re sp o n se  c u rv e s  f o r  e v e ry  

f i r m  h av e  rem a in ed  th e  sam e, th e  q u a n t i ty  re sp o n se  t o  t h a t  p r i c e  o r d e r ,  

d e n o te d  ^ | ( 0 ^ ) ,  i s  s im i l a r l y  i d e n t i c a l :

O j  ( 0 . )

q ( e i )  = 4o i  -  , Vi = 1 ,  . . . ,  m.

C 1 1

O bserve f i n a l l y  t h a t  th e  p re c e d in g  argum ent i s  in d e p en d en t o f  th e  o r ­

d e r in g  p la c e d  on th e  f irm s  a s  w e l l  a s  th e  number o f  f irm s  chosen  t o  be

See th e  argum ent o u t l in e d  i n  S e c t io n  3 .1  f o r  a  more com plete  demon* 
s t r a t i o n .

IIS?-
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r e g u la te d  by p r i c e  c o n t r o l .  He have d em o n stra ted , t h e r e f o r e ,  t h a t  th e  

q u a n t i ty  d e c is io n s  made a t  e i t h e r  s e a t  o f  a u th o r i ty  u n d er a  m ixed p o l ic y  

a re  p r e c i s e ly  th o s e  t h a t  would have been made u n d er th e  co rresp o n d in g  

in d u s try -w id e  c o n t r o l .

3 .2 .2 :  P o lic y  Mixes w ith  P o s i t iv e  In te rg ro u p  C o r re la t io n

He now r e tu r n  t o  th e  assum ption  t h a t  th e r e  a re  two ty p e s  o f  f i rm s ,  

d is t in g u is h e d  by t h e i r  r e s p e c t iv e  c o s t  f u n c t io n s .  He f u r th e r  r e q u i r e ,  

f o r  t h e  moment, t h a t  th e  random v a r ia b le s  in f lu e n c in g  th e  v a r io u s  c o s t  

f u n c t io n s  be  p o s i t i v e ly  c o r r e la te d  a c ro s s  g roups ( i . e . ,  > 0 ) .  Con­

s i d e r  a  ca se  i n  which q u a n t i ty  c o n tro ls  a re  p r e f e r r e d  when th e  in d u s try  

i s  p la c e d  u n d e r un ifo rm  r e g u la t io n  ( i . e . ,  A < 0 ) .  We p ro p o se , in  con­

t r a s t  t o  in d u s tx y -w id e  q u a n t i ty  c o n t r o l ,  a  p o l ic y  mix t h a t  r e g u la te s  

group 1 by p r i c e s  and group 2 by q u a n t i t i e s .  The com parative  advan tage 

o f  t h a t  mix o v e r  un ifo rm  q u a n t i ty  c o n t ro l  i s  g iv e n  by

An (pq /qq) = j  m C ^  o2  + i  m o2  + j  m (m-l)pj,a2 ( 3 .2 .2 )

C o rre c t in g  f o r  th e  p u re  e f f e c t  o f  th e  t o t a l  number o f  f i r m s ,

An (pq /qq) = (in/n)C(p1/ 2 ) C ( ! ^ i ) ( o / r J 1 )2 + ^ ( c / T ^ ) 2 ]

+ ( ^ H ^ H a / r ^ ) 2  + r ^ a / r ^ ) 2] ]

= A ^ m /n ) (3 .2 .2 )*

The co m para tive  advan tage o f  t h i s  mix o v e r  q u a n t i t i e s  i s  p r e c i s e ly  th e  

m o d if ie d  co m p ara tiv e  advan tage o f  p r ic e s  o v e r q u a n t i t i e s  in  g roup 1  when 

th e  " p o s i t io n "  o f  g roup 1 in  th e  in d u s try  i s  ta k en  in to  ac c o u n t. That
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p o s i t i o n  i s  in d ic a te d  by th e  p re l im in a ry  c o e f f i c i e n t  (m /n ).

Here we t o  r e v e r s e  th e  m ix , we would s im i la r l y  f in d  th e  compara­

t i v e  advan tage  o f  t h a t  second mix o v e r  un ifo rm  q u a n t i ty  c o n t ro l  t o  be

An (q p /q q ) = A2 ( ^ p ) .

He can  ran k  th e s e  two m ixes by com paring th e  m o d ified  com para tive  ad­

v a n ta g e s  o f  p r ic e s  in  th e  two groups ta k e n  in d iv id u a l ly ;  i f  e i t h e r ,  o r  

b o t h , ^  o f  th e s e  s t a t i s t i c s  i s  p o s i t i v e ,  th e  group h av in g  th e  h ig h e r  

co m p ara tiv e  advan tage  sh o u ld  b e  sw itch ed  t o  p r ic e  c o n t r o l  when th e  mix 

i s  im posed.

I t  i s  a l s o  u s e f u l  to  c o n t r a s t  th e s e  two m ixes w ith  in d u s try -w id e  

p r i c e  c o n t r o l  i n  th e  c a se  i n  which in d u s try -w id e  p r i c e  c o n t ro l s  a re  

fa v o re d . R e c a ll  t h a t  th e  f i r s t  mix r e g u la te s  g roup 1 by p r ic e s  and 

group  2 by q u a n t i t i e s . C o rre c tin g  a s  b e fo re  f o r  th e  p u re  e f f e c t  o f  n , 

we can  se e  t h a t  th e  co m p ara tiv e  advan tage  o f  mix 1  o v e r  un ifo rm  p r ic e  

c o n t r o l  i s  g iv e n  by

4n(p<j/pp) = -(!̂ )[(»2/2 )[(Ŝ l) Bu t (o/r̂ )2 . tr2x (p/r̂ )2:

♦ ( - 2 ^ ' ) [ ( - ^ - ) ( < i / r J 1 ) 2  * t r ^  ( o / r ^ ) 2 ] ]

-  Bu  " 3  ^  (c ,2 /r i i r i i >

* - 42  <” > -  Bu  <?><2r ) " 3 /F  <o2/ r u rii> -  (3 -2-1,)

The f i r s t  te rm  o f  (3 .2 .< t) i s  t o t a l l y  ex p ec ted  in  l i g h t  o f  th e  p re v io u s  

exam ple; i t  i s  th e  co m p ara tiv e  advan tage  o f  q u a n t i t i e s  o v e r p r ic e s  in

15 1 2S in ce  pg > 0 ,  i t  i s  p o s s ib le  f o r  A (m /n) > 0 and A (n -m /n ) > 0 and
s t i l l  have An  < 0 (s e e  e q u a tio n  ( 3 .2 . 1 ) ) .

i£-:
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group  2 ,  s t i l l  ta k in g  t h a t  g ro u p 's  r e l a t i v e  p o s i t io n  in  th e  in d u s try  

i n t o  a c c o u n t. The second  term  sh o u ld  be  no s u r p r i s e ,  e i t h e r .  When th e  

e n t i r e  in d u s t r y  i s  under p r ic e  c o n t r o l ,  th e  p o s i t i v e  c o r r e l a t i o n  o f  

c o s t s ,  and th u s  o u tp u t v a r i a t i o n ,  betw een th e  two groups te n d s  t o  mag­

n i f y  th e  e f f e c t  o f  in d iv id u a l  o u tp u t v a r i a t io n  on th e  v a r ia n c e  o f  t o t a l  

o u tp u t .  T h is  ten d en cy  p roduces an a d d i t io n a l  n e g a t iv e  b ia s  a g a in s t  

p r i c e ,  o v e r  th e  ca se  o f  group indepen d en ce , r e g i s t e r e d  by

Bl l (n ) ( ^ ^ ) p 3 ^  ( a 2 / r i i r i l ) < °* ( 3 .2 .4 a )

When g roup  1 i s  r e g u la te d  by q u a n t i t i e s ,  how ever, th e  o u tp u t o f  each  f irm  

i n  t h a t  g roup  i s  f ix e d  ( in  th e  c u r r e n t  s im p le  m o d e l) , and th e  e f f e c t iv e  

c o v a r ia n c e  a c ro s s  g roups i s  z e ro . The mix in  q u e s t io n ,  th e r e f o r e ,  c o l ­

l e c t s  a  p o s i t i v e  b ia s  o v e r  a  reg im e o f  un ifo rm  p r ic e  c o n t r o l  e q u a l to  

th e  a b s o lu te  m agnitude o f  ( 3 .2 .4 a ) .

When th e  mix i s  r e v e r s e d ,  a  second  co m p ara tiv e  ad v an tag e  can  be 

com puted, and s im i l a r  m a n ip u la tio n  r e v e a ls  t h a t

ACqp/pp) = -A1^ ) - ( ! ! ) ( £ ■ )  , u  p 3  / t  (o 2 / ! ^ ) .

He can  once a g a in  ra n k  th e  two m ixes by com paring th e  v a lu e s  assumed by 

th e  tw o m o d ifie d  com para tive  adv an tag es  o f  p r i c e s ;  t h i s  t im e ,  how ever, 

th e  g roup  h av in g  th e  ( a lg e b r a ic a l ly )  l a r g e r  com para tiv e  advan tage  sh o u ld  

rem ain  u n d e r p r i c e  c o n t ro l  when th e  mix i s  e n a c te d .

The fo llo w in g  p ro p o s i t io n  sum m arizes o u r r e s u l t s  th u s  f a r :

P ro p o s i t io n  2 :

Suppose t h a t  pg > 0 . I f  p r ic e  ( q u a n t i ty )  r e g u la t io n  i s  p re ­

f e r r e d  i n  e i t h e r  group 1  o r  g roup  2 , ta k in g  in t o  a c c o u n t th e
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r e l a t i v e  p o s i t i o n  o f  th e s e  groups in  th e  t o t a l  in d u s t r y ,  

even th o u g h  q u a n t i ty  ( p r i c e )  c o n t r o l  i s  p r e f e r r e d  a c ro s s  

th e  in d u s t r y  ta k e n  a s  a  w h o le , th en  a  mix th a t  c o n t ro l s  

t h a t  g roup  w ith  p r i c e s  ( q u a n t i t i e s )  and th e  rem a in d er o f  

th e  in d u s tr y  w ith  q u a n t i t i e s  ( p r ic e s )  ran k s  h ig h e r  th a n  

un ifo rm  q u a n t i ty  ( p r i c e )  r e g u la t io n .

To b e  s u r e ,  t h i s  i s  a  r e s u l t  o f  r a th e r  l im i te d  sco p e . I t  w i l l  no n eth e­

l e s s  s e rv e  two p u rp o ses  i n  su b seq u en t s u b s e c t io n s .  F i r s t  o f  a l l ,  i t
*

w i l l  be  a p p l ie d  t o  an  even  more s p e c i f i c  exam ple in  w hich we w i l l  c l a r i f y  

th e  o f te n  q u o te d , b u t  th u s  f a r  p o o r ly  r a t i o n a l i z e d  p h ra s e ,  " ta k in g  in to  

acc o u n t i t s  p o s i t i o n  in  t h e  in d u s t r y ."  I t  a p p e a rs ,  in  a d d i t io n ,  a s  an 

i n t u i t i v e  p r e c u r s o r  o f  a  s im i l a r  r e s u l t  c a s t  in  a  more g e n e ra l  forum .

We w i l l ,  how ever, co m p le te  o u r  exam in a tio n  o f  t h i s  tw o-group m odel by 

d is c u s s in g  th e  e f f e c t s  o f  n e g a t iv e  in te rg ro u p  c o r r e l a t io n  b e fo re  p ro ­

c e e d in g  i n  th o s e  d i r e c t i o n s .

The a lg e b ra  o f  th e  p re v io u s  r e s u l t s  s u r v iv e  th e  change in  th e  s ig n  

o f  p 3  co m p le te ly  i n t a c t .  The in t e r p r e t a t i o n s  o f  th e  v a r io u s  c a s e s  a r e ,  

how ever, a l t e r e d  d r a s t i c a l l y .  For in s ta n c e ,  when th e  b ase  f o r  com parison

i s  in d u s try -w id e  q u a n t i ty  c o n t r o l ,  we can n o t s im u lta n e o u s ly  o b se rv e

1  2p o s i t i v e  v a lu e s  f o r  b o th  A (m /n) and A (n -m /n ). The ch o ice  betw een 

m ixes i s  t h e r e f o r e  s im p le  t o  make: choose to  p u t under p r i c e  c o n t ro l

t h a t  g roup whose m o d if ie d  co m p ara tiv e  ad v an tag e  o f  p r ic e s  i s  p o s i t i v e .

The complement o f  t h a t  g roup  w i l l ,  o f  c o u r s e ,  rem ain  u n d er q u a n t i ty  

r e g u la t io n .

Even g r e a t e r  changes a r e  c r e a te d  when th e  b a s is  f o r  com parison i s  

in d u s try -w id e  p r i c e  c o n t r o l .  The second te rm  o f  ( 3 .2 .4 )  i s  th e n  p o s i t i v e
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and r e p r e s e n ts  a  g a in  o v e r  in te rg ro u p  independence r e s u l t i n g  from th e  

dam pening e f f e c t  on th e  v a r ia n c e  o f  t o t a l  o u tp u t o f  th e  n e g a tiv e  a c ro s s -  

g roup  c o r r e l a t i o n  in  m a rg in a l c o s t s .  In  o rd e r  t h a t  a  mix b e  p re fe r r e d *  

in  t h i s  c a s e ,  i t  m ust th e r e f o r e  overcome t h i s  p o s i t i v e  b ia s  tow ard  u n i­

form  p r ic e  r e g u la t io n ;  th e r e  m ust e x i s t  a  g roup w hich , ta k e n  a lo n e ,  

s t r o n g ly  fa v o rs  q u a n t i ty  c o n t r o l .

3 .2 .3 :  An I l l u s t r a t i v e  D ig re s s io n

We r e tu r n  b r i e f l y ,  in  t h i s  s u b s e c t io n ,  to  th e  w orld  in  w hich th e r e  

a r e  n i d e n t i c a l  f irm s  p ro d u c in g  th e  one p ro d u c t.  Each firm  fa c e s  th e  

c o s t  f u n c t io n :

C ( q . ,e . )  = a ( 0 . )  + <C + a O . m q . - ^ )  + J  Cn  ( q ^ ) 2 ,

w h ile ' th e  0 ^ a r e  d i s t r i b u t e d  such  t h a t

2
V ar(o (0 ^ ))  = o ; i  = 1 ,  . . . ,  n ,  and

2
C o v (a (0 ^ ) ;a (0 ^ ) )  = po ; i  and  j  = 1 ,  . . . ,  n ;  i  t  j .

The m eaning o f  th e  p h ra se  " ta k in g  in to  acc o u n t a  f i r m 's  p o s i t io n  in  

th e  in d u s try "  can  be d e m o n s tra te d , u n d er th e s e  c o n d i t io n s ,  by th e  f o l ­

low ing c o r o l l a r y  to  P ro p o s i t io n  2 :

C o ro lla ry  1 :

Suppose t h a t  q u a n t i ty  c o n t ro l s  a r e  p r e f e r r e d  when th e  

in d u s tr y  i s  ta k e n  a s  a  w ho le . T here e x i s t s  a  s u b s e t  o f  

m f irm s  su ch  t h a t  a  mix t h a t  c o n t ro l s  th o s e  m f irm s  by 

p r ic e s  and th e  rem a in in g  (n-m ) f irm s  by  q u a n t i t i e s  i s
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(1 /n )  | | < 1 .  ( 3 .2 .5 )

fa v o re d  t o  in d u s try -w id e  q u a n t i ty  c o n t r o l  i f  and o n ly  i f

BJ  

’l l

The c o r o l l a r y  fo llo w s  d i r e c t l y  from m a n ip u la tio n  o f  e q u a tio n  ( 3 .2 .2 )  

i n  th e  c o n te x t o f  c o n d itio n  ( 3 .2 .5 ) ;  a  fo rm al p ro o f  i s  re c o rd e d  in  

Appendix C. E quation  ( 3 .2 .5 )  i s  th e n  seen  to  g u a ra n te e  th e  s u p e r io r i t y  

o f  th e  mix o f  one f irm  un d er p r ic e  c o n t ro l  and (n - 1 ) o th e rs  un d er quan­

t i t i e s  o v e r a  un ifo rm  q u a n t i ty  r e g u la t io n  o f  th e  e n t i r e  in d u s tr y .  The 

i n t u i t i o n  o f  th e  p h ra se  can now b e  c o n s tru c te d  more co m p le te ly  by a  

th o ro u g h  s tu d y  o f  th e  g e n e s is  o f  t h a t  e q u a t io n .

We w ish to  compare th e  one f irm /o n e  p ro d u c t c a s e  t o  th e  c u r r e n t  

m odel i n  which th e  f irm  in  q u e s tio n  i s  e s s e n t i a l l y  ( 1 / n ) * * 1 o f  th e  in d u s ­

t r y .  R e c a ll  t h a t  in  th e  one f irm  c a s e ,  th e  com para tive  ad v an tage  o f  

p r i c e s  o v e r q u a n t i t i e s  i s

( l i t  ( t 2_)=  ♦ ( j r —)2 )
‘ l l  ‘ ‘ l l

The f i r s t  te rm  r e g i s t e r s  th e  e f f ic ie n c y  g a in  t h a t  i s  d e r iv e d  by in s u r in g

t h a t  th e  f irm  i s  s e t t i n g  m a rg in a l c o s ts  e q u a l t o  th e  p re s c r ib e d  p r i c e ,

d im in ish e d  by th e  lo s s  c r e a te d  by e x t r a  c o s ts  due t o  o u tp u t v a r i a t i o n .
2 2( B n  a / 2 Tn ) i s  s im i la r ly  th e  lo s s  due to  o u tp u t v a r i a t io n  t h a t  i s  

r e g i s t e r e d  in  th e  b e n e f i t  f u n c t io n .  When th e  f irm  i s  embedded in  an

The p r e c i s e  an a lo g  o f  th e  one f irm  ca se  in  t h i s  s e c t io n  i s  a  s e t  
o f  n  p e r f e c t ly  c o r r e la te d  d u p l ic a te s  o f  one f i rm . T hen,

A - n r> t  a  ^ ^  n / ° \ 2
A -  2  c i i  ( e ^ >  + —  u  ( c ^ >

C o r re c t in g  f o r  th e  p u re  e f f e c t  o f  n a s  b e f o r e ,

4 * ? rn <r̂ >2 * I Bu <f̂ >2 * I CB11T11)Var(<./r11).
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in d u s tr y  o f  ( n - 1 ) i d e n t i c a l  o th e r  f irm s  th a t  a re  c o n t r o l le d  d i r e c t l y  by 

q u a n t i t i e s ,  how ever, th e  c o rre sp o n d in g ly  d im in ish ed  e f f ic ie n c y  g a in  i s  

g iv en  by

E { (n -1 ) C ^ (q i,6 ^ )d q j + = o * ^ M - > 2= 5T < T 7 - ) 2

o ( 8 i )  11
V  “ c"

'11
( 3 .2 .6 )

O bserve t h a t  th e  g a in  i s  reduced  by a  f a c t o r  o f  (L/n) from  th e  s in g le  

f i rm  c a s e .  He can s e e ,  i n  l i k e  m anner, t h a t  th e  v a r i a t i o n  induced  lo s s  

i n  b e n e f i t s  i s  now

E{ Bl ( q ,„ )d q } = f i i  ( jS - ) 2  = ! i i  ( l H- ) 2 
* 11 2n 11

( 3 .2 .7 )

<*( 6,.)
•V —

2
i . e . ,  i t  i s  d im in is h e d , in  a b s o lu te  te rm s ,  by ( l / n )  . As we n o ted  ab o v e , 

when th e  s in g le  f irm  i s  in c o rp o ra te d  i n t o  a la rg e  in d u s t r y ,  i t  can  i n ­

f lu e n c e  o n ly  a  f r a c t i o n  o f  th e  t o t a l  o u tp u t o f  t h a t  in d u s t r y .  E q u a tio n s  

( 3 .2 .6 )  and  ( 3 .2 .7 )  r e v e a l  th e  asymmetry o f  t h i s  d im in is h in g  e f f e c t  on 

th e  two s id e s  o f  th e  lo s s  fu n c t io n .  I t  i s  th e r e f o r e  p o s s ib le  t h a t

l Bn ° 2 ' 2 r ? , l  > ( r „ o 2 / 2r 2 , )  > I  I b , , , 2 / * ! - 2 , !  ,
1 1 ' 1 1 11' n 1 1 1 l l 1

i n  w hich c a s e  th e  f irm  ta k e n  w ith in  th e  in d u s try  p r e d i c t s  t h a t  p r ic e s  

a r e  p r e f e r r e d ,  w h ile  t h a t  same f irm  ta k e n  as th e  e n t i r e  in d u s tr y  p r e d ic t s  

th e  e x a c t  o p p o s ite :
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When we w r i te  o f  a  f i r m 's  p o s i t io n  in  th e  in d u s t r y ,  i t  i s  p r e c i s e ly  t h i s  

asy m m etrica l r e d u c t io n  in  th e  in f lu e n c e  o f  in d iv id u a l  o u tp u t v a r i a t io n  

on t o t a l  o u tp u t v a r i a t io n  t o  w hich we r e f e r .

S e v e ra l  rem arks sh o u ld  be made, f o r  th e  sake  o f  co m p le te n ess , 

b e fo re  we p a s s  t o  a  more g e n e ra l exam ple. The co n v erse  o f  .C o ro lla ry  1 

i s  f a l s e  w henever p > 0 ; w ere p r ic e s  p r e f e r r e d  in d u s try -w id e , th e r e  

w ould e x i s t  no s in g le  f irm s  f o r  which q u a n t i ty  c o n t ro l s  would be  p r e f e r r e d ,  

even when th e y  a r e  ta k e n  a lo n e  in  th e  c o n te x t o f  t h e i r  p la c e  in  th e  in d u s ­

t r y .  To b e  more p r e c i s e ,

b r b r
An s  + ( 1 ’ P ) ( 2 Hi< 0 / r i i ) 2  + " F ^ ^ u ) 2 ) > 0

17i s  s u f f i c i e n t  t o  g u a ra n te e  t h a t

A ( l/n )  = i  ( j k - t ^ f 2- )2)*  ( ^ H p 2- ) 2 ) > 0.
1 1  ^ 1 1

We a r e  th e r e f o r e  d e a l in g  w ith  a  ca se  in  w hich th e  e f f ic ie n c y  g a in s  o f  

p r i c e  c o n t r o l s  d w arf th e  lo s s e s  a t t r i b u t e d  to  t o t a l  o u tp u t v a r i a t i o n ,  

even when t h a t  v a r i a t io n  i s  a m p lif ie d  a c ro s s  th e  in d u s tx y  by p o s i t i v e ly

17
T h a t c o n c lu s io n  fo llo w s  from  th e  fo llo w in g  sequence o f  i n e q u a l i t i e s :  

n  -  n ^ T l l} } + U  p K n  + }

-  A ( l/n )
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c o rre la te d  m arginal c o s ts .

He can a lso  dem onstrate th a t  th e  assumption th a t  p be p o s itiv e  i s

c r u c i a l  t o  th e  v a l i d i t y  o f  th e  c o r o l l a r y .  To do s o ,  we assume t h a t

p < 0 ,  r e c a l l  t h a t  th e  in d u s try -w id e  p re fe re n c e  o f  q u a n t i t i e s  r e q u i r e s

t h a t  A < 0 .  and lo o k  f o r  a  c o n t r a d ic t io n .  I f  th e  mix o f  one f irm  u n d e r n  *
p r i c e s  and  th e  rem a in in g  (n - 1 ) f irm s  u n d er q u a n t i t i e s  i s  p r e f e r r e d  t o  

u n ifo rm  q u a n t i ty  r e g u la t io n  o f  th e  e n t i r e  in d u s t r y ,  th e n

b  r
A ( l/n )  = ( l / n ) (  A - CT ) 2  + ( r2“ )2 )  > °*

2n F 1 1  2  r i l

S in ce

( 1 / n ) ^  < j £ - ) 2 + ^  ( p 2 - ) 2 l ^ p 2- ) 2 + ^ ( p 2- ) 2 
z *11 *  *11 * *11  ̂ *11

and  p < 0 ,  we have im m ed ia te ly  t h a t

p C ( l / n ) 2 + -F-P<r- - ) 23 < p C ^ w 2- ) 2 + - ~ ) 2] 
l i  l i  * 1 l i  *

s o  t h a t

. ^ - /  1 1 /  a x 2  . r u ,  a V2 X . „  _ W /B1 1 W o x 2  . 1 1 , a 2̂ N ^ „
An  -  p ( 2 H_ ( r — } + T ^ f — '  } + ^ - p X t o i r X p — ) + — > ) > 0 .jn  i 1]L t  i x l  tn i n  z r u

We th e r e f o r e  have o u r  c o n t r a d ic t io n .  I f  p < 0 and un ifo rm  q u a n t i ty  

c o n t r o l  i s  p r e f e r r e d  t o  un ifo rm  p r i c e  c o n t r o l , th e r e  canno t e x i s t  f irm s  

f o r  w hich p r i c e  c o n t ro l s  would be  p r e f e r r e d  when th e y  a r e  viewed 

in d i v id u a l ly  w ith in  th e  in d u s t r y .

When p < 0 ,  how ever, a l l  i s  n o t  l o s t .  I f  p r ic e s  a re  p r e f e r r e d  o v e r 

t h e  e n t i r e  i n d u s t r y ,  i t  i s  n e c e s s a r y ,  b u t  n o t s u f f i c i e n t , t h a t  th e r e  

e x i s t  a  f i rm  f o r  w hich  q u a n t i t i e s  a r e  f a v o re d ,  in  th e  c o n te x t o f  i t s  

p la c e  i n  t h e  in d u s t r y ,  f o r  th e  mix o f  t h a t  f irm  under q u a n t i ty  c o n t ro l
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and ( n - 1 ) o th e r  f irm s  un d er p r ic e  c o n t r o l  t o  be  fa v o re d  to  un ifo rm  

p r ic e  c o n t ro l  a c ro s s  th e  in d u s tr y .  The asymmetry i n  r e s u l t s  o ccu rs  

b ecau se  th e  mix m ust overcome th e  r e s u l t i n g  lo s s  i n  d iv e r s i f i c a t i o n  

t h a t  i s  a f fo rd e d  p r ic e s  in  t h i s  c a se  by th e  dampening e f f e c t  on t o t a l  

o u tp u t v a r ia t io n  o f  a  n e g a t iv e  c o r r e l a t i o n  in  c o s ts  a c ro s s  f i rm s .  When 

e q u a tio n  ( 3 .2 .4 )  i s  c o n s id e re d  in  t h i s  exam ple , th e  second  term  i s  a  

n e g a t iv e  b ia s  a g a in s t  th e  m ix , s in c e  and p a re  b o th  n e g a t iv e .

3 .2 .4 :  G en era l C o n d itio n s  f o r  a  Mix

We f i n a l l y  r e tu r n  t o  th e  g e n e ra l c a se  in  which th e r e  a r e  s im p ly  n 

f irm s  p ro d u c in g  one p ro d u c t;  no assum ptions w i l l  be  made ab o u t t h e i r  

s i m i l a r i t y ,  e x c e p t t h a t  th e y  a l l  f a c e  c o s t  fu n c t io n s  o f  th e  s ta n d a rd  

form :

Ci (q1 ,e i ) = a ^ e . )  + (CI  + Bi ( 0i ) ) ( q 1-flo l ) + 7 ^  <qr <lo i >2 

The b e n e f i t  f u n c t io n  rem ains i n t a c t  and we r e t a i n  th e  d e f i n i t i o n

B (q ,n ) = b (n ) + ( 6 ( n ) +  B 'K q -^ )  + i  B1X < q -q ) 2

from  S e c tio n  3 .1 .  I f  th e r e  e x i s t  in d e p en d en t subg roups o f  f i r m s ,  th e y  

may be  d e a l t  w ith  i n d iv id u a l ly ,  a s  lo n g  a s  we keep in  mind t h e i r  p o s i t io n  

in  th e  in d u s t r y ,  th e re b y  re c o g n iz in g  th e  f r a c t i o n a l  im pact o f  t h e i r  cumu­

l a t i v e  p ro d u c t on th e  v a r i a t i o n  o f  t o t a l  in d u s t r y  o u tp u t .  We can  th e r e ­

f o r e  assum e, w ith o u t lo s s  o f  g e n e r a l i t y ,  t h a t  th e r e  does n o t e x i s t  a  

s u b s e t  o f  f irm s  t h a t  i s  t o t a l l y  in d e p en d en t o f  th e  r e s t  o f  th e  in d u s t r y .  

N o tic e ,  how ever, t h a t  t h i s  assum ption  in  no way p re c lu d e s  a  z e ro  c o r r e l a ­

t i o n  betw een any two f i rm s .
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To c a p tu re  maximum g e n e r a l i t y ,  we b eg in  w ith  an a r b i t r a r y  mix in  

w hich th e  f i r s t  m f irm s  a r e  r e g u la te d  by q u a n t i ty  c o n t ro ls  and th e  r e ­

m ain ing  (n-m) a re  r e g u la te d  by p r i c e s .  The index  m i s  a llow ed  t o  ran g e  

betw een z e ro  and n .  C a l l in g  th e  above mix 1 ,  we w i l l  now c o n t r a s t  a  

second m ix which d u p l ic a te s  th e  f i r s t  b u t f o r  th e  m* * 1 f i rm ; t h a t  f irm  i s

sw itch ed  to  p r ic e  c o n t ro l .  The co m para tive  advan tage  o f  mix 2 o v e r

18mix 1  i s  th e n  sim ply :

Am
n

(mix 2/m ix 1) = E

a _ _5d.
qom ” m 

C 1 1

'qo  ‘  i= m + l°i/C l l

B1 (q ,n )d q

n
4 -  . £ a . / C *  i=m i  l l

1 m

t  Bu [_ [  Cov(«]1/ c " 1 ; a 1 / 4 1 ) t  ±  V a r C ^ / c ^ ) ]
i=m+l

n

t  Cov(«yr”i;B ) t  i  Bu  Var<am/r^ > ] ( 3 .2 .8 )

The v a r io u s  te rm s o f  ( 3 .2 .8 )  a re  q u i t e  e a s i l y  r a t i o n a l i z e d ;  we have seen  

them a l l  b e fo re .  The f i r s t  r e p r e s e n ts  th e  p o s i t i v e  b ia s  o f  th e  e f f ic ie n c y  

g a in  t h a t  i s  ach iev ed  by g u a ra n te e in g  t h a t  th e  m* * 1 f irm  now s e t s  m a rg in a l

18
R e c a llin g  S u b sec tio n  ( 3 .1 ) ,  we know t h a t  th e  q u a n t i ty  o rd e rs  and 

p r i c e  o r d e r s ,  a s  w e ll  a s  th e  p r ic e  re sp o n se  f u n c t io n s ,  a r e  in v a r i a n t  
a c ro s s  t h i s  change in  m ix. Terms l i k e

^ ( m ix  2 )

Cl (q i» e i )dqi ’ 1  * m 
; qi (mix 1 )
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c o s t  e q u a l t o  th e  p r i c e  o r d e r .  As u s u a l ,  th e  dam pening e f f e c t  o f  o u tp u t 

v a r i a t io n  on ex p ec ted  c o s ts  has  been  in c lu d e d  in  th e  te rm . The l a s t  te rm  

i s  s im i l a r l y  th e  lo s s  r e g i s t e r e d  by th e  b e n e f i t  f u n c t io n  in  re sp o n se  t o  

th e  new ly allow ed  o u tp u t v a r ia t io n  by th e  m ^  f i r m .  F in a l ly ,  th e  te rm s 

i n  th e  sum in d ic a te  th e  dam pen ing /am p lify ing  e f f e c t s  o f  th e  n e g a t iv e /  

p o s i t i v e  c o r r e l a t i o n s  i n  o u tp u t o f  th e  m* * 1 f irm  under p r i c e  c o n t ro l  w ith  

th e  o th e r  (n-m ) f irm s  a l re a d y  under p r i c e  c o n t r o l .  We shou ld  n o te ,  in  

p a s s in g ,  t h a t  ( 3 .2 .8 )  i s  a l s o  th e  p r e c i s e  e x p re s s io n  f o r  th e  com para tive  

ad v an tag e  o f  p r ic e s  o v e r q u a n t i t i e s  f o r  th e  m**1 f irm  c o n s id e re d  a lo n e  

in  th e  c o n te x t  o f  i t s  p o s i t io n  in  th e  in d u s tr y  a s  o th e rw ise  o rg an iz ed  

by mix 1 .

As would b e  e x p e c te d , r e v e r s in g  th e  sw itc h  p ro d u ces  a  v e ry  s im i la r  

r e s u l t .  C o n sid e r a  t h i r d  mix in  which th e  (m + l) * * 1 f irm  i s  sw itch ed  to  

q u a n t i ty  c o n t r o l .  The com para tive  ad v an tag e  o f  mix 3 o v e r  th e  s ta n d a rd ,  

mix 1 ,  i s  g iv e n  by

Ml. S /U . 1) = - I ri
11 11 11

-  B ..  I  C o v ( - ~ s 4 -  ) ] .  ( 3 .2 .9 )
i=m+ 2  r ^ 1

The o n ly  s u b s ta n t iv e  change i s  th e  minus s ig n  t h a t  c o n v e r ts  lo s s e s  in t o  

g a in s  and  g a in s  in to  l o s s e s ;  b u t A(mix 3/m ix 1 ) r e f l e c t s  a  com parative  

o f  q u a n t i t i e s  o v e r  p r i c e s ,  so  such t r a n s fo rm a tio n s  a r e  e x p e c te d . The 

c o n te n t  rem a in s  o th e rw ise  th e  same and we have d em o n stra ted  an  i n t u i t i v e l y  

s a t i s f y i n g  g e n e r a l iz a t io n  o f  P ro p o s i t io n  2 ;

a r e  th e r e f o r e  a l l  z e ro  and do n o t a p p e a r  in  th e  f i n a l  e q u a t io n . The c o -  
v a r ia n c e  o f  b e n e f i t s  and o u tp u t v a r i a t i o n  under p r ic e s  a t  th e  mt h  f irm  
does a p p e a r ,  how ever, and r e g i s t e r s  th e  " c o r r e c tn e s s "  o f  t h a t  o u tp u t 
v a r i a t i o n  v i s  a  v i s  changes i n  b e n e f i t s .
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P ro p o s l t io n  3 :

In  o rd e r  t o  g u a ra n te e  th e  p r o f i t a b i l i t y  o f  an a l t e r a t i o n  in  

th e  c o n t ro l  m ix , i t  i s  s u f f i c i e n t  t o  show th e  e x is te n c e  o f  

one f irm  f o r  w hich th e  o p p o s ite  mode o f  c o n t ro l  i s  p r e f e r r e d  

when t h a t  f irm  i s  co n s id e re d  in d iv id u a l ly ,  b u t  in  th e  con­

t e x t  o f  th e  in d u s try  a s  o th e rw ise  c o n t ro l le d  by th e  o r ig i n a l  

m ix.

S e v e ra l rem arks a r e  in  o r d e r .  By s e t t i n g  m e q u a l t o  z e ro  o r  n ,  

we have s u f f i c i e n t  c o n d itio n s  f o r  th e  e x is te n c e  o f  a  mix t h a t  i s  p r e ­

f e r r e d  t o  un ifo rm  c o n t ro l  by p r ic e s  o r  q u a n t i t i e s ,  r e s p e c t iv e l y .  In

19a d d i t io n ,  even though  th e  e x is te n c e  o f  an  o p tim a l mix can be in s u re d ,  

s im p ly  chang ing  th e  mode o f  c o n t r o l  on a l l  f irm s  t h a t  so  p r e f e r  on an 

in d iv id u a l  b a s i s  need n o t  y i e ld  t h a t  globed, maximum. I t  i s  q u i t e  pos­

s i b l e ,  f o r  in s ta n c e ,  t h a t  making a  sw itch  in  c o n t ro l  w ith  a  n e g a t iv e  

co m p ara tiv e  advan tage  cou ld  s e t  up a  c o v a rian ce  s t r u c t u r e  t h a t  would 

u l t im a te ly  a t t a i n  a  h ig h e r  v a lu e  o f  b e n e f i t s  minus c o s t s .

To s e e  t h i s  p o in t ,  we b e g in  w ith  a  mix o f  m f irm s  u n d er q u a n t i t i e s  

(m >_ 2 ) and (n-m ) f irm s  tinder p r ic e s  and suppose t h a t  th e r e  e x i s t  no 

f irm s  f o r  w hich a  change o f  c o n t r o l  would be p r e f e r r e d  on an in d iv id u a l  

b a s i s .  We f u r t h e r  p o s tu la te  th e  e x is te n c e  o f  a  subgroup o f  p  f i r m s ,  t o  

b e  numbered from (m-p+1 ) t o  m, u n d er q u a n t i ty  c o n t ro l  b u t  f o r  which 

p r i c e  c o n t r o l  would be  p r e f e r r e d  when th e y  a r e  c o n s id e re d  a s  a  subgroup 

in  th e  c o n te x t  o f  t h e i r  cu m u la tiv e  p o s i t io n  in  th e  in d u s try  a s  o th e rw ise

19We have a  f i n i t e  number o f  p o s s ib le  m ixes whose e v a lu a t io n s  in  
ex p e c te d  b e n e f i t s  minus c o s ts  c o n s t i t u t e  a  c lo se d  and bounded s u b s e t  
o f  th e  r e a l  l i n e .  T hus, t h a t  s u b s e t  c o n ta in s  i t s  own maximal e lem en t.
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r e g u la te d  by  th e  g iv e n  n ix .  I f  we can  show t h a t  th e s e  two s ta te m e n ts  

can  be  m u tu a lly  c o n s i s t e n t ,  we w i l l  have i l l u s t r a t e d  o u r  c a v e a t .  N o tic e , 

t o o ,  t h a t  we w i l l  have  a l s o  p roven  t h a t  t h e  s u f f i c i e n t  c o n d itio n s  r e ­

co rd ed  i n  P ro p o s i t io n  3 .2  a r e  n o t  n e c e s s a ry .  Our f i r s t  assum ption  

r e q u i r e s  t h a t

k  = (m -p+1, . . . ,  m ). ( 3 .2 .1 0 a )

Our second assum ption  s im i la r ly  r e q u i r e s  t h a t  

m B .. m a. a .
I  {(G(k)> + ( E I  ( - £ - ) ( 4 - ) ) }  (3 .2 .1 0 b )

k=m-p+l zn j=m -p+l r*  T1..
* _#« XJiD*k

I t  i s  q u i t e  p o s s ib le  f o r  G(k) t o  be n e g a t iv e  f o r  a l l  k ,  a s  p re s c r ib e d  by 

( 3 .2 .1 0 a ) ,  and f o r  t h e  to ted , v a lu e  o f  (3 .2 .1 0 b )  t o  be  p o s i t i v e .  A ll  

t h a t  i s  r e q u i r e d  i s  a  s u f f i c i e n t l y  n e g a t iv e  c o r r e l a t i o n  o f  c o s ts  w ith in  

th e  g iv e n  subg roup  o f  f i r m s .  He sh o u ld  t h e r e f o r e  n o t  b e  l u l l e d  in t o  

lo o k in g  a t  o n ly  one f irm  subgroups by th e  dependence o f  o u r p ro p o s i t io n s  

on  s im p le ,  s in g le  f i rm  c o n d i t io n s .

3 .2 .5 :  L arge F irm s and  a  P r e f e r r e d  Mix

When we e n v is io n  an in d u s t r y ,  we t y p i c a l l y  th in k  o f  a  c o l le c t io n  

o f  l a r g e  and s m a ll  f irm s  p ro d u c in g  th e  same o u tp u t .  I t  i s  th e r e f o r e  

re a s o n a b le  t o  a sk  w h at in f lu e n c e  th e  r e l a t i v e  s i z e  o f  a  f irm  e x e r t s  on 

t h e  c h o ic e  o f  c o n t r o l  in  a p r e f e r r e d  m ix . He p ro p o se  two m ethods o f
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in t ro d u c in g  a  la rg e  f irm  in t o  th e  c u r r e n t  a n a l y s i s , in  re sp o n se  t o  t h a t

quexy. Each method in v o lv e s  v iew ing  such  a  f irm  a s  a  c o l l e c t io n  o f

h ig h ly  c o r r e la te d  p ro d u c tio n  u n i t s .  On th e  one h and , a  s in g le  c o s t

fu n c t io n  f o r  a  la rg e  f irm  can be d e te rm in ed  by  th e  h o r iz o n ta l  a d d i t io n

o f  th e  c o s t  cu rv es  o f  many s m a l le r  p ro d u c tio n  u n i t s ;  we th e re b y  c r e a te

a  c o s t  cu rv e  w ith  a  s m a lle r  c u rv a tu re  th a n  any o f  th e  s in g le  u n i t s .  In

th e  c o n te x t  o f  t h i s  n o t io n ,  th e n ,  we su g g e s t th e  r e p r e s e n ta t io n  o f  a

la r g e  f irm  by a  c o s t  fu n c t io n  w ith  a  sm a ll v a lu e  f o r  C ^ .  On th e  o th e r

h an d , we can  p re s e rv e  th e  in d iv id u a l  p ro d u c tio n  u n i t s  by d e f in in g  a

la r g e  f irm  t o  be a  c o l l e c t io n  o f  p e r f e c t ly  c o r r e la te d  p ro d u c tio n  u n i t s

w ith  v a lu e s  o f  more i n  l i n e  w ith  th e  s m a ll f i rm s .

Under e i t h e r  i n t e r p r e t a t i o n ,  we can now show t h a t  l a r g e  f irm s  a re

more l i k e l y  t o  be r e g u la te d  by q u a n t i t i e s  th a n  p r ic e s  in  a  p r e f e r r e d

c o n t r o l  m ix. I f  we view  such  a  f irm  a s  a  c o l l e c t io n  o f  p e r f e c t ly

c o r r e la te d  u n i t s  t h a t  m ust f a c e  t h e  same c o n t r o l ,  f o r  in s ta n c e ,  we have

th e  fo llo w in g  e x p re s s io n  f o r  th e  com para tive  ad v an tag e  o f  p r i c e s  f o r

20t h a t  f irm  in  th e  c o n te x t o f  an  o th e rw ise  a r b i t r a r y  mix

in i v ® ®v
I  d  T V ar(—£—) + i  B [  I  Cov(— - ±  ) + V a r ( - r -)3 

ksm -p+i 2  11 r k 2n 1 1  i=m+i r k r* r k
XX XX XX XX

B .. m cu o .  a .
+ #  C I  C o v (-4 - ; - j - ) ! ]  + Cov(—£-;{$)} (3 .2 .1 1 )

2"  i j X 1 ^  ^

20The p r e c i s e  c a s e  t h a t  g e n e ra te s  t h i s  co m p ara tiv e  ad v an tag e  i s  an 
in d u s t r y  o f  n  u n i t s ,  p o f  which form  th e  f irm  in  q u e s t io n .  We have 
numbered th e  u n i t s  so  t h a t  i n  ( 3 .2 .1 1 ) ,  th e  f i r s t  (m -p) u n i t s  f a c e  
q u a n t i t i e s ,  th e  l a s t  (n-m ) f a c e  p r i c e s ,  and th e  m idd le  p a r e  th e  s u b je c t  
o f  th e  d is c u s s io n .
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S in ce  we r e q u i r e  t h a t  th e  u n i t s  w ith in  th e  f irm  be p e r f e c t ly  c o r r e l a te d ,  

we s e e  t h a t  (3 .2 .1 1 )  has  a  la rg e  n e g a t iv e  term  in  i t s  v e ry  h e a r t .  T his 

n e g a t iv e  b ia s  would be ex trem ely  d i f f i c u l t  t o  overcome u n le s s  th e  p ro d u c- 

t i o n  u n i t s  e i t h e r  fa c e  c o s t  fu n c tio n s  w ith  low v a lu e s  o f  C-q ’ o r  a re  

e x tre m e ly  n e g a t iv e ly  c o r r e la te d  w ith  o th e r  f irm s  under p r ic e  c o n t r o l .  

T here  i s  no com pelling  re a so n  to  b e l ie v e  t h a t  e i t h e r  c o n d it io n  i s  very  

l i k e l y  t o  o c c u r .  I t  i s  th e r e f o r e  ex p ec ted  t h a t  la rg e  f irm s  would fa c e  

q u a n t i ty  r e g u la t io n .

We can a l t e r n a t i v e l y  view a  la rg e  firm  a s  one u n i t  w ith  a  very  

s m a ll  v a lu e  o f  C ^ .  The com para tive  advan tage o f  p r ic e s  f o r  th e  firm  

in  t h e  c o n te x t  o f  an a r b i t r a r y  mix i s  ag a in  sh ack le d  w ith  a  n e g a t iv e  

b ia s  t h a t  i s  o n ly  overcome by n e g a tiv e  c o s t  c o v a ria n c e  w ith  th e  o th e r  

f irm s  u n d e r p r i c e  c o n t ro l .  As we n o ted  in  th e  p rev io u s  p a ra g ra p h , th e r e  

i s  no  p a r t i c u l a r  re a so n  t o  p r e d ic t  such  c o r r e l a t i o n , and q u a n t i ty  con­

t r o l  S t i l l  em erges more l i k e l y .  We a r e  rem inded , how ever, t h a t  th e  

l a r g e  n e g a t iv e  b ia s  t h a t  we have n o te d  in  b o th  argum ents a re  n o t  s u f ­

f i c i e n t  t o  p re c lu d e  a  p r e f e r r e d  mix in  which th e  la rg e  f irm  fa c e s  p r ic e  

r e g u la t i o n .  In  f u r th e r  d e fe n se  o f  o u r  c o n c lu s io n , how ever, a l s o  r e c a l l  

t h a t ,  a s  d em o n stra ted  in  th e  p re v io u s  s u b s e c tio n ,  th e  coun terexam ples 

t o  s u f f i c i e n c y  a l s o  depend upon a  s t r u c t u r e  o f  n e g a tiv e  o u tp u t c o r r e l a ­

t i o n s  w ith in  a  s u b se t  o f  th e  in d u s tr y .  We have a lre a d y  r e j e c te d  t h i s  

c o n d i t io n  a s  im probab le .

S e c t io n  3 .3 ;  O utput V a r ia t io n  under Q u an tity  C o n tro l

Two o f  th e  m a jo r so u rc e s  o f  u n c e r ta in ty  t h a t  w ere in tro d u c e d  in  

C h ap te r  2 have been  n e g le c te d  th u s  f a r  i n  C hap ter 3 . The p r e s e n t
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s e c t io n  w i l l  b eg in  to  c o r r e c t  f o r  t h i s  om iss io n  by re c o rd in g  th e  e f f e c t s  

o f  random v a r ia t io n  around q u a n t i ty  o rd e rs  is s u e d  by th e  c e n te r  i n  th e  

n - f in n  c a s e .  ^  w i l l  in d ex  th e  random v a r ia b le  ( s )  in f lu e n c in g  th e  i t h  

f i r m ,  and w i l l  r e g i s t e r  i t s  e f f e c t  on th e  o u tp u t o f  t h a t  f irm .

A c tu a l o u tp u t o f  th e  i  f irm  under an  o p tim a l q u a n t i ty  o r d e r ,  * a i ’ 

i s  th e r e f o r e  a d d i t iv e ly  r e l a t e d  t o  th e  q u a n t i ty  o rd e re d , 4 p£» as  fo llo w s

* V  ♦ W -

The random v a r ia b le  i s  a l s o  ex p ec ted  t o  in f lu e n c e  th e  c o s t  fu n c tio n

’th  io f  th e  i  f i rm , so  t h a t  C ( q ^ , 6 ^ ,€ j.)  now r e p r e s e n t s  th e s e  c o s t s .  He

p resum e, in  a d d i t io n ,  t h a t  th e  random v a r ia b le s  a re  a l l  j o i n t l y  d i s ­

t r i b u t e d .

3 .3 .1 :  The C en te r Working w ith  th e  C o rre c t D is t r ib u t io n

He a p p e a l t o  S e c tio n  3 .1  and a s s e r t  th e  e x is te n c e  o f  p o in ts  

<1 ^ ( 1  = l , . . . , n )  such t h a t

ECl ( ^ o i» ei * 5 i ) = EBi (4 .n>

f o r  a l l  i  and w here 4  i s  d e f in e d  to  b e  th e  sum o f  th e  4 o:̂ * The c o s t 

f u n c t io n  C^Xq^fO^,?^) i s  th e n  expanded around 4 0 j»  u nder o u r u s u a l  

a s su m p tio n s ,

C = + + ~2 El l ^ i ” ^oi

w here CJ * and  -  C !. B e n e f i ts

a r e  s im i la r l y  expanded around  q :

B(q ,n)  * b ( n )  + (B* + B ( n ) ) ( q - 4 )  + ^  Bn  ^ “4 ) 2 »
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w ith  B ' and 3 (n ) hav ing  ana logous d e f i n i t i o n s .  Observe once ag a in  

t h a t  f o r  a l l  i ,  E 0(n) = E a ^ e . , ^ )  = 0 and B ' = C!. Given th e s e  a p p ro x i­

m a tio n s , we can  b eg in  to  compute th e  com para tiv e  advan tage  o f  p r ic e s  o v e r 

q u a n t i t i e s .

T here  e x i s t s  an  e f f ic ie n c y  lo s s  f o r  any s e t  o f  q u a n t i ty  o rd e rs  

is s u e d  by th e  c e n t e r ,  q ^  ( i  = 1 , . . . ,  n ) ,  d e f in e d  by

'  I  < £ *
1 = 1  1

^ ( q . n )  dq 

n
)

o p t
' qi

n
+ I

i = l
C ^(q£ ,0 £ ) d q ^

f o r  a r b i t r a r y  v a lu e s  o f  th e  random v a r ia b le s  in d ic a te d  by b a r s .  The 

f i r s t  o rd e r  c o n d i t io n s  f o r  th e  m in im iza tio n  o f  th e s e  lo s s e s  a r e  

n
E B

1 1  « p l  + * 1  « i >  -  « o l »  ■ E Ci l  < v  + ♦ ! « ! >  -  « o l »

Vi = 1 ,  . . . . ,  n ,

so  t h a t  th e  o p tim a l q u a n t i ty  o rd e rs  a r e  g iv e n  by

= 3  . -  E $ . ( £ . ) ^ o i  Ti  i ( 3 .3 .1 )

f o r  a l l  i  = 1 ,  . . . ,  n .  The a d d i t io n  o f  an  o u tp u t d i s t o r t i o n  u nder 

q u a n t i t i e s  has  no e f f e c t  on th e  p r i c e  mode, so  t h a t  th e  o p tim a l p r i c e
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o r d e r ,  § ,  and th e  re sp o n se  fu n c tio n  o f  each  f irm  t o  t h a t  o r d e r ,  

rem ain  unchanged:

p  = B* -  C | ,  f o r  a l l  i ,  and ( 3 .1 .6 )

a i (6 i ,5 i )
V 0 i » 5 i ) = ^ o i “ ( i  K  ( 3 .1 .7 )

C 1 1

The co m p ara tiv e  ad v an tag e  o f  p r i c e s  o v e r  q u a n t i t i e s  i s  th e re f o r e  

A2n * C7  BU  V a rC a j/c J i)  + Bu  j j ^  C o v C ^ /C ^ ;  y c ^ ) ]

+ C?  j ,  V a r C a ^ ) ]
1=1

n  n n
+ t  I  Cov(*. ; o . )  -  I  Cov(«fr. ;B) + I  C o v U ./c J ’. jB ) ]  

i = l  1  1  i = l  1  i = l

. n  n n
“ C7 Bl l  I  V a r + .  + B . I  £ C ov(*. ; * . ) ]

2  1 1  i = l  1  1 1  i = l  j = i  1  1

+ £  I  C* V ar * . ]  ( 3 .3 .2 )
2  i = l  J"L 1

O bserve t h a t  th e  s p i r i t  o f  C hap ter 2 i s  p re se rv e d  i n  ( 3 .3 .2 ) .  T oted 

o u tp u t  i s  in s e r t e d  i n t o  t h e  b e n e f i t  f u n c t io n .  The lo s s  in  ex p ec ted  

b e n e f i t s  c r e a te d  by v a r i a t i o n  in  t o t a l  o u tp u t ,  o v e r th e  c a se  in  which 

th e  mean o u tp u t  i s  p roduced  w ith  c e r t a i n t y ,  i s  a l g e b r a i c a l ly  e q u a l t o  

(^•)Bj 1 tim e s  th e  v a r ia n c e  o f  t h i s  d i s t o r t i o n  i n  t o t a l  o u tp u t .  The 

v a r ia n c e  o f  t o t a l  o u tp u t u n d e r  p r i c e  r e g u la t io n  i s

I V ar(o ./C *  ) + 2 I  ?  C ov(o ./C *  ;a./cj.) = V ar( ?  (o ./C *  ) ) ,  
i = l  1  i = l  j = i  1  U  ]  X i = l  1  11

s o  t h a t  th e  f i r s t  te rm  in  ( 3 .3 .2 )  r e g i s t e r s  th e  l o s s  i n  ex p ec ted  b e n e f i t s
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due t o  o u tp u t v a r i a t io n  under p r i c e s .  The v a r ia n c e  o f  t o t a l  o u tp u t

u n d er q u a n t i t i e s  i s  s im i la r ly

n n n  n
I  Var * . + 2 £ I  Cov(*. ;4>.) = V ar( f  ♦ • ) ,

i = l  1  i = l  i= j  1  ] i= l

and th e  fou irth  te rm  in  ( 3 .3 .2 )  r e g i s t e r s  th e  lo s s  in  e x p e c te d  b e n e f i t ' 

under q u a n t i t i e s .  On th e  c o s t  s i d e ,  how ever, th e  t o t a l  in c re a s e  in  

e x p e c te d  c o s ts  i s  sim ply  th e  sum o f  th e  in c re a s e s  a t  th e  in d iv id u a l  

f i r m s .  The l a s t  te rm  i s  th e r e f o r e  t h e  in c re a s e  in  ex p ec ted  c o s ts  cau sed  

by o u tp u t v a r i a t io n  u nder q u a n t i ty  c o n t r o l .  The second  te x n  in  ( 3 .3 . 2 ) ,  

m eanw hile , r e g i s t e r s  th e  combined e f f e c t s  o f  th e  in c re a s e  in  c o s ts  due 

t o  o u tp u t v a r i a t io n  under p r ic e s  and th e  e f f ic ie n c y  g a in s  a f fo rd e d  

p r i c e  c o n t ro ls  by th e  e q u a l iz a t io n  o f  m a rg in a l c o s ts  a c ro s s  f irm s  

(e q u a l  t o  p ) .  N o tice  t h a t  th e  e f f i c i e n c y  g a in s  alw ays dom inate ; th e  

seco n d  te rm  i s  alw ays p o s i t i v e .  The r e a d e r  can  e a s i l y  check t h a t  th e  

s ig n s  o f  th e  o th e r  te rm s j u s t  m entioned  a re  c o n s is te n t  w ith  t h e  d e f i n i ­

t i o n  o f  A ^  a s  th e  com parative advan tag e  o f  p r i c e s . We f i n a l l y  n o te  

t h a t  t h e  t h i r d  te rm  o f  ( 3 .3 .2 )  r e g i s t e r s  th e  am p lify in g  /dam pening 

e f f e c t s  on t o t a l  o u tp u t v a r i a t i o n  o f  th e  s im u ltan e o u s  changes i n  o u tp u t 

u n d e r b o th  modes and th e  m a rg in a l c o s t  and b e n e f i t  f u n c t io n s .  A s im i la r  

te n n  ap p ea red  i n  th e  one firm  case  and i s  f u l l y  r a t i o n a l i z e d  in  th e  t e x t  

o f  S u b sec tio n  2 .2 .1 .

As we now c o r r e c t  A ^  f o r  th e  p u re  e f f e c t  o f  th e  number o f  f i r m s ,  

we p e rfo rm  a  f a m i l i a r  tr a n s fo rm a tio n  on th e  v a r io u s  c o s t  f u n c t io n s .  

D efine

r1 (xi , e . , 5 i ) s i c 1 ( x . / n . e ^ q ) ;

with permission of the copyright owner. Further reproduction prohibited without permission.



-1 3 0 -

t h a t  I s ,  r 1  r e p r e s e n ts  t o t a l  c o s ts  as a  fu n c tio n  o f  t o t a l  o u tp u t ,  x ^ , 

u n d e r th e  assum ption  t h a t  a l l  f irm s  a re  e x a c t  d u p l ic a te s  o f  th e  i**1. 

The p r o p e r t i e s  o f  t h i s  tra n s fo rm a tio n  a re  re c o rd e d  in  S e c tio n  3 .1 ;  th e  

c r u c i a l  p ro p e r ty  f o r  o u r p u rp o ses  i s  t h a t

V a rC a ./C ^ )  = ( l / n ^ V a H a . / r ^ )

i s  th e  v a r ia n c e  o f  t o t a l  o u tp u t u n d er th e  i d e n t i c a l  f irm  assum ption . 

To p a r a l l e l  t h i s  c o s t  t r a n s fo rm a tio n ,  we d e f in e

V « i > 5

t o  b e  t h e  d i s t o r t i o n  o f  t o t a l  o u tp u t  under q u a n t i t i e s  i f  a l l  f irm s  a re

ti lin d e p e n d e n t and d u p l ic a te  th e  i  ; a s  a  r e s u l t ,

V ar(< ^) = ( l / n  )V ar(*^)

and

C o v ^ ; ^ )  = ( l / n  )C o v (* .;* .) .

We can  th e r e f o r e  r e w r i te  e q u a tio n  ( 3 .3 .2 )  as  fo llo w s :

= & > (  Z V a r ( a . / c f  ) t 2  [  ?  C o v (a ./r*  ;a  / r j  ) )
2 0  2 n i = l  1  1 1  i = l  j = i  1  1 1  1  U

+ Z ( ^ ~ ) V a r ( a . / r J . )  + ?  C ( |)C o v (* . ; o . ) n  i  xx n x x

-  (i)Cov(*i ; B) + (i-)C ov(-a./r*i ; 0 )]

Bu  n n n
I  V ar ♦,* + 2  I  I  C o v (* .;+ .)  

2 n i = l  1 i « l  j = i  1  3

+ Z ^  Var * i
i = l

( 3 .3 . 2 ) '
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The e f f e c t  o f  a  c e t e r i s  p a r ib u s  in c re a s e  in  th e  number o f  f irm s  on 

th e  com para tive  advan tage o f  p r ic e s  can  now b e  d e m o n s tra te d . We tempo­

r a r i l y  assume t h a t  a l l  o f  th e  f irm s  a r e  i d e n t i c a l ,  so  t h a t  o u r f u l l ,  

a t t e n t i o n  w i l l  be  fo cu sed  on t h a t  e f f e c t ;  in  p a r t i c u l a r ,  a llo w  t h a t  

r * x = r n  and = * f o r  a l l  i  = 1 ,  . . . ,  n .  Suppose f u r t h e r  t h a t

Cov ( a / r ^ j a / r ^ )  = po ; i  i  j  and i  S j  = 1 ,

Var (* )  = a 2 ; and

~ 2Cov ( # £ )  = po a c ro s s  a l l  f i rm s .

n

The com para tive  advan tage  can th e n  be r e w r i t t e n  a s

. A i " 2 , ri i ° 2, , (1 nK Bi i °2 , ru ”2
2 n  " P 2  2  ) + ( 1  “ p )(  2 n + 2  *

-  “Bn 5 2  r i i 5 2  -  Bu 5 2  r n 5 2

+ p (- ^ -  + - T - >  * ( 1  -  o H - S -  +

+ C o v (o ^ ;0 -  Cov(B;#) + C o v C - a / r ^ ;^ ) .

N o tic e  t h a t  on ly  tw o f irm s  a re  in f lu e n c e d  by an in c re a s e  i n  n ;  t h e i r  

combined e f f e c t  i s  re c o rd e d  below :

i  ( i B n  ( ( 1  -  p )o 2  -  ( 1  -  p)52).

An in c re a s e  i n  n w i l l  d e c re a se  t h e  a b s o lu te  m agnitude o f  t h i s  

te rm . I f  i t  i s  n e g a t iv e ,  f o r  in s ta n c e ,  th e  e n t i r e  e x p re s s io n  i s  a  nega­

t i v e  b ia s  a g a in s t  p r i c e s  t h a t  i s  d im in ish ed  a s  n  in c r e a s e s .  O bserve 

t h a t  i t  w i l l  te n d  t o  be  n e g a t iv e  when th e  v a r ia n c e  o f  t o t a l  o u tp u t u n d er 

p r ic e s  i s  la rg e  and when th e  c o r r e l a t i o n  c o e f f i c i e n t  a c ro s s  m a rg in a l
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c o s ts  i s  s m a l l ,  o r  even n e g a t iv e .  Both o f  th e s e  c o n d itio n s  work to

c r e a te  c irc u m sta n c e s  in  w hich th e r e  a re  la rg e  d iv e r s i f i c a t i o n  g a in s  t o
1 1  2 -  - 2  

be g le an ed  u n d er p r ic e s  a s  n in c re a s e s .  (— B ^ C d - p ) ®  -  ( l - p ) o  ))

w i l l  a l s o  te n d  t o  be n e g a t iv e  when th e  v a r ia n c e  o f  t o t a l  o u tp u t under

q u a n t i t i e s  i s  sm a ll and th e  c o r r e l a t i o n  a c ro s s  th e  o u tp u t d is tu rb a n c e s

tinder q u a n t i t i e s  i s  l a r g e .  These c o n d itio n s  in d i c a te  t h a t  th e  p o t e n t i a l

d iv e r s i f i c a t i o n  g a in s  u nder q u a n t i ty  c o n t ro l  a r e  s m a ll .  I f  th e  te rm  in

q u e s tio n  i s  p o s i t i v e ,  on th e  o th e r  h an d , i t  i s  a  p o s i t i v e  b ia s  f o r  p r ic e s

t h a t  i s  a l s o  d im in ish e d  a s  th e  number o f  f irm s  grow s. C o n d itio n s  a re

th e n  such  t h a t  d i v e r s i f i c a t i o n  g a in s  under q u a n t i t i e s  s ta n d  t o  be  l a r g e r

th a n  th o s e  u n d er p r i c e s .  N o tic e ,  f i n a l l y ,  t h a t  th e s e  e f f e c t s  a re

r e g i s t e r e d  o n ly  th ro u g h  th e  b e n e f i t  f u n c t io n ,  s in c e  c o s ts  a re  among

th e  th in g s  b e in g  h e ld  c o n s ta n t .

The p r o f i t a b i l i t y  o f  p o l ic y  m ixes i s  th e  f i n a l  to p ic  o f  t h i s  sub­

s e c t io n ;  we w i l l  o p e ra te  in  th e  same g e n e ra l c o n te x t t h a t  we u sed  in  

S e c tio n  3 .2 .  B efo re  do ing  s o ,  how ever, we r e f e r  t o  th e  argum ent r e ­

co rd ed  in  S ubsec tion  3 .2 .1  t o  co n c lu d e , by p a r a l l e l  r e a s o n in g , t h a t  

even u n d er an a r b i t r a r y  m ix ,

% i = ^ o i  ‘  E+ i ( + i ) »

a . ( 8 . , E . )
q i (e i ,C i ) = 4o i  -  ( -- - i — -■■), and

C 1 1

p = B '.

The b ase  mix i s  th e  same a s  b e fo re :  th e  f i r s t  m f irm s  a r e  re g u ­

l a t e d  by q u a n t i t i e s  and th e  rem a in in g  (n-m) f a c e  p r i c e  c o n t r o l s .  Ve 

w i l l  c o n s id e r  th e  a d v i s a b i l i t y  o f  sw itc h in g  th e  m** 1 f irm  t o  p r i c e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



c o n t r o l s  (m ix 2 ) .  The co m p ara tiv e  ad v an tag e  o f  mix 2 o v e r  th e  b a se  m ix, 

mix 1 , i s 2 1

A(mix 2 /m ix  1 )  = |  ^u+ C ™ -^  V ar(ojn/ c ” 1 ) -  j  ( B ^ C ^ )  Var 4>m

+ Cov(* ;o  ) -  Cov(* ;3 ) + C ov (-o /C ®  ;3 ) m m  m m l i

+ j bh  [ . l 10ov(v ci i ;'ii / c u ) •  X  cov< wi=m+l

m- 1

i = l
n . m- 1

-  I  Cov(* ; a . / C ^ )  + £ C ov(-a  /C ? . ) ]  ( 3 .3 .3 )
i=m +l m 1  1 1  i = l  ™ 1 1  i

I f  t h e  o u tp u t d i s t o r t i o n s  a f f e c t i n g  th e  m* * 1 f irm  u n d er b o th  modes o f  

c o n t r o l  a r e  in d e p e n d e n t o f  th e  o u tp u t d is tu rb a n c e s  o f  a l l  o f  th e  o th e r  

f i r m s , . t h e n  ( 3 .3 .3 )  i s  s im p ly  th e  m o d ified  co m p ara tiv e  ad v an tag e  o f  

p r i c e s  f o r  th e  m**1 f i r m ,  g iv e n  i t s  p o s i t io n  in  th e  in d u s t r y .  As we 

w i l l  s e e ,  how ever, th e  s p e c i f i c a t i o n  o f  a  f i r m 's  p la c e  i n  th e  in d u s try  

i s  a l t e r e d  d r a s t i c a l l y  i f  t h e  independence assu m p tio n  i s  in v a l id .  The 

e f f e c t s  o f  s im u lta n e o u s  changes i n  th e  o u tp u t o f  th e  m**1 f irm  u nder 

q u a n t i t i e s  w ith  th e  o u tp u ts  o f  th e  f i r s t  (m -1 ) f irm s  u n d e r q u a n t i ty  

c o n t r o l  and th e  l a s t  (n-m ) f irm s  u n d er p r ic e  c o n t ro l  a r e  now i r r e l e v a n t

s in c e  th e  m* * 1 f irm  i s  now f a c in g  p r i c e  c o n t r o l ;  th e  te rm

. m- 1  n
B..C J Cov(* ;A.) + I  Cov(4 ;a./C* )]

2  1 1  i = l  m 1  i= ii+ l ■> i  U  

i s  t h e r e f o r e  s u b t r a c te d  from th e  b a se  s t a t i s t i c .  The e f f e c t s  o f  th e  

s im u lta n e o u s  changes i n  o u tp u t o f  th e  m**1 f i rm  u nder p r i c e  c o n t r o l  w ith

2^E q u atio n  ( 3 .3 .3 )  i s  d e r iv e d  from  i n t e g r a l s  o f  th e  same form as. 
th o s e  d e s ig n a te d  i n  th e  com p u ta tio n  o f  e q u a tio n  ( 3 .2 . 8 ) .
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t h e  o u tp u ts  o f  th e  f i r s t  (m-1) f irm s  u nder q u a n t i t i e s  and th e  l a s t  (n-m) 

f irm s  u nder p r i c e s  a re  s im i la r ly  c re a te d  by th e  p o t e n t i a l  c o n t ro l  sw itch  

a t  th e  in**1 f irm . The e x p re s s io n

7  Bu c ;  i ,  co’,(o m/ c i i sai /' c i i > + i ,  cov<at./c T i ; + i ):ii=m+l i= l

i s  th e n  added t o  th e  b ase  s t a t i s t i c .  By n o t in g  th e s e  c o v a r ia n c e s ,  we 

have e s s e n t i a l l y  expanded th e  n o tio n  o f  a  f i r m 's  p la c e  in  th e  in d u s try  to  

in c lu d e  th e  c ro s s  e f f e c t s  w ith  th e  o u tp u ts  o f  th e  o th e r  f irm s  a s  o th e r ­

w ise  r e g u la te d  by th e  f i r s t  m ix.

3 .3 .2 :  The C e n te r  Working w ith  an In a c c u ra te  D is t r ib u t io n

The s u p p o r tin g  m athem atics o f  th e  s tu d y  i s  now a l t e r e d  s l i g h t l y  

so  t h a t  we can  more e a s i l y  h an d le  th e  in a c c u ra te  s u b je c t iv e  d i s t r i b u t i o n  

o f  th e  c e n t e r .  The shapes o f  th e  c o s t  and b e n e f i t  fu n c tio n s  u nder a l l  

s t a t e s  o f  n a tu re  g u a ra n te e  th e  e x is te n c e  o f  p o in ts  ( i  = 1 ,  . . . ,  n)

such  t h a t

£  B1 ( * o i , n)  * i  C1

22f o r  a l l  i .  R e c a ll  t h a t  th e  h a t  n o ta t io n  o v e r th e  ex p ec ted  v a lu e  opera ­

t o r  in d ic a te s  a  com pu ta tion  u s in g  th e  c e n t e r 's  in a c c u ra te  d i s t r i b u t i o n  

( s e e  s e c t io n  2 . 4 ) .  Each c o s t  cu rve  i s  th e n  expanded around th e  c o r r e s ­

ponding  &o£ and can  be r e p r e s e n te d ,  u nder th e  u s u a l  a ssu m p tio n s , a s

C (q ^ O ^ jC ^ ) = +(C£ + ^ J  ' ' l l ^ i ' ^ o i *  *

22The e x is te n c e  o f  th e  £ . i s  j u s t i f i e d  in  e x a c t ly  th e  same manner 
a s  th e  w ere j u s t i f i e d  i n  3 .2 .1 .  R e c a ll  t h a t  E(-— ) r e p r e s e n ts  th e  
ex p ec ted  v a lu e  computed by th e  c e n te r  by u s in g  th e  in c o r r e c t  d i s t r i b u t i o n
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The b e n e f i t  fu n c tio n  i s  m eanwhile expanded in  l i k e  manner around th e  
n

p o in t  * = I  *
°  i = l  0 1

B (q ,n )  = b (n )  + ( § '  + B (n ))(q - ilo ) + J  B ^ q - a ^ ) 2 .

T hese new r e p r e s e n ta t io n s  w i l l  make th e  o te h rw ise  d i f f i c u l t  f i r s t  o rd e r  

c o n d i t io n s  o f  th e  c e n t e r 's  m ax im iza tion  p ro ced u res  q u i te  m anageable.

For any s e t  o f  q u a n t i ty  o rd e rs  is s u e d  by th e  c e n t e r ,  q ^  ( i  = 1 , . . . ,  

t h e r e  e x i s t s  t h e  s ta n d a rd  e f f ic ie n c y  lo s s  g iv en  by

o p t
q*r 1

B ^ q .n J d q
n
I

i = l Cl (q i ' 6 i ' 5 i )dqi

f o r  a r b i t r a r y  v a lu e s  o f  th e  random v a r i a b l e s . The c e n te r  seek s t o  

m in im ize w hat i t  th in k s  i s  th e  ex p ec ted  v a lu e  o f  th e s e  lo s s e s  in  s e l e c t ­

in g  th e  o p tim a l q u a n t i ty  o r d e r s ,  Q .  ( i  = 1 ,  . . . ,  n ) . I t  th e r e f o r e

c o n f ro n ts  th e  f i r s t  o rd e r  c o n d i t io n s  t h a t  

n
-  xo i , )  = «<EU < V  ♦ W  -  * o i » -

O bserve t h a t  i s  th e n  d e f in e d

f o r  a l l  i ;  th e  sh ap es  o f  th e  b e n e f i t  and c o s t  c u rv e s  g u a ra n te e  th e  

u n iq u e n e ss  o f  t h i s  s o lu t io n .

The com p u ta tio n  o f  t h e  o p tim a l p r i c e  o rd e r  fo llo w s  a  s im i la r
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.thp a t t e r n .  The r e a c t io n  fu n c tio n  o f  th e  i  f irm  to  any  p r ic e  o rd e r  i s  

g iv en  by

p”Si " Ai ( 0 i* e i ) _ . i /
= &o i + _£ = h ( p , 6 . , £ . )

'11

O bserving t h a t  th e  p r i c e  d e r iv a t iv e  o f  t h i s  fu n c tio n  i s  n o n s to c h a s t ic ,  

we e a s i l y  s e e  t h a t  th e  o p tim a l p r ic e  o r d e r ,  p ,  i s  im p l i c i t l y  d e f in e d  by

n
p = t 3. < I ĥ p.e.,?.),*)

x i = l  1 1

s o  t h a t  p = B* = C |,  f o r  a l l  i .  The q u a n t i ty  re sp o n se  cu rv e  o f  th e  i  

f irm  t o  th e  o p tim a l p r ic e  i s  th e r e f o r e

..th

W l ' V  = * o i -

A .(e i , 5 i )

5i i

In  su p p o rt o f  o u r  p ro ced u re  o f  chang ing  th e  p o in t s  abo u t which th e  

fu n c tio n s  a r e  expanded, we now p a r e n th e t i c a l l y  compute th e  com parative  

advan tage  o f  p r ic e s  f o r  th e  1 - f i rm  c a s e ,  u s in g  our new s p e c i f i c a t i o n s :

-  E* + « (£ )

(B ^ q jT i) -  C1 ( q , 8 ,C ))dq

* A(6 ,g )

!°
^1 1 ^ 1 1  -  -  2  — 2 ■ (V a r(A /C ^ )  + E(A/CU )Z

0 1 1 * 0 1 1  .  2  
9 < V a r  ♦  +  < £ ♦ -  E * >  >

+ (E*-A -  E#EA) -  (E$-jj -  E$Efj) + ( E ( ^ )

5 1 1

E0E(-A/C1]l) ) . ( 3 .3 .6 )
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O bserve I n i t i a l l y  t h a t  ( - - )  -  (3 ^ -----— -) i s  th e  e r r o r  made by th e  c e n te r

'11 C1 1  C1 1

i n  com puting th e  mean o f  o u tp u t v a r i a t io n  under p r i c e s ;  th e  e x p re s s io n

( V a r ( - £ - ) -  ( ^ —)2 ) = E (-^ —)* = E ( ^ ---- E ^ —)~ i s  th e  second moment o fA \ 2

'11 '11 '11 '11 '11
n /  Ao u tp u t v a r i a t i o n  un d er p r ic e s  around th e  in c o r r e c t  E(—— ) = 0 .  The l a s t

S 1 1

te rm  o f  ( 3 .3 .6 )  i s  s im i la r ly  t h e  second moment o f  <J>(C) around E$, w h ile
a 23th e  m idd le  te rm  i s  E($-E$)(A -EA ). Each e x p re s s io n  th e r e f o r e  h a s  th e

A

p r e c i s e  i n t e r p r e t a t i o n  o f  i t s  c o u n te rp a r t  in  A^; ou r r e s p e c i f i c a t i o n  

o f  c o s ts  and  b e n e f i t s  has a l t e r e d  a b s o lu te ly  n o th in g .

The co m p ara tiv e  advan tage  o f  p r ic e s  w ith  n f irm s  i s  more c o m p lic a te d : 

A. A. EA.EA. , . A. EA.B11  11 5
2 n i = i j = i

n n n A. A.
+ < I  ( (E * .« A .)- (E * .E A .)) -  I  ( (E $ .•3 ) - (E ^ .E 0 ))+  £ ( ( E - f -  • P ) - (E - r -E 6 ))>  

i = l  1  1  1  1  i = l  1  1  i= l

n n
-  j  ^  ^  ( E * .^  + (E*i  -  E*i )(E#j  -  E f j) )}

+ j  { f  (E $?  + (E * .  -  E ^ ) 2 )} ( 3 .3 .7 )

The lo s s  in  ex p ec ted  b e n e f i t s  c re a te d  by v a r i a t io n  in  t o t a l  o u tp u t under 

p r i c e s ,  o v e r  th e  c a se  in  w hich th e  mean i s  p roduced  w ith  c e r t a i n t y ,  i s  

a g a in  e q u a l t o  B^ / 2  tim es  th e  second  moment o f  t h i s  d i s t o r t i o n  i n  t o t a l  

o u tp u t .  He sh o u ld  e x p e c t ,  from  o u r p a s t  e x p e rie n c e  w ith  in a c c u r a te  sub­

j e c t i v e  d i s t r i b u t i o n s ,  t h a t  t h i s  moment be  computed around  th e  in c o r r e c t

23The o th e r  te rm s o f  th e  e x p re s s io n  a r e  s im i la r l y  c o v a r ia n c e s  around 
in c o r r e c t  means computed by th e  c e n te r .
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mean deduced by th e  c e n t e r .  O bserve t h a t

EA.EA
? I

L=1 j=J

EA^A.

'11 11 '1111

n A* EA. -
-) = I

i= l e <F '
U1 1

• F *U1 1

n n A* EA.
I I e < 4 - - - - 4 - x

i= l j= i 5n

EA.

n
= ( A . /C ^  -  EA./C ^ ) ) 2

and t h a t  EA^ i s  th e  erz*or made by th e  c e n te r  in  e v a lu a t in g  th e  mean o f  

o u tp u t v a r i a t i o n  o f  t h e  k** 1 f irm  u n d er p r i c e s .  The f i r s t  te rm , t h e r e ­

f o r e ,  r e g i s t e r s  th e  l o s s  in  ex p ec ted  b e n e f i t s  due t o  v a r i a t i o n  o f  t o t a l  

o u tp u t  u n d e r p r i c e  c o n t r o l s  m easured around th e  in c o r r e c t  mean computed 

by th e  c e n t e r ;  o u r  s u s p ic io n s  w ere c o r r e c t .  The f o u r th  te rm  i s  s im i l a r l y

th e  second  moment o f  v a r i a t i o n  in  t o t a l  o u tp u t u n d e r q u a n t i t i e s  m easured 
n  A

around  7 E6 . .  The in c re a s e  in  ex p ec ted  c o s t s ,  on th e  o th e r  h an d , i s  
i = l  1

s im p ly  th e  sum o f  th e  in c r e a s e s  n o ted  a t  th e  in d iv id u a l  f i r m s ,  b u t s t i l l  

m easured from  th e  c e n t e r 's  v iew  o f  th e  mean. S in ce  th e  o p tim a l q u a n t i ty  

o rd e r s  depend upon t h a t  v ie w , th e  e x p re s s io n

J  J  ( C ^ E ^ . ) 2  + (E * . -  E ^ ) )  = |  "  E ^ ) 2) )

i s  th e r e f o r e  th e  in c re a s e  i n  ex p ec ted  c o s ts  u n d er q u a n t i ty  c o n t r o l .  The 

second  te rm  i n  ( 3 .3 .7 )  s im u lta n e o u s ly  r e g i s t e r s  t h i s  lo s s  u n d er p r ic e s  

and th e  e f f i c i e n c y  g a in s  t h a t  a c c ru e  becau se  th e  m a rg in a l c o s ts  o f  a l l  

f i rm s  a r e  s e t  e q u a l t o  {}. O nly th e  t h i r d  te rm  re m a in s ,  b u t  i t  i s  

f a m i l i a r .  I t  r e g i s t e r s  th e  am p lify ing /dam pen ing  e f f e c t s  on t o t a l  o u tp u t  

v a r i a t i o n  o f  th e  s im u lta n e o u s  changes in  o u tp u t u n d er b o th  modes and th e
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m a rg in a l c o s t  and b e n e f i t  s c h e d u le s ;  a l l  o f  th e s e  changes a r e  a l s o  

m easured from  t h e i r  i n c o r r e c t  mean. E quation  ( 3 .3 .7 )  i s ,  i n  summary, 

th e  p r e c i s e  a n a lo g  t o  ( 3 .3 ,2 )  in  w hich v a r i a t io n  i s  m easured from th e  

in c o r r e c t  means computed by th e  c e n te r .

The e f f e c t  o f  a  c e t e r i s  p a r ib u s  in c re a s e  in  th e  number o f  f irm s  

can  now b e  s tu d ie d  u n d er th e  same id e n t i c a l  f irm  assum ptions o u tl in e d  

in  S u b sec tio n  3 .3 .1 .  P a r a l l e l  re a so n in g  r e v e a ls  t h a t  th e  o n ly  te rm s
i

o f  th e  co m p ara tiv e  advan tag e  o f  p r ic e s  t h a t  a r e  in f lu e n c e d  by n a r e

[ 4  B .. ( ( l-p )(E (A -E A )2 ) -  ( l - p ) ( E ( * - E $ ) ) ) ] .  n 2  l l

The s p i r i t  o f  o u r  p re v io u s  r e s u l t s  i s  p re se rv e d  in  two ways. F i r s t  o f  

a l l , th e  in f lu e n c e  o f  th e  r e l a t i v e  m agnitudes o f  o u tp u t v a r i a t io n  under 

th e  two p o t e n t i a l  modes o f  c o n t ro l  on th e  d i r e c t io n  o f  th e  e f f e c t  o f  n  

on th e  co m p ara tiv e  ad v an tag e  o f  p r ic e s  i s  e x a c t ly  a s  b e fo re .  The v a r ia ­

t i o n s  a r e ,  in  a d d i t io n ,  m easured from th e  s u b je c t iv e  means computed by 

th e  c e n t e r .  The t e x t  o f  th e  p re v io u s  su b se c tio n  th e r e f o r e  r e c o rd s  

i n t e r p r e t a t i o n s  t h a t  a re  p e r f e c t ly  a p p l ic a b le  h e re .

As we f i n a l l y  r e c o rd  th e  p r o f i t a b i l i t y  o f  m ixes under th e  in f lu e n c e s  

o f  im p e r fe c t  in fo rm a tio n ,  t h e  r e s u l t  shou ld  b e  e n t i r e l y  e x p e c te d . A f irm  

sh o u ld  be sw itch ed  from  q u a n t i ty  c o n t ro l  t o  p r i c e  c o n t r o l ,  f o r  exam ple, 

i f  th e  co m p ara tiv e  ad v an tag e  o f  p r ic e s  o v e r q u a n t i t i e s  f o r  t h a t  f irm  

ta k e n  i n d i v id u a l ly ,  b u t  in  th e  c o n te x t o f  i t s  p o s i t io n  i n  th e  in d u s t r y ,  

i s  p o s i t i v e .  The co n v e rse  i s  s im i la r ly  t r u e .  The r e a d e r  sh o u ld  b e  a b le  

t o  p ro v id e  b o th  th e  i n t u i t i o n  beh in d  th e  f i n a l  r e s u l t s  and th e  p r e c i s e  

e x p re s s io n  f o r  th e  co m p ara tiv e  advan tage  o f  a  s w i tc h ,  th e re b y  v e r i fy in g  

t h a t  th e  v a r io u s  te rm s  a r e  p e r f e c t ly  analogous t o  th o s e  re c o rd e d  in
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( 3 .3 . 4 ) ,  b u t  m easured around in c o r r e c t  means.

S e c tio n  3 .4 :  The Im pact o f  th e  Consumption D is to r t io n

The rem a in in g  so u rc e  o f  u n c e r ta in ty  in tro d u c e d  in  C hap ter Two i s  

th e  random d i s t o r t i o n  betw een th e  q u a n t i ty  consumed, qc » and th e  q u a n t i ty  

a c t u a l l y  p ro d u c e d , q  . Suppose, th e n ,  t h a t  in  th e  c o n te x t o f  th e  p r e -  

v io u s ly  d e s c r ib e d  m odel, th e  q u a n t i ty  consumed o f  th e  a c tu a l  p ro d u c tio n  

o f  th e  i * * 1 f i rm  i s

qc i  = qa i  + W »

r e g a r d le s s  o f  t h e  ty p e  o f  o rd e r  s e n t  down by th e  c e n te r .  He assume 

f u r t h e r  t h a t  a l l  o f  th e  random v a r ia b le s  a re  j o i n t l y  d i s t r i b u t e d .  He 

a r e  m o d e lin g , f o r  in s ta n c e ,  th e  em iss io n  o f  a  s in g le  p o l lu ta n t  from a  

v a r i e ty  o f  s o u rc e s  w ith in  a  p a r t i c u l a r  g eo g rap h ic  r e g io n .  The p r e c is e  

lo c a t io n  o f  each  so u rce  w i l l  s p e c if y  th e  co rresp o n d in g  and X^, a s  

w e ll  a s  th e  c o r r e l a t i o n  o f  X  ̂ w ith  th e  o th e r  X... The e f f e c t  o f  th e s e  

c o m p lic a tio n s  on th e  com para tiv e  advan tage  o f  p r ic e s  w i l l  now be s tu d ie d  

w ith  and w ith o u t p e r f e c t  in fo rm a tio n  a t  th e  c e n te r .

3 .4 .1 :  The C e n te r  H orking  w ith  th e  C o rre c t D is t r ib u t io n

The c o s t  and  b e n e f i t  fu n c t io n s  a r e  once a g a in  expanded around th e  

qoj  ( i  = 1 ,  . . . »  n) and q ,  r e s p e c t iv e ly .  For any q u a n t i ty  o r d e r ,  q ^

( i  = 1 , . . . ,  n ) ,  is su e d  by th e  c e n te r  and a r b i t r a r y  v a lu e s  o f  th e  random

v a r i a b l e s ,  t h e r e  w i l l  once a g a in  e x i s t  an  e f f i c i e n c y  lo s s :
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The c e n te r  w i l l  s e l e c t  th e  o p tim a l q u a n t i ty  o rd e rs  by m in im iz ing  th e  

ex p ec ted  v a lu e  o f  th e s e  l o s s e s ,  th e re b y  fa c in g  th e  f i r s t  o rd e r  cond i­

t i o n s  t h a t

“ u ' J W i W  = E (c i i (V * i (5 i M o i )K

The s o lu t io n s  t o  th e s e  e q u a tio n s  a r e  n o t  o b v io u s , b u t th e y  can  be computed 

by th e  fo llo w in g  "backdoor" re a s o n in g . We know t h a t  th e  c e n te r  w i l l  

s e l e c t  i t s  o p tim a l p r i c e  o r d e r ,  p ,  by m axim izing ex p ec ted  b e n e f i t s  minus 

c o s t s .  S in ce  th e  p r i c e  d e r iv a t iv e  o f  th e  r e a c t io n  fu n c tio n  o f  any f i r m ,  

h * ( p ,$ £ ,g j ) ,  i s  n o n s to c h a s t ic ,

P = E B ( I  h ^ p . e - . g . ) , ! ! )  
i = l  1  1

n  -C! + p  n
= B* + B < I  (— i , ------) + I  E* >.

J”L i = l  i= l  1

The d e f in i t i o n s  o f  B ' and C | im ply t h a t  B ' = C | f o r  a l l  i  and th u s

f ( l  -  Bi; l  £ ( 1 / C ^ ) )  = B '( l  -  Bn  E ( 1 / C ^ ) )  + B1X £ EiPi .

As a  r e s u l t

Bu  1  En
P = B* +  i l  ,------  . ( 3 .4 .2 )

( l - B ^ E d / C ^ ) )
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In  *1 t o f  th e  q u a d ra t ic  ca se s  t h a t  we have d is c u s se d  th u s  f a r ,  th e  

o p tim a l p r i c e  o rd e r  has a ls o  been e q u a l t o  th e  v a lu e  o f  ex p ec ted  m a rg in a l 

c o s t s  e v a lu a te d  a t  th e  o u tp u t l e v e l  o f  any f irm  under o p tim a l q u a n t i ty  

c o n t r o l ;  t h a t  i s ,  i n  th e  c u r re n t  c a s e ,  p e rh ap s

f o r  a l l  i .  Were t h i s  t r u e ,  th e  o p tim a l q u a n t i ty  o rd e r  would be g iv e n  by

N o tic e  t h a t  th e s e  p o t e n t i a l  o rd e rs  s a t i s f y  ( 3 .4 .1 )  e x a c t ly ;  th e  sh ap es  

o f  t h e  r e l e v a n t  fu n c tio n s  g u a ra n te e  th e  un iq u en ess  o f  t h i s  s o lu t io n  so  

t h a t  ( 3 .4 .3 )  does in d eed  re c o rd  th e  o p tim a l q u a n t i ty  o rd e r s .

O nly th e  b e n e f i t  fu n c tio n  r e f l e c t s  th e  in f lu e n c e  o f  th e  consum ption 

d i s t o r t i o n  d i r e c t l y ;  th e  v a lu a tio n  argum ents o f  C hapter Two can th e r e ­

f o r e  b e  a p p l ie d  t o  t h i s  c a s e . O bserve t h a t  th e  means o f  t o t a l  o u tp u t 

u n d e r b o th  modes o f  c o n t ro l  have been  t r a n s l a t e d  by

S in c e  t h e  b e n e f i t  fu n c tio n  i s  q u a d r a t ic ,  Theorem 1 o f  S e c tio n  2 .3  imme­

d i a t e l y  p r e d i c t s  t h a t  i f  th e  X  ̂ a re  in d ep en d en t o f  th e  o th e r  random 

v a r i a b l e s ,  th e n  th e  consum ption d i s t o r t i o n  i s  t o t a l l y  n e u t r a l .  The o n ly  

new te rm s  c re a te d  by th e  d i s t o r t i o n  a re  c o n seq u en tly  c o v a ria n c e s  o f  th e  

v a r io u s  ^ ( X ^ )  w ith  th e  o u tp u t d is tu rb a n c e s  u nder th e  two opposing

,i

n

( l - B ^ K l / c t . ) )

i= l  C
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schem es o f  c o n t r o l .  I f ,  f o r  in s t a n c e ,  ) i s  p o s i t i v e ly  c o r r e l a te d
- o .

w ith  some (—y^)» t h e i r  com bined e f f e c t  a m p lif ie s  th e  v a r i a t i o n  in  t o t a l  

C 1 1

o u tp u t u n d e r p r i c e  c o n t r o l  and c o n s t i t u t e s  a  b ia s  a g a in s t  p r i c e s .  I f  

V X i) and a r e  p o s i t i v e l y  c o r r e l a t e d ,  on th e  o th e r  h an d , th e r e

e x i s t s  a  b ia s  a g a in s t  q u a n t i t i e s  f o r  th e  same r e a s o n .  The in c lu s io n  o f  

th e  consum ption  d i s t o r t i o n  th e r e f o r e  c r e a te s  th e  fo llo w in g  new te rm s in  

th e  co m p ara tiv e  ad v an tag e  o f  p r i c e s  o v e r  q u a n t i t i e s :

Bl l * . £  ^  [ ( C o v f ^ d ^ j - f l ^ / C ^ )  -  ( C o v « > .( A .) ;$ j ( £ j ) ) ] ) .  ( 3 .4 .4 )

We c o n c lu d e , f i n a l l y ,  t h a t

n  n

j
5n a A2n + B11 ( -  C o v ( * . ;* . ) ) ) .  ( 3 .4 .5 )

The in f lu e n c e  on th e  co m p ara tiv e  ad v an tag e  o f  th e  c o v a r ia n c e  te rm s  

t h a t  have j u s t  emerged i s  in d e p e n d e n t o f  th e  number o f  f irm s  when Agn 

i s  c o r r e c te d  f o r  th e  p u re  e f f e c t  o f  n .  The e x p re s s io n

i  (— ■ ( ( l - p ) o 2  -  ( 1 - ? )S 2) n  2

d e te rm in ed  in  S e c tio n  3 .3  t h e r e f o r e  r e c o rd s  th e  in f lu e n c e  o f  th e  number 

o f  f irm s  in  t h i s  m ode l, a s  w e l l .  The a n a ly s i s  o f  th e  p re v io u s  s e c t io n  

rem a in s  r e le v a n t  and co m p le te .

The p r o f i t a b i l i t y  o f  m ixed p o l i c i e s  can  a l s o  b e  q u e s tio n e d  in  th e

24The rem arks o f  S e c tio n  2 .3  c o n ce rn in g  t h i r d  o rd e r  e f f e c t s  and 
th e  n e u t r a l i t y  o f  th e  consum ption  d i s t o r t i o n  may a l s o  be  a p p l ie d  com­
p l e t e l y  i n t a c t .
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g e n e ra l  c o n te x t  in tro d u c e d  ab o v e . B eginn ing  w ith  an a r b i t r a r y  mix 

(m ix 1 ) o f  m f irm s  u n d er q u a n t i ty  c o n t ro l  and (n-m ) f irm s  u n d er p r i c e s ,

t i o n s  o f  th e  ♦ . ( X .)  w ith  <j> (5  ) would no lo n g e r  be  r e le v a n t  a f t e r  such  i i  m m

a  s w i tc h ;  in  t h e i r  p la c e  would be th e  c o r r e l a t i o n s  o f  th e  i^ (A ^) and

The o n ly  change in  th e  r e s u l t  d is c u s s e d  in  th e  t e x t  su b seq u en t t o  ( 3 .3 .3 )  

i s  hen ce  th e  f u r t h e r  s p e c i f i c a t i o n  o f  a  f i r m 's  p o s i t io n  in  th e  in d u s try  

t o  in c lu d e  th e  c o r r e l a t i o n s  o f  th e  two p o te n t i a l  o u tp u t d is tu rb a n c e s  o f  

t h a t  f irm  and th e  v a r io u s  consum ption d i s t o r t i o n s  o f  th e  o th e r  f i rm s .

3 .4 .2 :  The C e n te r  Working w ith  an  In a c c u ra te  D is t r ib u t io n

The f i n a l  s u b s ta n t iv e  model o f  t h i s  c h a p te r  r e p e a ts  th e  p re c e d in g  

a n a ly s i s  o f  th e  consum ption d i s t o r t i o n  in  th e  c a s e  in  which th e  c e n te r  

m ust d e te rm in e  i t s  o p tim a l o rd e r s  w ith  im p e rfe c t knowledge o f  th e  d i s ­

t r i b u t i o n  o f  t h e  random  v a r ia b le s .  The s u b je c t iv e  d i s t r i b u t i o n  i s  

a g a in  d en o ted  w ith  a  h a t  and we expand c o s t s  and b e n e f i t s  around 

and  x ,  r e s p e c t iv e ly  ( s e e  E bbsection  3 .3 .2  f o r  th e  d e f in i t i o n s  o f  th e s e  

p o i n t s ) .  The q u a n t i ty  o rd e r s  un d er b o th  inodes o f  c o n t ro l  a r e  computed 

a s  i n  3 .4 .1 ;  i t  i s  no  s u r p r i s e  t h a t

we a g a in  c o n s id e r  chang ing  th e  m* * 1 f irm  t o  p r i c e  c o n t r o l . The c o r r e l a -

(-—- ) •  The co m p ara tiv e  ad v an tage  o f  th e  second mix o v e r mix 1 i s  th e r e -
C
11

f o r e  t h e  e x p re s s io n  l i s t e d  i n  e q u a tio n  ( 3 .3 .3 )  p lu s

B11 *  ̂ (C ovtyjj-a^/clj^) -  Cov(i|»i ;+in) ) ) .
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A .( 0 . ,£ . )  j, Z
q , (0 , ,C . )  = S t .  -  1 ■} - ■■£-+ [ 4 -  ( - 4 — —r j— )]

1 1 1  o i  S i  c i i

f o r  a l l  i .

The e f f e c t  o f  th e  e r r o r s  made by th e  c e n te r  can be computed d i r e c t l y  

from  a  rem ark  made i n  th e  p ro o f  o f  Theorem 1 from  S e c tio n  2 .3 :  th e  

change i n  th e  ex p ec ted  r e l a t i v e  v a lu a t io n  o f  two d is tu r b a n c e s ,  d ^ (x )  

and  d g ( x ) , due  t o  a  t r a n s l a t i o n  o f  b o th  d is tu rb a n c e s  o f  L i s  v 1 1 L (E d ^ -E d j), 

w here v 1 1  i s  th e  second d e r iv a t iv e  o f  th e  q u a d ra t ic  v a lu a t io n  fu n c t io n .

He w i l l  c o n s id e r  th e  b e n e f i t  s id e  f i r s t .

The mean o f  t o t a l  o u tp u t  under p r i c e  c o n t r o l  i s

n  . B . , ZEtp.
I  { (E * .-E 4 .)  + [ 4 - ( ---- —---- V )]} ’

i = l  1 - B ^ U / C ^

w h ile  th e  c o rre sp o n d in g  mean under q u a n t i ty  c o n t r o l  i s

n  EA. ,  B ,, ZEi|>.
I  ( ** > >] ) .

i=1 £u £u 1"snE<1/’cii

T h e ir  d i f f e r e n c e  i s  t h e r e f o r e

n  -EA. n
C( I  —4 )  -  I  ( E * . - E * .) ] ,

i = l  i= l  1  x

and  b o th  a r e  t r a n s l a t e d

n  n .  B .. ZEtf.
I  Bfi + I ( r j -  <—~ — h r -^ ’

i = l  x i = l  l - B ^ d / C ^ )

The change i n  th e  co m p ara tiv e  ad v an tag e  o f  p r i c e s  r e g i s t e r e d  th ro u g h

b e n e f i t s  i s  g iv e n  by

n  n  . B, i ZEiJi. n EA. n
B ( I  E*. + I  ( 4 -  ( i i  ) ) (  I  -  I  <E*.-E* ) ) ) .  (3 .4 ’. 6 )

i= l 1 i= l l-B ^ K l/cJj) i= l i=l
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The mean o f  th e  o u tp u t o f  th e  i * * 1 f irm  under p r ic e s  i s  s im i la r l y

- i  1  ® llZZ^ i  25
(-EA ./C * ) + ( - f -  (----------- - ) ) ;

> * u «  >

u n d er q u a n t i ty  c o n t r o l ,  t h a t  mean i s

1  Sl l Ẑ i  (E * .-E A .) + ( - 4 -  (-----±=------ ) ) .
1  1  >

T h e ir  d i f f e r e n c e  i s

-E A ./C ^  -  (E*.-E4>.),

and s in c e  b o th  a r e  t r a n s l a te d

1  5 l l ZZ* i( 1  > ( i i -----

5i i  i - 5 i i z ( i / S u )

th e  change in  th e  com para tive  ad v an tag e  o f  p r ic e s  r e g i s t e r e d  th ro u g h  

th e  i * * 1 c o s t  fu n c tio n  i s

C* (EA./C* -  (E* - E O ) ( - T -  (-----—------ ) ) .
11 1 11 1 1  l - B ^ K  )

The t o t a l  c o s t  e f f e c t  i s  hence
A

n  . A B-.TE^.
{ I  (EA./C* -  (E + .-E + .))}  ( ( -----~ -----i ) ) .  ( 3 .4 .7 )

i = l  1  1 1  i i  1 -B1 1 I (  )

The com plete  e f f e c t  on th e  co m para tive  advan tage o f  p r ic e s  o f  th e  

e r r o r s  made by th e  c e n te r  in  e v a lu a t in g  th e  E i^ i s  th e  sum o f  ( 3 .4 .6 )  

and ( 3 .4 .7 ) :

^ (  ) i s  n o ta t io n  f o r  ( 1 /C * ^ ).
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1 B_1 ZEi|i. B-.EEf|>. . a
B..(Z:E«. + Z(-4-<-----—------ )+ ( -----—------))(E (E A ./C *  ) -E (E * .-E * .) )

Eu  ^ u 1 '  > ^ n 1 '  >

EAi
= B1 1 (ZE«i -ZE<(»i ) (E (r j=-) -  Z(E«fr.-E<(»i ) ) .  ( 3 .4 .8 )

C1 1

R e c a ll  t h a t  th e  c o v a ria n c e  e f f e c t s  n o ted  in  3 .4 .1  a r e  s t i l l  p r e s e n t .

The n e t  change in  th e  com para tive  advan tage produced  by th e  in t ro d u c ­

t i o n  o f  th e  consum ption d i s t o r t i o n  u n d er im p e rfe c t knowledge i s  t h e r e ­

fo r e  e q u a tio n  ( 3 .4 .8 )  p lu s  e q u a tio n  ( 3 .4 .4 ) :

= B_. [ (  I  f  E[i|>.(-A ./C:j. ) -  (E<|>.-EtK)(E -A ./C  ) ]
i r l  j s l  J J j

n n ^
-  ( l  l  C(E0ji.<fr.) -  E * .E * .) + (E 4 .-E i|» .)(E * .-E * .)]3  

i = l  1 = 1  1 3  1 3  3

n n
I

3:

= C I  I  E [ ( * . - £ * . ) ( -  + +  E ( - J l ) ) ]
i = l  1 = 1  CJ CJ1  X 3 X ^

n  n
+ I  I  E [ ( + .- E * . ) ( * .- E * . ) ] 3 .  ( 3 .4 .9 )

i = l  1 = 1  1 1 3  3j=

T hese same c o r r e l a t i o n s  a r e  re p re s e n te d  in  ( 3 .4 .5 ) ;  th e y  a re  now sim p ly  

m easured from th e  in c o r r e c t  means computed by th e  c e n te r .

E quation  ( 3 .4 .9 )  i s  th e n  t o t a l l y  c o n s i s te n t  w ith  o u r p re v io u s  con­

c lu s io n s ;  th e  in c id e n c e  o f  im p e rfe c t knowledge o f  th e  r e le v a n t  d i s t r i b u ­

t i o n  i s  sim ply  t o  change t h e  p o in ts  around w hich th e  in h e re n t  v a r i a t io n s  

o f  th e  model a r e  m easured . Given t h i s  i n t e r p r e t a t i o n ,  we conclude  imme­

d i a t e l y  t h a t  t h e  e f f e c t  o f  th e  number o f  f irm s  and th e  p r o f i t a b i l i t y  o f  

a  mixed p o l ic y  s e t  rem ains e x a c t ly  a s  d e s c r ib e d  in  th e  p re v io u s  s u b s e c t io n .
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2 6S e c tio n  3 .5 :  The A utom obile Example Extended

He can u se  th e  d a ta  c i t e d  i n  S e c tio n  2 .5  t o  i l l u s t r a t e  th e  two 

fu n d am en ta l r e s u l t s  o f  t h i s  c h a p te r .  B efore doing  s o ,  how ever, we w i l l  

rev iew  th e  p a r t s  o f  t h a t  d a ta  t h a t  would be p e r t i n e n t  t o  th e  c e n t e r 's  

p r i c e s - q u a n t i t i e s  ch o ice  f o r  th e  c o n t ro l  o f  v e h ic u la r  carbon  monoxide 

e m is s io n s ,  and r e c a l l  th e  assum ptions t h a t  w ere r e q u ir e d  t o  u se  t h a t  

d a ta  i n  i l l u s t r a t i n g  th e  c e n t e r 's  a n a ly s is  o f  t h a t  c h o ic e . F ig u re  ( 3 .1 )  

re p ro d u c e s  th e  g rap h s  o f  m a rg in a l b e n e f i t s  and c o s ts  in  d o l l a r s  p e r  y e a r  

a s  fu n c t io n s  o f  th e  p e rc e n ta g e  re d u c t io n  o f  th e  CO e m iss io n s  o f  a  t y p i c a l  

1967 au to m o b ile  ( s e e  F ig u re  ( 2 .1 6 ) ) .  The r e le v a n t  c u rv a tu re s  o f  c o s ts  

and  b e n e f i t s  a r e  ap p ro x im ated  by  th e  s lo p e s  o f  th e s e  two s c h e d u le s .  In  

a d d i t io n ,  th e  c e n te r  fa c e d  tw o so u rc e s  o f  o u tp u t u n c e r t a in ty .  The f i r s t  

was p r o f i t  m o tiv a te d  v a r i a t i o n  u n d er p r ic e s  c r e a te d  by th e  c e n t e r 's  im­

p e r f e c t  ex  a n te  knowledge o f  t h e  c o s ts  o f  carbon  monoxide em iss io n  con -

t r o l .  The v a r ia n c e  o f  t h i s  o u tp u t d is tu rb a n c e  (crff)  was computed t o  be

2 2 1 .1  (g m ./m i.)  a t  97% e m iss io n s  r e d u c t io n  and .3  (g m ./m i.)  a t  69%

e m iss io n s  r e d u c t io n .  The seco n d  so u rce  o f  o u tp u t u n c e r t a in ty  was

c r e a te d  by p ro d u c tio n  v a r i a b i l i t y  and i t  e x i s t s  u n d er b o th  modes o f

c o n t r o l .  He assum ed t h a t  th e  v a r ia n c e  o f  t h i s  o u tp u t d is tu rb a n c e  under

2 2 q u a n t i ty  c o n t r o l  (o ^ )  was .4  (g m ./m i.)  a t  a l l  l e v e l s  o f  r e d u c t io n .  I t
2

was im p o ss ib le  t o  deduce t h i s  v a r ia n c e  u n d er p r i c e  c o n t r o l s  (o ^ ) ,  s o  

s e n s i t i v i t y  a n a ly s i s  was perfo rm ed  u n d er th e  assum ption  t h a t  t h i s  random 

v a r i a t i o n  was in d e p en d en t o f  th e  p r o f i t  m o tiv a te d  v a r i a t i o n .  The th r e e

26The p r e s e n t  d is c u s s io n  w i l l  fo cu s  upon th e  d e s i r e d  70% re d u c t io n  
in  carbon  monoxide e m iss io n s  found e f f i c i e n t  i n  S e c tio n  2 .5 .
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2
le v e ls  assumed were .1 2 , .4 ,  and 1 .0  (gm ./m i.) .

O ur f i r s t  concern  w i l l  b e  th e  in f lu e n c e  o f  an  in c re a s e  in  th e  number 

o f  a u to m o b ile s , o r  e q u iv a le n t ly  in  th e  number o f  m ile s  d r iv e n  p e r  y e a r ,  

on th e  com para tiv e  advan tage o f  p r i c e s  th a t  th e  c e n te r  w ould com pute. 

S e c tio n  3 .3  i n s t r u c t s  u s  t h a t  th e  mode o f  c o n t ro l  t h a t  i s  a f fo rd e d  th e  

l a r g e s t  d i v e r s i f i c a t i o n  g a in  by such an in c re a s e  w i l l  b e  fa v o re d  by t h i s  

e f f e c t .  R e c a l l ,  how ever, t h a t  t h i s  g a in  may n o t  make t h i s  mode th e  

o v e r a l l  b e t t e r  c o n t r o l ;  i t  p ro v id e s  o n ly  an  e x t r a  p o s i t i v e  b i a s .

To an a ly ze  t h i s  e f f e c t  i n  our exam ple, we sim p ly  n eed  t o  deduce 

th e  c o r r e l a t i o n  a c ro s s  au to m o b iles  o f  th e  two so u rc e s  o f  u n c e r t a in ty .

The p r o f i t  m o tiv a te d  re sp o n se  t o  a  p r i c e  o r d e r  w i l l  b e  a p p l ie d  t o  each  

a u to m o b ile , even though  t h a t  re sp o n se  i s  unknown t o  th e  c e n te r  a s  i t  

d e c id e s  i t s  o r d e r .  P r o f i t  in d u c ed  v a r i a t i o n  can th e r e f o r e  be assumed 

t o  b e  p e r f e c t l y  c o r r e l a te d  a c ro s s  c a r s  and th e  c e n te r  w ould p e rc e iv e  no 

p o t e n t i a l  f o r  d i v e r s i f i c a t i o n .  M eanw hile, each  c a r  would be  an in d ep en ­

d e n t draw from  th e  p ro d u c t v a r i a b i l i t y  d i s t r i b u t io n  u n d er e i t h e r  mode.

T h is  independence  im p lie s  t h a t  t h e  p o t e n t i a l  f o r  d i v e r s i f i c a t i o n  from

t h i s  second  so u rc e  o f  u n c e r t a in ty  u n d e r  e i t h e r  mode i s  in d ic a te d  by th e
2

s i z e  o f  t h e  v a r ia n c e  in  o u tp u t t h a t  e ac h  c r e a t e s .  I f  s  .12 

2 2(g m ./m i.)  < a ^ ,  f o r  in s ta n c e ,  th e n  q u a n t i t i e s  o f f e r  a  l a r g e r  d i v e r s i f i c a ­

t i o n  g a in  as  th e  number o f  c a r s  i s  in c re a s e d  and a re  th e r e f o r e  a f fo rd e d

2 2 2 a  p o s i t i v e  b i a s .  I f ,  on th e  o th e r  h a n d , = 1 .0  (g m ./m i.)  > o ^ , th e n

p r i c e s  o f f e r  a  l a r g e r  g a in  and  c o l l e c t  th e  b i a s . The d i r e c t i o n  o f  t h i s

e f f e c t  i s  th u s  c r u c i a l l y  dependen t in  t h i s  c a se  upon th e  assum ptions  we
2

hav e  been  fo rc e d  t o  make a b o u t th e  s i z e  o f  a . The econom ics b eh in dp

th e  e f f e c t  i s ,  n o n e th e le s s ,  w e ll  i l l u s t r a t e d .
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Ve can  a l s o  c o n s id e r  th e  a d v i s a b i l i t y  o f  m ixing  c o n tro ls  by reg u ­

l a t i n g  some au to m o b iles  by p r ic e s  and o th e rs  by q u a n t i t i e s .  To p ro v id e  

a  r e a l i s t i c  d i f f e r e n t i a t i o n  o f  th e  p o s s ib le  g ro u p in g s , we w i l l  assume 

t h a t  l a r g e r  c a r s  p o l lu te  50% more ( i n  grams p e r  m ile )  and s m a lle r  c a rs  

50% l e s s , c e t e r i s  p a r ib u s , th an  does th e  t y p i c a l  in te rm e d ia te  s iz e d  c a r  

u sed  t o  d ev e lo p  th e  d a ta  o f  C h ap ter Two. T h is  assum ption  a llo w s u s  to  

d em o n stra te  th e  p o t e n t i a l  f o r  a  p r o f i t a b l e  mixed s t r a t e g y ,  a s  w e ll as 

th e  im portance o f  th e  n o tio n  o f  p o s i t io n  in  an in d u s try .  In  t h i s  con­

t e x t ,  o f  c o u rs e ,  p o s i t io n  in  th e  in d u s try  d en o tes  th e  f r a c t io n  o f  th e  

t o t a l  au tom ob ile  f l e e t  c o n ta in e d  by each  p a r t i c u l a r  c l a s s  o f  c a r s ;  we 

assume t h a t  la rg e  c a r s ,  sm a ll c a r s ,  and in te rm e d ia te  c a r s  each  c o n s t i tu te  

abou t o n e - th i r d  o f  th e  c u r r e n t  f l e e t .  F ig u re  (3 .2 )  in d ic a te s  th e  r e l e ­

v a n t m a rg in a l c o s t  s c h e d u le s .

Suppose t h a t  th e  c e n te r  has deemed i t  m ost e f f i c i e n t  t o  e n g in e e r  

a  70% av erag e  re d u c t io n  o f  carbon  monoxide e m is s io n s . F ig u re  (3 .2 )  

r e v e a ls  t h a t  a  p e r  u n i t  charge  o f  $ .4  x 1 0 “ 5 / (g m ./m i.)  p e r  c a r  cou ld  

ach iev e  t h i s  in te n d e d  r e d u c t io n .  The in te rm e d ia te  s iz e d  c a r ,  f o r  

exam ple, would th e n  b e  equipped w ith  th e  1970 C o n tro lle d  Combustion 

System and a  PCV v a lv e  (system  ( C ) ) ,  and be ex p ec ted  to  em it 2<t grams 

o f  carbon  monoxide p e r  m ile .  As we have shown p re v io u s ly ,  th e  c e n te r  

would c o n fro n t a  p r o f i t  m o tiv a ted  v a r ia n c e  in  em issio n s  e q u a l t o  

.3  (g m ./m i.)  u n d er t h i s  p r ic e  c o n t r o l .  He have a l s o  assumed an o u tp u t
o

v a r ia n c e  induced  by p ro d u c t v a r i a b i l i t y  o f  (g m ./m i.)  under th e  

e q u iv a le n t  q u a n t i ty  c o n t r o l ;  s e n s i t i v i t y  a n a ly s is  m ust s t i l l  be  perfo rm ed  

on th e  e f f e c t  o f  p ro d u c t v a r i a b i l i t y  u n d er p r i c e s .

Suppose t h a t  th e  p r o f i t  re sp o n se s  o f  m a n u fa c tu re rs  t o  p r ic e  c o n t ro ls
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a r e  in d ep en d en t a c ro s s  th e  s i z e  c la s s e s  o f  c a r s .  The c e n te r  m ust th e r e ­

f o r e  n o te  o n ly  t h a t  th e  in te rm e d ia te  c l a s s  c o n s t i t u t e s  o n e - th i r d  o f  th e  

f l e e t  when com puting th e  com para tiv e  ad v an tag e  o f  p r ic e s  f o r  t h a t  c l a s s .  

As a  r e s u l t ,  th e  b e n e f i t  s id e  o f  t h i s  m o d ified  co m para tive  advan tage  

i s  d im in ish e d  by a  f a c t o r  o f  o n e - th i r d .  A pplying t h i s  o b s e rv a tio n  to  

e q u a t io n  ( 2 . 5 . 1 ) ,  we r e g i s t e r  th e  m o d ified  com para tive  advan tag e  a s  

f o l lo w s :

N o tic e  t h a t  e q u a tio n  ( 3 .5 .1 )  i s  q u i te  c o n s i s te n t  w ith  e q u a tio n  ( 3 .3 .3 )  

t h a t  ev o lv ed  from  th e  th e o ry  p re s e n te d  ab o v e . T ab le  (3 .1 )  r e c o rd s  th e

( l / 2 ) C ( ( l /3 ) B 1 1 +Cu )o J  + ( ( l / 3 ) B 1 1 -C11 )(Op -  <x*>11 11 IT
( 3 .5 .1 )

9
s ig n  o f  t h i s  m o d ified  com p u ta tio n  f o r  th e  th r e e  v a lu e s  o f  o . Comparing

T ab le  3 .1

The M odified  C om parative A dvantage o f  P r ic e s  
a t  70% R eduction  o f  CO f o r  In te rm e d ia te  S ized  C ars

B ^  = -$ 9 .0  x 106 / y r .  p e r  1% 

C1. = $1 .3  x 107 / y r .  p e r  1%11
2

a

a
2
q

2a A ( In te rm e d ia te  c a r s )

1 .0

.12 ( 1 /2 ) ( ( 1 0 ) ( .3 )  -  (2 2 X .1 2  -  .1 0 )  x  106  > 0

( 1 / 2 ) ( ( 1 0 ) ( .3 )  -  ( 2 2 ) ( 0 ) )  x 106  > 0

( 1 / 2 ) ( ( 1 0 ) ( .3 )  -  ( 2 2 X 1 . 0  -  . 4 ) )  x 1 0 6  < 0
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T ab le  ( 3 .1 )  and ( 2 . 4 ) ,  we se e  t h a t  th e  f r a c t i o n a l  im portance  o f  i n t e r ­

m e d ia te  s iz e d  au to m o b iles  in  t o t a l  v e h ic u la r  carbon  monoxide em issions  

has had no e f f e c t  on th e  c h o ic e  o f  c o n t r o l s .

When we c o n s id e r  th e  l a r g e r  a u to m o b ile s , how ever, t h i s  f r a c t i o n a l  

im p o rtan ce  p la y s  a  c r u c i a l  r o l e .  The charge  o f  $ .4  x  10 5 /(g m ./m i.)  

p e r  c a r  w i l l  a l s o  be met by th e  i n s t a l l a t i o n  o f  system  (C) on th e  

l a r g e r  c a r s ;  ex p ec ted  carbon  monoxide em iss io n s  w i l l  be 36 grams p e r  

m ile  (53% re d u c t io n  o v e r th e  av erag e  1967 l e v e l ) .  To i l l u s t r a t e  t h i s  

c a s e ,  we assume t h a t  p ro d u c t v a r i a b i l i t y  under e i t h e r  mode w i l l  be th e
g

same a s  b e f o r e .  F ig u re  ( 3 .2 ) ,  how ever, su g g e s ts  a  s lo p e  o f  $ 6  x 10 / y r .  

p e r  1 % f o r  th e  m a rg in a l c o s t  sch ed u le  o f  th e  l a r g e r  c a r s  in  th e  n e ig h b o r­

hood o f  53%. T h is  s m a l le r  s lo p e  in c re a s e s  th e  p r o f i t  m o tiv a ted  v a r ia n c e
2

i n  em iss io n s  fa c in g  th e  c e n t e r  t o  1 .5  (g m ./m i.)  by in c re a s in g  th e

f a c t o r  t h a t  tra n s fo rm s  c o s t  d e v ia t io n s  in t o  o u tp u t d e v ia t io n s .  T ab le

( 3 .2 )  r e c o rd s  th e  m o d ified  com parative  advan tage  f o r  th e  l a r g e r  c a rs

u n d e r th e s e  c o n d i t io n s .

O bserve t h a t  th e  p r e f e r r e d  modes o f  c o n t ro l  rem ain  a s  b e fo re  f o r  
2

each  v a lu e  o f  o ^ . Were we t o  ig n o re  th e  f r a c t i o n a l  im p o rt o f  la rg e

c a r s  on t o t a l  carbon monoxide e m is s io n s , how ever, th e  com para tive  advan-

2 2 ta g e  o f  p r i c e s  when Up = . 1 2  (g m ./m i.)  would have been

( 1 / 2 ) C(“ 3 . 0 ) ( 1 .5 ) - ( 1 5 .0 ) ( . 1 2 - .4 ) 3 x 106  = ( l / 2 ) ( - 4 . 5 + 4 .2 )  x 10® < 0 .

We would have in c o r r e c t ly  su g g es ted  a  mixed p o l ic y  t h a t  p la c e d  a l l  la rg e  

c a r s  u n d er q u a n t i ty  c o n t r o l s .
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T ab le  3 .2

The M odified C om parative A dvantage o f  P r ic e s  
a t  53% R eduction  o f  CO f o r  Large Cars

= -$ 9 .0  x  106 / y r .  p e r  1%

C ^  = $6 . 0  x  1 0 6 / y r .  p e r  1 %

o f  = 1 .5  (g m ./m i . ) 2
n

o 2  s  .4  (g m ./m i . ) 2

o 2 A (L arge c a r s )

.12 ( 1 /2 ) ( ( 3 .0 ) ( 1 .5 )  -  ( 9 .0 K .1 2  -  .4 ) )  x  106  > 0

.4  ( l / 2 ) ( ( 3 . 0 ) ( 1 .5 )  -  ( 9 .0 ) ( 0 ) )  x  106  > 0

1 .0  ( l / 2 ) ( ( 3 . 0 ) ( 1 .5 )  -  ( 9 .0 H 1 .0  -  .4 ) )  x  106  < 0

F or th e  sak e  o f  co m p le te n ess , T ab le  ( 3 .3 )  re c o rd s  th e  r e s u l t s  o f

s i m i l a r  co m p u ta tio n s  f o r  th e  s m a l le r  c a r s ;  th ey  to o  w ould be  equ ipped

w ith  sy stem  (C) in  re sp o n se  t o  a  p e r  u n i t  ch arg e  o f  $ .4  x  10_ 5 / ( g m ./m i . )

p e r  c a r ,  b u t  would be  exp ec ted  to  em it o n ly  12 grams p e r  m ile  (87%

r e d u c t io n  o v e r  th e  av e rag e  1967 l e v e l ) .  The o th e r  s t a t i s t i c s  a re  l i s t e d

i n  th e  t a b l e .  N o tic e  t h a t  f o r  th e  exam ple t h a t  we have s tu d ie d  and f o r  
2any v a lu e  o f  o ^ , no m ixes a r e  p r e f e r a b le  t o  uniform  c o n t r o l .  T here 

does n o t  e x i s t  a  s in g le  c la s s  o f  a u to m o b ile s  f o r  w hich th e  o p p o s ite  

mode o f  c o n t r o l  i s  p r e f e r r e d  when i t  i s  c o n s id e re d  in d iv id u a l ly ,  b u t  

i n  th e  c o n te x t  o f  an  o th e rw ise  u n ifo rm ly  r e g u la te d  f l e e t  o f  v e h ic le s .
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T able  3 .3

The M odified Com parative A dvantage o f  P r ic e s  
a t  87% R eduction  o f  CO f o r  Sm all C ars

a 2

= -$ 9 .0  x 106 / y r .  p e r  1%

C ^  = $2 . 0  x 1 0 7 / y r .  p e r  1 %

a 2  = . 1  (gm ./m i . ) 27T

o 2  = .4  (gm ./m i . ) 2

A (S m all c a r s )

.12  ( 1 / 2 ) ( ( 1 7 ) ( .1 )  -  ( 2 3 ) ( .12 -  .4 ) )  X 106  > 0

.*  ( 1 / 2 ) ( ( 1 7 ) ( .1 )  -  (2 3 ) (0 ) )  x 106  > 0

1 .0  ( 1 / 2 ) ( ( 1 7 ) ( .1 )  -  (2 3 ) (1 .0  -  .« 0 ) x 106  < 0

S e c tio n  3 .6 ;  C onclusion

The expansion  o f  th e  one p ro d u c t ca se  to  in c lu d e  m u l t ip le  p ro d u cers  

has  begun t o  d em o n stra te  th e  s t r e n g th  o f  th e  in f lu e n c e  o f  o u tp u t v a r ia ­

t i o n  on th e  p r i c e s - q u a n t i t i e s  com parison . The c r u c i a l  d e te rm in a n t in  th e  

n - f in n  c a se  i s  th e  v a r ia n c e  in  th e  t o t a l  o u tp u t o f  th e  " in d u s t r y ."  V aria ­

t i o n  in  th e  o u tp u t o f  each  f irm  can in f lu e n c e  o n ly  a  f r a c t io n  o f  t o t a l  

o u tp u t ,  and t h a t  in f lu e n c e  i s  a m p lif ie d  o r  dampened by sim u ltan eo u s 

v a r i a t io n s  in  th e  o u tp u ts  o f  th e  o th e r  f i r m s . Having th e re b y  ta k en  in to  

acco u n t a  f i r m 's  p la c e  in  th e  in d u s t r y ,  we have shown th a t  i t  i s  p r o f i t ­

a b le  t o  r e g u la te  t h a t  f irm  by th e  mode t h a t  would be  p r e f e r r e d  i f  i t  i s  

c o n s id e re d  in d iv id u a l ly ,  in  th e  c o n te x t o f  t h a t  p o s i t i o n .  As th e  number 

o f  f irm s  in c r e a s e s , c e t e r i s  p a r ib u s , p r i c e  c o n t ro ls  a re  a f fo rd e d  b o th  an
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e f f i c i e n c y  g a in  and a  d i v e r s i f i c a t i o n  g a in ;  q u a n t i ty  c o n t ro ls  r e c e iv e  

o n ly  a  d i v e r s i f i c a t i o n  g a in .  The r e l a t i v e  m agnitude o f  th e s e  two p o te n ­

t i a l  g a in s  d e te rm in e s  which mode would r e c e iv e  a  p o s i t iv e  b ia s  from an 

in c re a s e  in  t h e  number o f  f i rm s .
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C hap ter Four

THE REGULATION OF COMPLEMENTS, SUBSTITUTES AND JOINT PRODUCTS

He have th u s  f a r  c o n c e n tra te d  o u r  a n a ly s i s  on th e  r e g u la t io n  o f  a  

s in g le  good. In  th e  rem a in d er o f  th e  d i s s e r t a t i o n ,  we w i l l  expand th e  

scope o f  o u r  s tu d y  t o  c o n s id e r  th e  c o n t r o l  o f  s e v e r a l  goods in  a  second 

s e t  o f  c irc u m s ta n c e s . The p re s e n t  c h a p te r  e x p lo re s  th e  s im u ltan e o u s  

r e g u la t io n  o f  complements and s u b s t i t u t e s  in  co n su m p tio n , a s  w e l l  a s  

j o i n t  p ro d u c ts  o f  a  s in g le  p ro d u c tio n  p ro c e s s .  The d i s s e r t a t i o n  w i l l  

th e n  co n c lu d e  w ith  a  s tu d y  o f  in te rm e d ia te  goods i n  C h ap te r F iv e .

S e c tio n  U .l ;  Complements and S u b s t i tu te s

We b e g in  b y  s p e c ify in g  a  new b e n e f i t  fu n c tio n  t h a t  depends on two 

goods, q^ and , and a  random v a r i a b l e , n , which in d e x e s  th e  u n ce r­

t a i n t i e s  l i s t e d  in  C h ap te r One: B C q ^ q ^ n ) .  He assum e t h a t  th e  two

goods a r e  p roduced  s e p a r a t e ly ,  and th e r e f o r e  p o s se ss  t h e i r  own c o s t
1 2  1  

fu n c t io n s :  C (q ^ ,© ^ ,? ^ )  and C (q^,8^ *  We ^ i n a l l y presum e t h a t

tj, 0 ^ , 0 g > and a r e  j o i n t l y  d i s t r i b u t e d .  The s p i r i t  o f  th e  p r e ­

v io u s  m odels h a s  o b v io u s ly  been p re s e rv e d .

*We a l s o  make th e  s ta n d a rd  assu m p tio n s  abo u t th e  s ig n s  o f  th e  
d e r iv a t iv e s  o f  th e s e  fu n c t io n s :

C ^ (q ^ j0 £ j 5 ^ )  ^ 0  y and

c i i * qi ,e i » 5 i 5 > 0  

f o r  a l l  (qj. »©£,€£) and i  * 1 , 2 ; s i m i l a r l y ,

Bl (q l * q2 ,n )  > °»
B2 (q iv q2 ,n )  > 0 , and

-1 5 8 -
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The c e n te r  w i l l  m axim ize ex p ec ted  b e n e f i t s  m inus ex p ec ted  c o s ts  t o  

d e te rm in e  th e  o p tim a l p ro d u c tio n  le v e ls  f o r  th e  g o o d s, and §2 • The 

f i r s t  o rd e r  c o n d i t io n s  t h a t  c h a r a c te r iz e  th e s e  op tim a a r e :

E B1 ( q ^ . n )  = E Cx ( * t . l . l a )

E B 1  ( V q2 » } = E C 2  <42 »e 2 »5 2 ) » ( H . l . l b )

and  t h e i r  e x is te n c e  i s  g u a ra n te e d  by th e  shapes o f  th e  c u rv e s  (s e e  

fo o tn o te  1 ) .  To make th e  m athem atics t r a c t i b l e ,  we expand th e  b e n e f i t  

f u n c t io n  around  ( 4 ^ , 4 2 ) ,  making th e  u s u a l  assum ptions abo u t th e  i n f l u ­

en ce  o f  q :

= b <h) + ( B j + e ^ r O X q j - ^ )  + J

+ <B»2+82(n))(q2- 42) + J b22(<*2"V2 + Bi2 (ql"$l)(q2“V *

w here

b (n )  = B(q1#^ 2#n)

BJ = E( B1 (^1 »42 »n))

B ^ n )  = (B1 (4 1 ,42 ,n )  -  BJ»)

®]_j_ ~ »42

B£ = E(B2(41 ,^ 2 ,n ) )

B2 (n )  = (B2(4 1 ,^ 2 ,n )  -  B^)

® 2 2  ~ B2 2 ^ 1 *^2 , q ^*

’  ®1 2 ^ 1  » ^ 2  *q ̂  *

———■ ' »M2  »■ I / »•»* * — VA ±2 1  * 2  ’ u i
c o u r s e ,  on w h eth er good 1  and good 2  a r e  com plem ents o r  s u b s t i t u t e s .
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Each c o s t  fu n c t io n  i s  a l s o  expanded around i t s  r e s p e c t iv e  o p tim a l quan­

t i t y :

Ci (qi , e i , e i )=ai (0 i ,5 i )+(C|+ai (0 i , q ) ) ( q i -4 i )+ icJ 1 (q;i-4 i )2 ; i = l , 2 ,

( 4 .1 .3 )

w here each  te rm  h as  a  d e f in i t i o n  analogous to  i t s  c o u n te rp a r t  in  equa­

t i o n  ( 4 .1 . 2 ) .  We n o te  im m ed ia te ly  t h a t  e q u a tio n s  ( 4 .1 .1 )  and ( 4 .1 .2 )  

combine w ith  ( 4 .1 .3 )  t o  im ply t h a t

B j = C j ,  and ( 4 .1 .4 a )

B£ = q .  ( 4 .1 .4 b )

4 .1 .1 :  A F i r s t  Model—No O utput D is to r t io n

We b e g in  o u r  d is c u s s io n  by c o n s id e r in g  th e  s p e c i a l  c a se  i n  which 

a  q u a n t i ty  o rd e r  i s  p roduced  w ith  c e r t a i n t y . The o p tim a l q u a n t i ty  o rd e rs  

a re  th e n

4 p i = and ( 4 .1 .5 a )

3p2  = V  ( 4 .1 .5 b )

The com putation  o f  th e  o p tim a l p r ic e  o rd e rs  i s  s l i g h t l y  more in v o lv e d . 

The p r i c e  re sp o n se  cu rv e  f o r  e i t h e r  f irm  i s

P j - C j - a .
h1 ^ , © ^ . )  = + (■-=—£— ) S i  = 1 , 2 ,

C1 1

so  t h a t  th e  f i r s t  o r d e r  c o n d it io n s  t h a t  d e te rm in e  th e  o p tim a l p r i c e  

o r d e r s ,  and  , a re
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E B^(h1 ,h 2 ,n )*h^  = E C^(h1 ,0 1 ,E1 )*h^;

E B2 (h 1 ,h 2 ,n )* h 2  = E C2 (h 2 ,0 2 ,5 2 ) ‘h2 .

O bserv ing  t h a t  h* = ( 1 /C ^ )  and C ^ (h ^ ,0 ^ ,5 ^ ) = p . ( i  

e q u a tio n s  ( 4 .1 .6 )  red u ce  t o

( if .1 . 6 a )  

(4 .1 .6 b )  

1 , 2 ) ,  we n o te  t h a t

E C (B ^e 1 (nH B 11(P l  ° 1  S  ♦ b 12( -  ;  * )1 = h t
c . . Lu

( if . 1 . 6 a ) '

11

,P2 - V C2 , h ~ ar ° LE[(B»+6 0 (n ) tB 0>>( -^ - v  -  ■?■) + B12( - -  y  - - ) 3  = $2’ ( 4 .1 .6 b ) '
2  2 2 2  2  

U 1 1 '11

The in s e r t i o n  o f  = C | in to  e q u a tio n s  ( i f .1 .6 ) '  cau ses  them t o  red u ce  

t o  e q u a tio n s  ( i f . l . i f ) ,  and th e  r e q u ir e d  e q u a l i ty  i s  a s s u re d . The un iq u e­

n e s s  o f  t h i s  s o lu t io n  i s  a l s o  g u a ran teed  by th e  shapes o f  th e  c u rv e s , 

and we a s s e r t  t h a t  under o p tim a l p r i c e  c o n t ro l  o f  b o th  goods

^ ( © . . q )  = 4 . -  (-a i ( 9 i ’Ci ) ■); i  = 1 , 2

The com parative  advan tage o f  p la c in g  b o th  goods under p r ic e  c o n t ro l  

o v e r p la c in g  b o th  goods u nder q u a n t i ty  c o n t ro l  i s  now a v a i la b le :

.  A :

A? = -CE I 
i = l

2
+CE I 

i=l

’^ 1 r^ 2

E B
•

* 1 * 2

((B£ + 0i (n )  + Bi . ( q i - 4 . ) ) d q i ]

* i
A

r«i

((C£ + e t ^ O . , ? . ) )  + C^1 (q i -q i )dqi ]

B 1 2  dql  d q 2
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= |  ( B n ^ C u )  VarC-a1 / c J 1 ) + C o v O ^ n ) ;  - O j /c j^ )

+ j f  <B2 2 *CU > V ar(- a 2 /Cl l ) + C0 V(B2 ( ', ) '  - “2 /C L >

+ B1 2  C o v C -o ^ C ^ ; - a ^ ) .  ( 4 .1 .7 )

When = 0 ,  A^ i s  s im p ly  th e  sum o f  th e  com para tive  advan tage o f  p r ic e s  

o v e r  q u a n t i t i e s  f o r  each  good co n s id e re d  s e p a r a te ly .  Only th e  f i n a l  

te rm , t h e r e f o r e ,  depends upon th e  s u b s t i t u t a b i l i t y  o r  com plem en tarity  

o f  th e  two g o o d s. T h is  s im p le  o b s e rv a tio n  co n firm s th e  re le v a n c e  o f  

th e  in d iv id u a l iz e d  a n a ly s is  o f  C h ap te rs  Two and T hree  when th e  good i s  

n o t  s u b je c t  t o  c ro ss-co n su m p tio n  e f f e c t s  ( i . e . ,  i t s  p o r t io n  o f  th e  

o v e r a l l  b e n e f i t  fu n c tio n  i s  s e p a r a b le ) .

Goods and q2  a r e  com plem ents, how ever, when B^ 2  > 0 . I n d if f e r e n c e  

c u rv e s  betw een th e  two goods a re  th e n  h ig h ly  c u rv e d , i n t u i t i v e l y  su g g e s t­

in g  a  r a t i o  n e a r  w hich th e y  sh o u ld  be consumed ( s e e  F ig u re  >1.1). The

o u tp u t o f  th e  two goods te n d  to  move i n  th e  same d i r e c t io n  tinder p r ic e s  

1  2when C ov(-a^ /C 1^ ;  ~a2^cu )  > °» th e re b y  p re s e rv in g  t h i s  approx im ate  con­

sum ption  r a t i o  and c r e a t in g  a  p o s i t i v e  b ia s  f o r  p r i c e s .  Should  t h a t  

c o v a r ia n c e  b e  n e g a t iv e ,  on th e  o th e r  h an d , o u tp u t l e v e l s  would te n d  in  

o p p o s i te  d i r e c t i o n s  and  th e  consum ption r a t i o  would have to  change. The 

second  c a se  c a u se s  a  b ia s  a g a in s t  p r i c e s .  N o tic e  t h a t  th e  f i n a l  te rm  o f  

( 4 .1 .7 )  r e f l e c t s  th e s e  o b s e rv a t io n s .

The r i g o r  beh in d  th e  above i n t u i t i o n  i s  a l s o  e a s i l y  d ev e lo p ed .
i 2

Suppose t h a t  B^ 2  > 0 and C ov(-a 1 /C 1 ^ ; - a 2 /C 11) > 0 . An in c re a s e  i n  th e  

o u tp u t o f  q^ w i l l  th e n  b e  t y p i c a l l y  accom panied by an in c re a s e  in  th e  

o u tp u t o f  q2 » By r e c a l l i n g  t h a t  m a rg in a l b e n e f i t s  w ith  r e s p e c t  t o  q2
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F ig u re  4 .1 :  Complements

The consum ption p o in t  sh o u ld  rem ain  ro u g h ly  w ith in  th e  shaded  cone.

a re  o f  th e  form (B ' + 8 (n )  + B22*q2”^  + B12^ql ”^ l**  we can o b se rv e  

t h a t  an  in c re a s e  in  th e  m a rg in a l b e n e f i t  o f  q2  i s  s im u lta n e o u s ly  induced  

by such  an in c re a s e  i n  q ^ . The p ro d u c tio n  o f  th e r e f o r e  te n d s  t o  

in c re a s e  j u s t  when i t s  m a rg in a l b e n e f i t  in c re a s e s .  A p o s i t i v e  b ia s  f o r  

p r i c e s  i s  th u s  re c o rd e d , s in c e  th e  induced  e f f e c t  i s  in  th e  c o r r e c t  d i ­

r e c t i o n .  The d i r e c t i o n  i s  a l s o  c o r r e c t  when and th e  c o v a ria n c e  a re  

b o th  n e g a t iv e .  Goods q^ and a r e  th e n  s u b s t i t u t e s ,  and one sh o u ld  

e x p e c t t h a t  th e  o u tp u ts  would o p tim a lly  move in  o p p o s ite  d i r e c t i o n s .

When o n ly  one i s  n e g a t iv e ,  how ever, th e  d i r e c t io n  o f  th e  induced  e f f e c t  

i s  i n c o r r e c t ,  and a  b ia s  a g a in s t  p r ic e s  s im i la r ly  re c o rd e d .

4 .1 .2 :  The O utpu t D is to r t io n

B efo re  we ex ten d  o u r d is c u s s io n  to  c o n s id e r  mixed p o l i c i e s ,  we w i l l  

r e p e a t  th e  p re v io u s  a n a ly s i s  in  th e  c o n te x t o f  th e  o u tp u t d i s t o r t i o n .
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The q u a n t i ty  a c t u a l l y  produced  o f  e i t h e r  good, q i s  assumed t o  be 

a d d i t i v e l y  r e l a t e d  t o  th e  q u a n t i ty  o f  t h a t  good o rd e re d ,  q ^ , by a  random 

d i s t o r t i o n :

qa i  = S i  + * i (Ci h  1 = 1 ,2 ‘

The random v a r ia b le  o f  c o u rs e , a l s o  ap p ea rs  i n  th e  c o s t  f u n c t io n s .  

The c e n te r  m ust th e r e f o r e  c o n fro n t th e  fo llo w in g  f i r s t  o rd e r  c o n d it io n s  

i n  d ed u c in g  th e  o p tim a l q u a n t i ty  o rd e r s :

E C1 ei , 5 l ) )  = E B1 ( S l » S 2 » n ) ;  (4 .1 .8 a )

E C 1  « 4 p 2 +4 2 (C2 ) *e2*«2))  = E B 2  ( S l » S 2 »n ) ' (4 .1 .8 b )

O bserve t h a t

4p . = ^ .  -  E ( * . U . ) ) ;  i  = 1 ,2 ( 4 .1 .9 )

s a t i s f y  e q u a t io n s  ( 4 .1 .8 )  and a re  th e r e f o r e  th e  o p tim a l o r d e r s .  The 

c o m p u ta tio n s  on th e  p r i c e  c o n t r o l  s id e  a re  u n a l te r e d ,  so  t h a t  th e  compara­

t i v e  ad v an tag e  o f  p r ic e s  em erges as

Ag = A?  -  i  (B1 1 - c J 1 )V a r  ^  -  Cov ( B ^ n ) ;  ♦1 )

+ Cov (o 1 j*1 ) -  j  ^B22“C11^ Var *2 “ CoV *2*

+ Cov ( a 2 ;<fr2 ) -  B1 2  Cov ( t ^ j ) . (4 .1 .1 0 )

E q u a tio n  ( 4 .1 .1 0 )  i s  s t i l l  th e  sum o f  th e  co m p ara tiv e  ad v an tag es  

o f  tw o goods c o n s id e re d  a lo n e ,  when B^ 2  = 0 . O th e rw ise , th e  te rm  

B1 ?C o v (^  ;$ 2 ) w orks f o r  q u a n t i t i e s  in  p r e c i s e ly  th e  same f a s h io n  a s  d id
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1  2B1 2 C ov(-o 1 /C ^ 1 ; - o 2 /C11) f o r  p r i c e s .  S im ultaneous movement i n  ^  and $ 2  

c r e a te s  a  p o s i t i v e  b ia s  f o r  q u a n t i t i e s  when t h a t  movement i s  c o r r e c t  w ith  

r e s p e c t  to  th e  induced  changes i n  m a rg in a l b e n e f i t s .  T hat p o s i t i v e  b ia s  

i s  th e n  s u b tr a c te d  from A^. These c o v a r ia n c e s  become th e  c r u c i a l  d e t e r ­

m inan t i n  th e  p r i c e s - q u a n t i t i e s  com parison when B^ 2  becomes a r b i t r a r i l y  

n e g a t iv e  o r  p o s i t i v e ,  s in c e  th e  induced  e f f e c t s  th e n  d o m in a te ; T ab le  4 .1  

sum m arizes th e  r e s u l t s .

T ab le 4 .1  

Aq f o r  l a r g e  | bi 2 |*

B 1 2  *  "  B 1 2  -  -  "

Cov I  > 0 ; Cov I I  < 0 »  -  «

Cov I  > 0 ; Cov I I  < 0 -  »  »

Cov I  > Cov I I  > 0 00 -  «®

0 < Cov I  < Cov I I  -  * 00

Cov I  < Cov I I  < 0 -  00 . C D

0 > Cov I  > Cov I I  ® ®

1  2*We have d e f in e d  Cov I  = C ov(-a 1 /C ^ 1 ; - a 2 /C1^ )  and Cov I I  = C ov($^ ;$2)

The c o n c lu s io n s  l i s t e d  in  C h ap te r Two co n ce rn in g  th e  s ig n  o f  th e  

co m p ara tiv e  advan tag e  when th e  o th e r  p a ra m e te rs  n e a r  t h e i r  ex trem es  ex ­

te n d  t o  t h i s  c a se  i n t a c t .  They d o , how ever, s t r o n g ly  s u g g e s t th e  a d v is a ­

b i l i t y  o f  a  mix in  some c irc u m s ta n c e s . O utput v a r i a t i o n  u nder p r i c e s  

d is a p p e a rs  f o r  e i t h e r  good as C ^  n e a r s  i n f i n i t y ,  and p r i c e s  a r e  t h e r e ­

f o r e  p r e f e r r e d .  The v a r ia n c e s  in  th e  o u tp u t o f  q . a re  m eanw hile c r u c i a l l y  

com pared when becomes a r b i t r a r i l y  n e g a t iv e .  Suppose, th e n ,  t h a t
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Var( ) < Var(-<*2 / C ^ )  w h ile  and |b 2 2 I approach  i n f i n i t y  a t  th e  same 

r a t e .  The s ig n  o f  Ag w i l l  th e n  depend on th e  s ig n  o f  (V a rC ^ )  -  

(V a rt-a ^ /C - j ) - ”a r ( $ 9) ) ) .  R eg a rd le ss  o f  th e  c o n tro l  t h a t  i s  deemed p re ­

f e r a b le  by Ag t i t  w i l l  be v e ry  wrong f o r  one o f  th e  two goods. P r ic e  

r e g u la t io n  o f  q ^ , and q u a n t i ty  r e g u la t io n  o f  q2 , would seem to  be a  

much b e t t e r  c h o ic e . The p r o f i t a b i l i t y  o f  such  mixes i s  th e  s u b je c t  o f  

th e  n e x t s u b se c tio n .

4 .1 .3 :  P o lic y  Mixes A cross Goods

Suppose t h a t  we w ish  t o  compare a  mix t h a t  s p e c i f i e s  p r ic e  r e g u la ­

t i o n  o f  th e  f i r s t  good and q u a n t i ty  r e g u la t io n  o f  th e  second w ith  quan­

t i t y  c o n t ro l  o f  b o th . We know t h a t  th e  o p tim a l q u a n t i ty  o rd e rs  o f  th e  

second scheme a r e  = ^  -  E (< ^ ). We need  o n ly  compute th e  o p tim a l 

o rd e rs  and q u a n t i ty  re sp o n se s  under th e  mixed scheme. The f i r s t  o rd e r  

c o n d itio n s  t h a t  d e te rm in e  th e  o rd e rs  a re  th e  fo llo w in g :

E (B1 (h 1 (f51 ,0 1  »51 >* (4p 2 ++2 <52 ) ) , n ) )  =

E ( B ^ h 1^ ^ , ^ ) ,  O p j + ^ U , , ) ) ^ ) )  = E C ^((^p 2 +*2 (5 2 ) ) , 0 2 ,5 2 ) .

E x p ress in g  th e s e  c o n d itio n s  in  te rm s o f  our ap p ro x im a tio n s , we can con­

c lu d e  t h a t

h  = Ci ’

W V  = ^ i  -  ***

% 2  = ^ 2  "  E*2 ;

th e  q u a n t i ty  o rd e r  on q2  i s  in v a r i a n t  t o  change in  th e  c o n t ro l  p la c e d  

on th e  f i r s t  good.
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The com para tiv e  advan tage  o f  th e  mix o v e r s t r a i g h t  q u a n t i ty  con­

t r o l  can  now be com puted:

M pq/qq) -  j  <Bu +ci i )  Var ( -°ti /C l l ) + C° V (e i (ri) ; " a 1 /C l l )

-  — Var " Cov + Cov ( c ^ ; ^ )

+ B1 2  ( C o v ( ; + 2 ) -  Cov(^1 ;<̂ 2 >. (4 .1 .1 1 )

I t  i s  n o t  s u r p r i s in g  t h a t  when B^ 2  = 0 ,  A (pq/qq) i s  s im p ly  th e  compara­

t i v e  ad v an tag e  o f  p r i c e s  f o r  good 1 . The B^ 2  te rm s , o f  c o u r s e ,  r e f l e c t  

th e  now f a m i l i a r  e f f e c t  o f  s im u ltan e o u s  s h i f t s  in  th e  o u tp u ts  o f  th e  two 

goods in  th e  c o n te x t o f  induced  changes in  m a rg in a l b e n e f i t s .

B 1 2  <-ov( “ ° i / <'i i > ^ 2  ̂ r e c o r ^s t l ie  e f f e c t  t h a t  would o c c u r  i f  t h e  mix were 

s e le c te d ;  i t  i s  added to  th e  com para tive  ad v an tag e . B ^ C o v C ^ ; ^ )  

re c o rd s  t h e  e f f e c t  t h a t  would o c c u r  were b o th  goods r e g u la te d  by quan­

t i t i e s .  S in ce  t h i s  second e f f e c t  would be  fo reg o n e  i f  th e  m ix w ere 

s e l e c t e d ,  i t  i s  s u b t r a c te d .  The p r o f i t a b i l i t y  o f  t h i s  mix i s  th e re f o r e  

dependen t upon th e  c ro s s  e f f e c t s  t h a t  a re  b o th  e s ta b l i s h e d  and  fo re g o n e , 

a s  w e ll  a s  th e  co m para tive  ad v an tag e  o f  p r ic e s  f o r  t h e  sw itch ed  good 

c o n s id e re d  in  i s o l a t i o n .

Were we t o  compare th e  g iv e n  mix w ith  a  scheme t h a t  p la c e d  b o th  

goods u n d e r p r ic e  c o n t r o l s ,  a  second com parative  ad v an tag e  c o u ld  be 

com puted:

A (qp/pp) = - [ j  (B1 1 +C*1 )V a r ( -a 1 /C:[1) + C o v C ^ C n h -o tj/C ^ )

-  j  ( B j j - C ^ V a r ^ )  -  C o v C g ^ ^ )  + C o v C c ^ ;^ ) ]

* B ^ C C o v C ^ j - o ^ C ^ )  -  C o v C - o ^ C ^ j - a ^ C ^ ) ] .  (4 .1 .1 2 )
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The te rm s have th e  same i n t e r p r e t a t i o n s ,  sav e  th e  f i r s t  w hich i s  p re ­

d ic ta b ly  th e  co m p ara tiv e  advan tage  o f  q u a n t i t i e s  o v e r p r ic e s  f o r  good 1  

ta k e n  a lo n e .  The p r o f i t a b i l i t y  o f  th e  mix i s  s t i l l  dependen t upon b o th  

th e  c ro s s  e f f e c t s  and t h i s  a p p ro p r ia te  i s o l a t e d  com para tiv e  ad v an tag e .

N o tic e  f i n a l l y  t h a t  e q u a tio n s  ( 4 .1 .1 1 )  and (4 .1 .1 2 )  have a  second 

in t e r p r e t a t i o n .  A (pq/qq) i s  a l s o  th e  co m p ara tiv e  advan tag e  o f  p r ic e s  

o v e r  q u a n t i t i e s  f o r  good q ^ , g iv en  t h a t  q 2  i s  o p tim a lly  r e g u la te d  by 

q u a n t i t i e s .  A (qp/pp) i s  s im i la r ly  th e  com para tiv e  ad v an tag e  o f  quan­

t i t i e s  f o r  q ^ , g iv e n  th e  o p tim a l p r ic e  r e g u la t io n  o f  q^. T h is  o b se rv a ­

t i o n  s u g g e s ts  a  s im p le  g e n e r a l iz a t io n :  i t  pays t o  sw itc h  th e  c o n t ro ls

o f  any good f o r  w hich th e  a l t e r n a t i v e  c o n t ro l  i s  p r e f e r r e d  in  th e  con­

t e x t  o f  an  o th e rw is e  c o n s ta n t  r e g u la to r y  schem e.

4 .1 .4 :  C onclusions

The p re v io u s  two c h a p te rs  l i s t  th e  v a r ia n c e s  and c o v a r ia n c e s  in  

o u tp u t w ith  w hich th e  c e n te r  must be concerned  a s  i t  im poses c o n t ro l  on 

th e  p ro d u c tio n  o f  goods in  i s o l a t i o n .  When two goods t h a t  a re  s u b s t i t u t e s  

o r  com plements a r e  to  be r e g u la te d ,  how ever, o u tp u t v a r i a t i o n  in  one good 

c r e a te s  an  ind u ced  e f f e c t  on th e  m a rg in a l b e n e f i t s  o f  th e  seco n d . The 

c e n te r  m ust th e r e f o r e  c o n s id e r  t h i s  in d u ced  e f f e c t  in  th e  c o n te x t  o f  

v a r i a t i o n  in  th e  second good , as  w e ll  a s  th e  o th e r  p re v io u s ly  m entioned 

consequences o f  o u tp u t  f l u c t u a t i o n ,  in  com paring p r ic e s  and q u a n t i t i e s .

W ith e i t h e r  mode o f  c o n t r o l ,  o r  in d eed  w ith  any m ix , th e r e  e x i s t s  

s im u lta n e o u s  v a r i a t i o n  in  b o th  goods. The two g o o d s, in  p a r t i c u l a r ,  

w i l l  te n d  t o  v a ry  in  th e  same d i r e c t i o n ,  o p p o s ite  d i r e c t i o n s ,  o r  in d e ­

p e n d e n tly .  The ex p ec ted  v a lu e  o f  th e  induced  e f f e c t  i s  alw ays z e ro  i f  

th e y  v a ry  in d e p e n d e n tly . The d e s i r a b i l i t y  o f  o u tp u t f lu c tu a t io n  w i l l
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o th e rw ise  depend upon th e  n a tu re  o f  th e  two goods; i f  th e y  a re  su b ­

s t i t u t e s  (co m p lem en ts), t h e  mode o f  c o n t r o l ,  o r  th e  m ix , t h a t  on av e rag e  

a llo w s  o p p o s i te  ( p a r a l l e l )  v a r i a t io n  i s  fav o red  m ore. The im portance  

o f  t h i s  e f f e c t  r e l a t i v e  t o  th o s e  l i s t e d  b e fo re  d ep en d s ,  o f  c o u r s e ,  on 

th e  d e g re e  o f  s u b s t i t u t a b i l i t y  o r  com p lem en ta rity  t h a t  i s  d is p la y e d  by 

th e  two goods i n  q u e s t io n .

T hese r e s u l t s  a r e  v a l id  r e g a r d le s s  o f  th e  number o f  f irm s  p ro d u c in g  

e i t h e r  good; a l l  o f  th e  above comments would be  c a s t  i n  te rm s o f  th e  

t o t a l  o u tp u t  o f  th e  f irm s  p ro d u c in g  a  p a r t i c u l a r  good. An in c re a s e  in  

th e  number o f  f irm s  p ro d u c in g  one o f  th e  goods w i l l  f a v o r  th e  c o n t r o l  t h a t  

a llo w s  th e  l a r g e r  r e d u c t io n  i n  t o t a l  o u tp u t v a r i a t io n  o f  t h a t  good , j u s t  

a s  i t  d id  i n  th e  t h i r d  c h a p te r ,  in d ep en d en t o f  th e  c o n t ro l  im posed on 

th e  o th e r  good .

S e c t io n  **.2 : The R e g u la tio n  o f  J o in t  P ro d u c ts

The s im p le s t  way t o  in c o rp o ra te  j o i n t  p ro d u c ts  i n t o  ou r a n a ly s i s  

i s  t o  c o n s id e r  a  c o s t  f u n c t io n  th a t  depends upon two g o o d s , and  q ^ , 

and  a  v e c to r  o f  random v a r ia b le s  0: C (q1 ,q 2 ,0 ) . 2  We r e q u i r e  t h a t  0 be

a  v e c to r  s o  t h a t  random e v e n ts  t h a t  a f f e c t  th e  c o s ts  o f  each  good in d i ­

v id u a l ly ,  a s  w e l l  a s  th o s e  e v e n ts  t h a t  a f f e c t  th e  c o s ts  o f  b o th  g oods,

T h is  c o s t  fu n c tio n  h a s  th e  fo llo w in g  c h a r a c t e r i s t i c s : th e  f i r s t
d e r iv a t iv e s  and th e  second  d e r iv a t iv e s  w ith  r e s p e c t  t o  b o th  goods a re  
a l l  p o s i t i v e ,  and th e  c ro s s  second d e r iv a t iv e  depends on th e  n a tu re  o f  
t h e  two g o o d s , f o r  a l l  ( q ^ .q ^ O ) .
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3
a re  s im u lta n e o u s ly  m odeled. We c o n tin u e  to  assume t h a t  th e  b e n e f i t  

fu n c tio n  i s  B (q ^ ,q 2 , n ) ,  and t h a t  S and n a r e  j o i n t l y  d i s t r i b u t e d .  The 

o p tim a l q u a n t i t i e s  o f  th e  two goods a r e  th e n  d e te rm in e d  by m axim izing 

ex p ec ted  b e n e f i t s  minus c o s t s ;  q^ and § 2  3X16 th e r e f o r e  d e f in e d  by

E B ^ ^ . n )  * E C ^ ^ . e ) ;  ( 4 .2 .1 a )

EB2 (4 1 ,^ 2 ,n )  = EC2 (4 1 ,4 2 , 6 ) .  (4 .2 .1 b )

The assum ed sh ap es  o f  th e  fu n c tio n s  ( s e e  fo o tn o te s  1 and 2 ) g u a ra n te e  

th e  e x is te n c e  and u n iq u en ess  o f  (<§^,^2 ) in  t h i s  c o n te x t .

To make th e  m athem atics t r a c t i b l e , we a g a in  exp£ind th e  fu n c tio n s  

around th e  p o in t  ( § ^ , 3 2 ) > g iv en  o u r u s u a l  assu m p tio n s co n ce rn in g  th e  

in f lu e n c e s  o f  th e  random v a r i a b l e s . The ap p ro x im atio n  o f  th e  b e n e f i t  

fu n c tio n  i s  s t i l l  re c o rd e d  by e q u a tio n  ( 4 . 1 . 2 ) .  The new c o s t  fu n c tio n  

i s  meanwhile

C ^ . q , , ^ )  = a ( 6 ) + ( C j + a ^ e ) ) ^ - ^ )  + I  c u  (q ^ ) 2  

+ (C* + a 2 ( 0 ) ) ( q 2- ^ 2 ) + i c 2 2  (q ^ ) 2

+ c 2̂ (qi“^i) (q2_q2) » (4.2.2)

where

a ( 0 ) = ( K q ^ q g .e ) ,

C[ = E (C ^(q^ ,q 2 , 0 ) ) ,

3
Any o f  th e  random v a r ia b le s  c o u ld  have been  v e c to r s ;  th e  a n a ly s i s  

would o b v io u s ly  n o t  change . The p o in t  h e re  i s  t h a t  0 m ust be a  v e c to r ,  
s in c e  i t  w i l l  in c lu d e ,  a t  th e  v e ry  l e a s t ,  th e  v a r ia b le s  £. and £ - t h a t  
c r e a te  th e  o u tp u t d i s t o r t i o n s  in  goods 1  and 2  r e s p e c t iv e ly .

'
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^ ( 5 )  = -  C*,

C1 1  = cu ^ i » ^ 2 »®^»

Cj = E ^ q ^ . e ) ) ,

a 2 ( 0 ) = -  C£,

C2 2  = ^ ^ l * ^ * ® * *  3 0 4

Ĉ 2  = ^ 1 2  ̂ 1 * ^ 2  ’

I t  sh o u ld  be  n o te d  in  p a s s in g  t h a t  th e  s ig n  o f  Ĉ 2  r e f l e c t s  th e  n a tu re  

o f  th e  tw o goods i n  th e  j o i n t  p ro d u c tio n  p ro c e s s .  They a r e  s u b s t i t u t e s  

in  p ro d u c tio n  i f  Ĉ 2  > 0 * and complements i f  * °*

4 .2 .1 :  A F i r s t  Model—Mo O utput D is to r t io n

He b e g in  o u r a n a ly s i s  o f  j o i n t  p ro d u c ts  w ith  th e  s im p le s t  c a s e : 

q u a n t i ty  o rd e rs  a re  assumed produced w ith  c e r t a i n t y .  The o p tim a l quan­

t i t y  o rd e r s  a r e  th e r e f o r e  and $ 2  by d e f i n i t i o n .  This assum ption  does 

n o t e f f e c t  th e  p r ic e  o r d e r ,  how ever, and i t s  d e te rm in a tio n  w i l l  p rove 

more d i f f i c u l t .

The r e a c t io n  fu n c tio n s  t o  any p r ic e  o rd e r  coup le (p ^ ,p 2 ), n o ta t io n a l ly  

r e p re s e n te d  by

qi (p l* p2 »®)» i  = 1 . 2 ,

a r e  d e f in e d  im p l ic i t l y  by

= + c 1 ( 0 ) + C ^ ( q ^ ( p ^ ,p 2 , 0 ) —3 ^ ) ^  ^ 1 2 ^q2 ^Pl* P2 * ^ ” ^ 2 ^ * (*♦•2 . 3a)

P 2  “  ^ 2  ^  ® 2 ^ ^  ^  ^ 2 2 ^ q 2 ^ P l * P 2 ^  ^ 1 2 ^ q l ^ P l * P 2 * ® ^ ” ^ l ^ * ( ^ » 2 . 3 b )
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u n d er th e  assum ption  t h a t  th e  p ro d u ce r o f  and q2  i s  a  p r o f i t  m axi­

m iz e r . E q u a tio n s  ( 4 .2 .3 )  can  b e  r e w r i t t e n  in  th e  fo llo w in g  form :

q1(P1 ,P2 ,8) = qx + ( - c ^ '' ) -  (Cl2 /Cl l )(q2(pl ’P2»S)~ V ; ( 4 .2 .3 a ) '

* P2 ~t*2 _ ^'2 -*
= q2 + ~  ) " <c1 2 / c 2 2 ) ( q 1 (p 1 ,p 2 , e ) - ^ 1 ) .  (4 .2 .3 b )»

S o lv in g  e q u a tio n s  ( 4 .2 .3 ) 1 s im u lta n e o u s ly , we conclude t h a t

q ^ . P s . S )  = ^ i+(Cl l C2 2 " C1 2 ) ~1 (C2 2 (p r Ci " ° l ) ‘ C1 2 (p 2 _C2 ' a 2 ) ) ;  ^ • 2 *‘»a >

q 2 <P1 .P 2 , S )  = ^2 +(CU C22“ C12 r l ( C l l (p 2 "C2"a 2 )_C12(pr Ci ‘ a l ) ) * ^ • 2 *,|b >

We o b se rv e  i n  p a s s in g  t h a t  th e  second o rd e r  c o n d i t io n  f o r  p r o f i t  maximi­

z a t io n  r e q u i r e s  t h a t

' Cl l  -C 12

"C12 "C22

= Cu C2 2 “ (C1 2 ) “ D * °*

and th e  denom inato rs  o f  e q u a tio n s  ( 4 .2 .4 )  a r e  n e c e s s a r i ly  p o s i t i v e .

The c e n te r  d e te rm in es  i t s  o p tim a l p r i c e  o r d e r s ,  p^ and fi2 , by  m axi­

m izing  ex p ec ted  b e n e f i t s  minus c o s ts  w ith  r e s p e c t  to  and p2  g iv en  

e q u a tio n s  ( 4 .2 .4 ) .  The f i r s t  o rd e r  c o n d i t io n s  f o r  t h i s  m ax im iza tion  

re a d

? 2 ^ 2 2  = E(B^(q^(fJ^,f&2 ,0 )  »q2 ^ i » ? 2 *®̂  ^22* ( 4 .2 .5 a )

P2 C 1 1  = E(B2 (q 1 (p 1 ,p 2 , e ) , q 2 (p 1 ,j52 , e ) , n )  cu. (4 .2 .5 b )

E q u a tio n s  ( 4 .2 .5 )  a r e  s a t i s f i e d  by
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p . = 4  = B !; i  = 1 ,2 ;

u n iq u e n ess  i s  g u a ran teed  a s  b e fo re  and th e  q u a n t i ty  re s p o n se s  t o  th e  

o p tim a l p r i c e s  a r e  c l e a r ly

= 41 +(1/D )(C 1 2 o2 (0 )-C 2 2 o1 ( 9 ) ) ,  and 

32 (6 )  = ^2 + (l/D )(C 1 2 a1 (0 )-C 1 1 a 2 ( 0 ) ) .

( 4 .2 .6 a )

(4 .2 .6 b )

A change in  3 w i l l  th e r e f o r e  c r e a te  a  change in  th e  amount o f  q^ 

( e . g . )  p roduced  u n d er p r ic e s  by d i r e c t l y  in f lu e n c in g  th e  m a rg in a l c o s ts  

o f  t h a t  good; ( - 1 /D)C2 2 <*^(S) r e f l e c t s  t h i s  d i r e c t  e f f e c t .  There i s ,  

i n  a d d i t io n ,  an induced  e f f e c t  c re a te d  by th e  fo llo w in g  sequence o f  

e v e n ts .  A change in  3 a l s o  cau ses  th e  amount o f  q2  b e in g  produced 

u n d er p r ic e s  t o  change; t h i s  in f lu e n c e  on q2  h as a  seco n d ary  e f f e c t  on 

th e  m a rg in a l c o s t  o f  q̂  ̂ th ro u g h  C12 . The te rm  (-1 /D )C 1 2 « 2 (3 )  t r a n s l a t e s  

t h i s  induced  e f f e c t  on m a rg in a l c o s ts  i n to  a  second  change in  th e  amount 

o f  q^ p ro d u ced . The d i s t i n c t i o n  betw een th e  d i r e c t  and i n d i r e c t  e f f e c t s  

o f  3 w i l l  be  im p o rta n t as  we now tu r n  t o  c o n s id e r  th e  co m p ara tiv e  advan­

ta g e  o f  p r i c e  r e g u la t io n  o f  b o th  goods ov er q u a n t i ty  r e g u la t io n  o f  b o th  

goods.

The co m p ara tiv e  ad v an tag e  o f  p r ic e s  i s  com puted a s  b e f o r e ,  and 

em erges in  th e  fo llo w in g  form :

A9 S 2 B̂H ”Cll* Var*D*C12°2"°lC22^ + Cov̂ Px“ai)  » ^ Ci2°2"al C22^^

+ f  *B22"C22*V ar*5*C1 2 ° l_ a2Cl l "  + CoT< (6 2 '0 25;(5<C 1 2 a 1 -OjC1 1 ) ) )

+ (B1 2 - C1 2 )COT((F )(C 1 2 “ 2 - “ l C2 2 ) i ( F )(C 1 2 “ r “ 2 Cl l ) ) - ( " - 2 -7 )

Jl
The ap p ro x im atio n s  com bine w ith  4 .2 .1  t o  g u a ra n te e  t h a t  B j= C |; i= l ,2 .
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When we r e c a l l  th e  e x p re s s io n s  g iv en  f o r  th e  r e a c t io n  fu n c tio n s  t o  

and f>2 j th e  o n ly  u n fa m il ia r  te rm  in  Ag i s

"C1 2 CoV^ F ^ C1 2 a 2 “ 0 l C2 2  ̂; ^D"^C1 2 a l ” ° 2 Cl l ^  *

T h is  newcomer i s  e x p la in e d  m ost e a s i l y  by use o f  an o v e r s im p lif ie d  

exam ple; we w i l l  compare th e  two c a s e s  d e s c r ib e d  in  T ab le  *1.2.

T ab le  4 .2  

The C1 2  Term—An Example

Case P r o b a b i l i ty  O utput O utput

1 / 2  + Lx 4 2  + L2
Case I

Case I I

1 / 2  ^  -  I*! 42  -  L2

i / 2  $ i  + Li  42  -  L2

1 / 2  -  I*! S2  + L2

The e x p e c te d  c o s t  f o r  Case I  i s

Ea + C ^ a p 2  t  C2 j ( L 2 ) 2  + C ^ L j i

f o r  Case I I ,  i t  i s  s im i l a r l y

Ea + C ^ C L p 2  ♦ C2 2 (L2 ) 2  -  C1 2 L1 L2 .

Case I I  i s  o b v io u s ly  c h e a p e r when C^ 2  i s  p o s i t i v e  because  o f  th e  n e g a t iv e  

c o r r e l a t i o n  o f  ou tcom es. The Ĉ 2  te rm  i s  th e r e f o r e  a  b ia s  a g a in s t  p r ic e s  

when th e  c o v a r ia n c e  o f  th e  o u tp u t changes t h a t  p r ic e s  a llo w  i s  p o s i t i v e .  

The r e v e r s e  i s ,  o f  c o u r s e ,  e q u a l ly  t r u e  when C^ 2  < 0 .

A te rm  by te rm  i n t e r p r e t a t i o n  o f  t h e  c o s t  s id e  o f  ( 4 .2 .7 )  can now 

b e  p r e s e n te r ;  we w i l l  b e g in  w ith  q ^ . The in c re a s e  in  ex p ec ted  c o s ts  due
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t o  o u tp u t v a r i a t io n  in  i s  re c o rd e d  by

-  j  C11 Var ^C1 2 a 2 “a l ° 2 2 ^

^1 2 ®2 - a 1 ^ 2 2
and works i n  fa v o r  o f  q u a n t i t i e s .  The term  ( -C o v (a ^ ;(  g ) ) )

s im i la r l y  re c o rd s  th e  e f f i c i e n c y  g a in s  o r  lo s s e s  c re a te d  by th e  v a r i a t io n  

in  th e  o u tp u t o f  q^ r e l a t i v e  t o  th e  uninduced changes in  m a rg in a l c o s t s .  

Were t h i s  c o v a ria n c e  p o s i t i v e  ( e . g . ) ,  o u tp u t o f  q^ would te n d  to  in c re a s e  

a s  m a rg in a l c o s ts  in c re a s e  and th e re b y  c o n s tru c t  a  b ia s  a g a in s t  th e  p r ic e  

c o n t ro ls  t h a t  a llo w  such  v a r i a t i o n .  The C^ 2  te rm  can  be th o u g h t t o

re c o rd  th e  an a logous g a in s  o r  lo s s e s  c re a te d  by th e  v a r i a t i o n  in  th e

o u tp u t o f  q^ r e l a t i v e  t o  th e  induced  changes in  m argined c o s t s .  The

a lg e b r a ic  sum o f  th e s e  th r e e  te rm s can  be  shown to  be

+ y C u  Var ( (1 /D ) ( C ^  -  o ^ ) ) ,

a  n e t  p o s i t i v e  b ia s  f o r  p r i c e s .

A s im i la r  s to r y  can  b e  to l d  f o r  q2  and r e s u l t s  i n  a  n e t  e f f e c t  o f

+ j  C2 2  Var ((1 /D ) ( C ^  -  a jC ^ J ) .

O bse rve , how ever, t h a t  th e  te rm  h as  th e n  been  u se d  tw ic e . When we 

c o l l e c t  te rm s t o  e x p re s s  Ag more s u c c in c t ly ,

Cov ( ( l /D ) ( C 1 2 « 2 - a 1 C2 2 )} ( l /D )(C 1 2 o 1 - a 2 C11) )

m ust th e r e f o r e  a p p e a r w ith  th e  o p p o s ite  s ig n :
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Ag = i  ( B ^ + ^ j V a r C d / D X C ^ O g - o ^ g ) )  + Cov ( ^ j U / D X C ^ - a ^ ) )

+ j  (B2 2 +C2 2 )V a r(( l /D )(C 1 2 o1 - a 2 C11 ) )  + Cov ( 6 ,, X l / D X C ^ - a ^ ) )

+ <®1 2 +Ci 2 ) Cov ( ( l /D ) (C 1 2 « 2 - a i C22) ;  ( l / D X C ^ - a ^ ) ) .  ( 4 .2 . 7 ) '

4 .2 .2 :  The O utput D is to r t io n

B efo re  d is c u s s in g  th e  com parative  advan tage  a s  th e  r e le v a n t  p a ra ­

m e te rs  approach  t h e i r  e x tre m e s , we c o r r e c t  f o r  th e  asymmetry in  o u tp u t 

v a r i a t i o n  o f  o u r f i r s t  j o i n t  p ro d u c ts  model by once ag a in  in tro d u c in g  

th e  o u tp u t d i s t o r t i o n .  The q u a n t i ty  a c tu a l ly  p ro d u ced , q , ,  i s  th u s
31

d e f in e d  by

a ii  = V i  i

w here q_^ i s  th e  q u a n t i ty  o rd e re d  by th e  c e n te r .  The a re  assumed 

t o  b e  s u b v e c to rs  o f  9 ; w h ile  th e  need n o t be i d e n t i c a l ,  common e l e ­

m ents a r e  c e r t a in l y  a llo w ed . The ev en ts  t h a t  c r e a te  th e  o u tp u t d i s t o r ­

t i o n  th e re b y  in f lu e n c e  c o s t s ,  a s  w e l l ,  and such  e v e n ts  can  a f f e c t  th e  

o u tp u t o f  e i t h e r  good in d iv id u a l ly  o r  b o th  goods s im u lta n e o u s ly .

The com para tive  advan tage  em erges from t h i s  e x te n s io n  w ith  some 

new te rm s :

Aio= A9 ’ 2 (Bii-cn) Var *i - Cov *i>

” 2 *B2 2 “ C2 2 * Var *9 "  CoV 2  2 '»  T2 J

"  ^fi1 2 “ C1 2  ̂ C° V (4.2.8)
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The new term s behave j u s t  a s  t h e i r  c o u n te rp a r ts  d id  in  ( 4 .2 . 7 ) ,  and 

th e r e f o r e  r e q u i r e  l i t t l e  a d d i t io n a l  i n t e r p r e t a t i o n .  O bserve , how ever, 

t h a t  s in c e  o u tp u t v a r ia t io n  u n d e r q u a n t i ty  c o n t r o l  does n o t depend upon 

changes in  m a rg in a l c o s t s ,  t h e r e  dc n o t  e x i s t  e f f ic ie n c y  g a in s  on th e  

q u a n t i ty  s id e  o f  A^q .

The v a lu e  assumed by h as  a  marked e f f e c t  on th e  com parative  

ad v an tag e . O bserve i n i t i a l l y  t h a t  when C1 2  = 0 ,

q . ( 0 ) = q . -  ( 0 . ( 0 ) / ^ . ) ;  i  = 1 , 2 ,

and A^q e q u a ls  Ag. T his i s  c e r t a i n l y  an ex p ec ted  r e s u l t  and i s  more o f  

a  check on ( 4 .2 .8 )  th a n  a  s i g n i f i c a n t  o b s e rv a t io n .  When we examine th e  

ex trem e v a lu e s  o f  C1 2 , how ever, we n o te  t h a t  C^ 2  h as  an e f f e c t  on o n ly  

o u tp u t v a r ia t io n  under p r ic e  c o n t r o l s ;  in d e e d ,

c  V ® 1 * c « i(8) = 1 * 1 -2- ( 4 .2 .9 )
'12 '12

We can  o b serv e  th e s e  l i m i t s  d i r e c t l y  from e q u a tio n s  (* * .1 .6 ), o r  by 

re a so n in g  g e o m e tr ic a l ly  a s  fo llo w s . The s lo p e  o f  an i s o c o s t  curve can b e  

de term ined  by t o t a l l y  d i f f e r e n t i a t i n g  e q u a tio n  ( 4 .2 .2 )  and s e t t i n g  

dC :  0 ;  hence

dq.
, .  r y ci * c i 2 y c n 5 i 1  

a 2 +C2 +C1 2 ^ 1 +C2 2 ^ 2

Random changes i n  <x^(0) and <*2 (0 )  th e r e f o r e  change th e  s lo p e  o f  an i s o ­

c o s t  l i n e  a t  any p o i n t ,  a n d , a s  a  r e s u l t ,  change th e  tan g en cy  p o in t  t o  

a  p r i c e  l i n e  t h a t  i s  g iven  by th e  o p tim a l p r i c e  o r d e r s .  As |C^2 | becomes 

. la rg e , how ever, th e s e  in f lu e n c e s  become n e g l i g i b l e ,  and th e  q u a n t i ty  

changes im p lied  b y  th e  s lo p e  changes d is a p p e a r .  We can conclude t h a t
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(  »  ; Cov(^1 ;^ 2 > > Cov(

lira

'12 A10  ■ "

C1 2 a 2 " “l C2 2  C1 2 a l " a 2 ° l l ,  
 D !  D 1

C ._ a ,-a„C ,

lim

21 2 * _"

Ag ; Cov(<Ji ; *2 ) = Cov( *-2- - - -  2 2 ; -A2- 1^ ..2. X1) 

-  ; Cov(*i ; *2 ) < CovC^ - 1--2-2-; " ~ a ~b° 2' '1^)

»  ; Cov(*i ; +2 ) > Cov(CH al ~ ai-C-2 2 ;

A10 =\ A8 ; Cov(*i ; *0 ) = C o v ( ^ O X  — X 8-2'- 1-1 )1*2 D * D

C ,0 a 0 -a ,C rt/> C ,rta ,-a „ C ,
»  ; C o v C ^ ;^ )  < Cov( - - 2  1  22 ; —  Ap. 2  ■1.1 )

The Induced  e f f e c t  on m a rg in a l c o s t  u n d er q u a n t i t i e s  dom inates th e  

p r ic e s  v e rs u s  q u a n t i t i e s  com parison , in  th e s e  c a s e s ,  and th e  ch o ice  

tu rn s  on w hether th e  two goods v a ry  in  th e  c o r r e c t  o r  in c o r r e c t  d i r e c t io n .  

O bserve f i n a l l y  t h a t  ( 4 .2 .8 )  red u ce s  t o  Ag in  b o th  ex trem es when th e  

o u tp u t  v a r i a t io n s  o f  b o th  modes o f  c o n t r o l  a re  i d e n t i c a l l y  c o r r e l a t e d .

A s ig n i f i c a n t  change in  r e s u l t s  cou ld  be  su sp e c te d  when C .^  becomes 

a r b i t r a r i l y  l a r g e ,  becau se  o u tp u t v a r i a t io n  under p r ic e s  no lo n g e r  d i s ­

a p p e a rs .  C o n s id e r , f o r  in s ta n c e ,  good 1 and a llo w  C^ 1  t o  become a r b i ­

t r a r i l y  l a r g e :

< £ “-  V 8) * «1 -  (V S)/C22>-

When we ta k e  t h i s  l i m i t  in  th e  c o n te x t o f  th e  com para tive  advan tag e  o f  

p r i c e s ,  how ever, we f i n d  th e  e f f ic ie n c y  g a in  s t i l l  dom inating  th e  c o s t  

s id e  f o r  p r i c e s ,  and p r ic e  c o n t ro l s  a r e  s t i l l  overw helm ingly  p r e f e r r e d :

410 * C j ^ -  C1 1 (V a r( -a 1 /C 2 2 ) t VaI. ♦ , )  .  -
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The c o n c lu s io n s  when B^,. becomes a r b i t r a r i l y  n e g a t iv e  meanwhile rem ain  

e x a c t ly  a s  d e s c r ib e d  i n  S e c tio n  4 .1 ,  th e  s ig n  o f  A1Q tu rn in g  on th e  

s ig n  o f  (V ar(c}^(0)) -  Var(<|K) ) .  We n o te ,  t h e r e f o r e ,  th e  same p o t e n t i a l i t y  

f o r  a  p r o f i t a b l e  p o l ic y  mix a s  t h a t  which m o tiv a te d  S u b sec tio n  4 .1 .3 .

T h a t d is c u s s io n  m ust now b e  r e p e a te d ,  s in c e  th e  C^ 2  te rm  in  m a rg in a l 

c o s ts  adds a  new d im ension  o f  d i f f i c u l t y .

4 .2 .3 :  The P r o f i t a b i l i t y  o f  P o te n t i a l  Mixes

We b e g in  by com paring  a  mix t h a t  c o n t ro l s  by p r ic e s  and q2  by 

q u a n t i t i e s  w ith  th e  c o n t r o l  o f  b o th  goods by q u a n t i t i e s .  The o p tim a l 

q u a n t i ty  o rd e r s  u n d e r  th e  second  scheme re m a in , o f  c o u r s e ,

4 p . = i  = 1 , 2 .

The o p tim a l c o n t r o l s  f o r  th e  mixed scheme need  t o  b e  d e te rm in e d . For 

any q u a n t i ty  o r d e r  is s u e d  t o  good 2 , ^ 2 * "t l̂e r e a c ’t i ° n fu n c tio n  o f  good 1  

t o  any p r ic e  o r d e r ,  p ^ ,  i s  g iv e n  by

Pi = t c i  + ci i < « i < P i > v  ♦ V 52>-5) -  V  

+ + ^ 2 ^ 2  ̂ “  ^2 ^*

t h a t  i s

^ P l * ^  + *2 ( 5 2 ^ ^  = ^ 1  + ( * "  (C1 2 /Cl l ) (q p 2  + * 2  ( 5 2 )_^2 *

We can  i n s e r t  q^ 2  and q ^ tp ^ jC q ^ g + ^ g C ^ )) , 6 ) i n t o  th e  b e n e f i t  and c o s t  

f u n c t io n s  t o  d e te rm in e  th e  o p tim a l p r ic e  o rd e r  f o r  good 1  and th e  o p tim a l 

q u a n t i ty  o r d e r  f o r  good 2 :
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so th a t

p-, = C! = B !, and ^  1  1

%2 ~ ^ 2  E C + g t^ ))*

qx (8 ) = qx -  ( “1 / C11) " (C12/C1 1 ) ( *2 ” E* 2 }

The o p tim a l q u a n t i ty  o rd e r  i s  th u s  in v a r i a n t  a c ro s s  th e  ty p e  o f  o rd e r  

is s u e d  t o  th e  f i r s t  good; th e  o p tim a l p r i c e  o rd e r  i s  s im i la r ly  in v a r i a n t  

t o  th e  c o n t r o l  p la c e d  on th e  second  good , b u t th e  re sp o n se  f u n c t io n  

i s  n o t .

Computing th e  com parative  ad v an tag e  o f  th e  mix o v er q u a n t i ty  

c o n t r o l  o f  b o th  goods i s  an a rduous t a s k .  C o lle c t in g  te rm s on th e  c o s t  

s id e  o f  p r i c e  c o n t ro ls  o f  good 1  in  th e  same manner o u t l in e d  in  Sub­

s e c t io n  4 . 2 .1 ,  how ever, we a r r i v e  a t  th e  fo llo w in g  e x p re s s io n :

A (pq/qq) = Zj  (B ^ + C ^ )V ar( ( - c ^ /C .^ ) - ( C ^  /Cu ) ( *2 -E*2 ))

-  \  <Bi;L-Ci;L)Var ^  + C o v C B ^ C ( - c ^ A ^ M C ^ / C ^ ^ - E ^ ) )

-  C o v K ^ - c ^ ) ; ^ )  + B12 Co v ( ( ( - o1 /C 1 1 ) - ( C 12 /C 1 1 ) ( * 2 -E * 2 ) ) ; + 2 ) ]

-  (B1 2  -  C1 2 ) Cov (4 .2 .1 0 )

The b ra c k e te d  te rm  in  e q u a tio n  (4 .2 .1 0 )  i s ,  a s  u s u a l ,  th e  co m p ara tiv e  

ad v an tag e  o f  p r ic e s  o v e r q u a n t i t i e s  f o r  good 1 , ta k e n  in  th e  c o n te x t  

o f  t h e  in d u ced  e f f e c t s  on m a rg in a l c o s ts  and b e n e f i t s  c r e a te d  by q u a n t i ty  

c o n t r o l  o f  q2 « The f i n a l  te rm  r e p r e s e n t s  th o s e  induced  e f f e c t s  t h a t  

would have b een  c re a te d  were u n d e r q u a n t i ty  c o n t r o l .  S in ce  th e s e  

e f f e c t s  a r e  fo reg o n e  by p r ic e  c o n t r o l ,  t h e i r  r e p r e s e n ta t iv e  i s  s u b tr a c te d

■■■
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from th e  com para tiv e  advan tage o f  th e  m ix.

We have th u s  f a r  o n ly  re p e a te d  th e  a n a ly s is  o f  S u b sec tio n  *1.1.3 

in  a  s l i g h t l y  more g e n e ra l  c a s e ;  n o th in g  new h as  y e t  em erged. T h is  

s i t u a t i o n  ch an g e s, how ever, when we c o n t r a s t  th e  g iv en  mix w ith  p r ic e  

c o n t r o l  o f  b o th  goods. The o p tim a l o rd e rs  rem ain  th e  same under th a  

m ix , b u t  th e  r e a c t io n  fu n c tio n s  o f  b o th  goods change . The q u a n t i ty  

re sp o n se  o f  good 1  o b v io u s ly  changes from

-  ( l/D )(C 1 2 a 2  -  O jC ^ ) ]  t o  + ♦1 (5 1 ) :

The q u a n t i ty  re sp o n se  o f  good 2 i s  a l t e r e d  as  w e l l ;

[$ 2 -  ( l / D ) ( C 12a 1 -  a ^ ) ]  

i s  p roduced  when b o th  goods a r e  under p r ic e  c o n t r o l s ,  w h ile

“ ( ° 2 /C 2 2 ) "  "  E*0 )]12  22  2 2 '

i s  p roduced  u nder th e  m ix. The com parative  advan tage  o f  th e  mix i s  

th e r e f o r e  n o t ,  as i t  h as  been b e f o r e ,  sim ply  an e x p re s s io n  co n ce rn in g  

good 1  and some fo reg o n e  in d u ced  e f f e c t s ;  i t  m ust a l s o  r e f l e c t  th e  

changes in  th e  o u tp u t o f  good 2 c re a te d  by th e  m ix. Even w ith o u t r e ­

c o rd in g  t h a t  co m p ara tiv e  ad v a n ta g e , we can  conclude t h a t  th e  e x is te n c e  

o f  one good f o r  which q u a n t i t i e s  would be p r e f e r r e d  does n o t  n e c e s s a r i ly  

w a rra n t th e  is s u a n c e  o f 'a  mixed p o l ic y  in  l i e u  o f  p r ic e  c o n t ro ls  on 

b o th  goods.

<t.2.*t: C o n clu sions

The j o i n t  p ro d u c tio n  o f  tw o goods adds a  second  induced  e f f e c t  to
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th e  l i s t  o f  e f f e c t s  t h a t  need t o  b e  c o n s id e re d  when ch oosing  betw een 

q u a n t i ty  c o n t ro ls  and p r ic e  c o n t r o l s .  As th e  o u tp u t o f  one good in ­

c re a s e s  ( e . g . )  in  re sp o n se  t o  a  random in f lu e n c e ,  th e  m arg in a l c o s ts  

o f  t h e  second good a re  induced  to  in c re a s e  o r  d e c re a se  a s  i s  g r e a te r  

th a n  o r  l e s s  th a n  zero  ( i . e . ,  th e  goods a re  s u b s t i t u t e s  o r  complements 

in  p ro d u c t io n ) .  The same random e v e n t t h a t  caused  th e  f i r s t  o u tp u t 

change may induce th e  o u tp u t o f  th e  second good to  ch an g e , as  w e l l .  I f  

t h i s  second change f i g h t s  th e  induced  change in  m arg in a l c o s ts  ( e . g . ,  

an  in c re a s e  in  o u tp u t in  th e  fa c e  o f  an  in c re a s e  in  c o s t s ) ,  th e  mode o f  

c o n t r o l  a llo w in g  such  changes become l e s s  p r e f e r r e d .  The th r e e  o th e r  

p e rm u ta tio n s  o f  th e  s ig n s  a re  s im i l a r l y  e x p la in e d .

The p r o f i t a b i l i t y  o f  a  mixed p o l ic y  scheme f o r  j o i n t  p ro d u c ts  need 

n o t n e c e s s a r i ly  depend o n ly  upon changes in  th e  o u tp u t b e h a v io r  o f  th e  

good whose c o n t r o l  i s  t o  be sw itc h e d . The r e a c t io n  fu n c tio n  o f  th e  

second  good t o  an o p tim a l p r ic e  o rd e r  depends e x p l i c i t l y  upon t h a t  be­

h a v io r  th ro u g h  th e  same induced  e f f e c t  e x p la in e d  im m ediate ly  ab o v e .

These r e s u l t s  once a g a in  rem ain  v a l id  f o r  any number o f  p ro d u c e rs ,  

and an in c re a s e  in  t h a t  number can  s t i l l  be  shown to  unam biguously  fa v o r  

th e  mode o f  c o n t ro l  t h a t  c r e a te s  th e  s m a lle r  v a r ia n c e  In  t o t a l  o u tp u t .

S e c tio n  H .3 : The A utom obile Example Extended t o  N itro u s  O xides

C o n s id e ra tio n  o f  th e  c o n t ro l  o f  v e h ic u la r  n i t r o u s  o x ide  em iss io n s  

i n  th e  c o n te x t  o f  o u r p re v io u s  s tu d y  o f  ca rb o n  monoxide p ro v id e s  an 

e x c e l le n t  exam ple o f  th e  s im u ltan e o u s  r e g u la t io n  o f  j o i n t  p ro d u c ts .  We 

w i l l  a g a in  i l l u s t r a t e  th e  c e n t e r 's  a n a ly s i s  o f  th e  p r i c e s - q u a n t i t i e s  

ch o ic e  by  u s in g  th e  c o s t  d a ta  o f  Oewes and th e  b e n e f i t  d a ta  o f  A hern.
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T ab le  ( 4 .3 )  and F ig u re  ( 4 .2 )  summarize th e  c o s t  d a ta  f o r  n i t r o u s  ox id e

(NO^) c o n t r o l , 5  w h ile  T ab le ( 4 .4 )  and F ig u re  ( 4 .3 )  re c o rd  th e  c o r r e s -
0

ponding b e n e f i t  d a ta .  N o tice  t h a t  th e  e a r ly  c o n t ro l  d e v ic e s  a c t u a l l y  

caused  an in c re a s e  in  NO^ e m is s io n s , so  t h a t  th e  m a rg in a l c o s t  s c h e d u le  

in  F ig u re  ( 4 .2 )  b eg in s  w ith  a  12% in c re a s e  o v e r th e  1967 l e v e l s .

F ig u re  ( 4 .4 )  th e n  s y n th e s iz e s  th e  two m a rg in a l sc h e d u le s  e x p re sse d  in  

te rm s o f  d o l l a r s  p e r  y e a r .

The c e n te r  has  a  c h o ic e  o f  fo u r  p o s s ib le  c o n t ro l s  in  t h i s  exam ple: 

p r ic e  c o n t r o l  o f  b o th  p o l l u t a n t s , q u a n t i ty  c o n t ro l  o f  b o th  p o l l u t a n t s , 

and one o f  tw o p o s s ib le  m ixes. I t  m u st, how ever, d e c id e  betw een th e  

fo u r  b e fo re  th e  a c tu a l  c o s t  o f  each  o f  th e  p o s s ib le  c o n t ro l  d e v ic e s  i s  

known. P r o f i t  m o tiv a ted  v a r ia n c e  in  th e  em iss io n s  o f  b o th  p o l lu ta n t s  

un d er p r i c e s  w i l l  th e r e f o r e  s t i l l  c o m p lica te  th e  c e n t e r ’s c h o ic e . In  

a d d i t io n ,  p ro d u c t v a r i a b i l i t y  in  th e  d e v ic e s  th em se lv es  e x i s t s  f o r  b o th  

p o l lu ta n t s  u n d e r e i t h e r  mode o f  c o n t r o l ,  and must a l s o  be c o n s id e re d . 

W hile th e  c e n te r  would p resum ably  c o l l e c t  i t s  own more com plete  in fo rm a­

t i o n ,  we a r e  fo rc e d  to  c o n tin u e  making a  v a r i e ty  o f  assum ptions i n  th e  

c o u rse  o f  i l l u s t r a t i n g  th e  c e n t e r 's  a n a ly s i s  w ith  th e  d a ta  t h a t  we have 

a v a i l a b l e .

We can  eq u ip  each  au to m o b ile  w ith  b u t  one c o n t r o l  sy stem . W hile 

system  (D) o v e r r e s t r i c t s  b o th  p o l l u t a n t s ,  i t  seems t o  come th e  c l o s e s t  

t o  b e in g  e f f i c i e n t  w ith  r e s p e c t  t o  b o th  p o l l u t a n t s .  System (C ) , f o r

5 Dewes, o p . c i t . , Appendix C. 
0

A hern , o p . c i t . , p .  198.
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T ab le  4 .3  

The C ost S id e  f o r  NO^

System (A ): P o s i t iv e  C rankcase V e n t i la t io n

System  (C ): 1970 C o n tro lle d  Combustion System p lu s  (A)

System  ( D ') :  Low-Lead, Low-Octane Engine p lu s  (C)

System (D ): 1971 C a ta ly t ic  E xh au st C o n v erte r p lu s  (D ')

System E m ission % R eduction Change in  T o ta l C ost Margined. Cost

No
C o n tro l 4 .0 ----- -----

(C) 7 .0 -75% .00057

(D ') 4 .5 - 1 2 % .00180 2 .9  x 10" 5

(D) 2 . 1 48% .00508 8 . 2  x  1 0 "**

(g m ./m i.) ($ /m i.) $ /(g m ./m i.)

S o u rce : Donald Dewes s Economics snd P u b lic  P o l ic y : The A utom obile
P o l lu t io n  C ase , MIT P r e s s ,  Cam bridge, 1974 , Appendix C.

’’(mi.

F ig u re  4 .2 :  M arg inal C o s ts  f o r  NO^

..V ■ "
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1967 L ev e ls

T ab le 4 .4  

EDRA E s tim a te s  f o r  N itro u s  O xides

50% R eduction 75% R eduction

5 .0  x  10 8
1 . 8  x 1 0

8 .26 x 1 0
8

S ource: Wi l l iam A hern, J r . ,  "M easuring th e  V alue o f  E m ission  R e d u c tio n s ,"
in  Jacoby  and S te in b ru n e r ,  C lean ing  th e  A ir , p .  198.

CDRA. imo1-)

10

5

6Id ,̂tdv»cA»o.\

F ig u re  4 .3 :  M arg inal B e n e f i ts  f o r  NO

$hr-

too

S O

Vo

F ig u re  4 .4
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i n s t a n c e ,  a c t u a l l y  in c re a s e s  em issio n s  o f  n i t r o u s  o x id es  by 75% o v e r 

t h e  1967 l e v e l s ,  even  though i t  was deemed most e f f i c i e n t  when carbon  

monoxide was c o n s id e re d  a lo n e . We w i l l  th e r e f o r e  compare p r ic e s  and 

q u a n t i t i e s  f o r  system  (D ).

E q u a tio n  ( 4 .2 .8 )  i n s t r u c t s  u s  t o  c o n s id e r  th e  two p o l lu ta n t s  t o ­

g e th e r .  We do  n o t ,  how ever, have in fo rm a tio n  abou t th e  s i z e  o f  th e  

in te rd e p e n d e n c e  c o e f f i c i e n t s  f o r  e i t h e r  c o s ts  o r  b e n e f i t s  ( C ^  and B ^ )  •

As a  f i r s t  s t e p  in  o u r  c a s u a l  s tu d y ,  th e r e f o r e ,  bo th  p o l lu ta n t s  w i l l  be 

c o n s id e re d  in d iv id u a l ly  and an in d iv id u a l iz e d  com parative  advan tag e  o f  

p r i c e s  computed f o r  e a c h . We w i l l  th e n  h e u r i s t i c a l l y  deduce th e  s ig n s  

o f  and > a s  w e l l  a s  th e  c o v a r ia n c e s  in  o u tp u t d is tu rb a n c e s  t h a t  

th e y  m u l t ip ly  in  th e  j o i n t  com para tive  ad v an tag e , to  d e te rm in e  th e  

p o t e n t i a l  e f f e c t  o f  t h e  c ro s s  te rm s  on th e  c o n c lu s io n s  reac h ed  in  th e  

d ich o to m ized  f i r s t  s t e p .

The a n a ly s i s  f o r  ca rb o n  monoxide has been com pleted  a lre a d y  f o r

th e  97% re d u c t io n  ach iev ed  by sy stem  (D ). T able (2 .4 )  re c o rd s  th e

r e s u l t s ,  show ing p r i c e s  to  be p r e f e r r e d  r e g a rd le s s  o f  th e  v a lu e  assumed

by  th e  v a r ia n c e  in  o u tp u t  c r e a te d  by p ro d u c t v a r i a b i l i t y  under p r ic e  
2

c o n t r o l s  (o  ) .
P

System (D) m eanw hile a c h ie v e s  a  48% re d u c tio n  in  n i t r o u s  o x id e  

e m iss io n s  o v e r  th e  1967 l e v e l ;  i . e . ,  an average  o f  2 .1  grams o f  NO^ a re  

t o  b e  e m itte d  p e r  m i le .  The s lo p e s  o f  th e  m arg in a l s c h e d u le s  in  th e  

ne ighbo rhood  o f  48% p ro v id e  e s t im a te s  f o r  th e  r e le v a n t  c u rv a tu re s  o f  

c o s t s  and b e n e f i t s .  The Dewes d a ta  su g g e s ts  t h a t  C11(NO ) = $ 1 .8  x  1 0 ^ /y r .
XX X

p e r  1%. The Ahern d a t a ,  how ever, r e v e a ls  t h a t  m arg in a l b e n e f i t s  a r e  v ery  

n e a r ly  h o r iz o n ta l  f o r  r e d u c t io n s  l e s s  them 50%, so  t h a t  th e  a p p l ic a b le
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c u rv a tu re  o f  th e  b e n e f i t  fu n c tio n  i s  v e ry  s m a l l .  We can  th e r e f o r e

presum e t h a t  th e  c o s t  s id e  w i l l  dom inate  th e  com para tive  ad v an tag e  o f

p r ic e s  f o r  n i t r o u s  o x id e s  and t h a t  B^(NOx > i s  n e g l ig ib l e .

The m a rg in a l c o s t  o f  system  (D) i s  g iv en  by Dewes t o  be 
7

$11 .5  x  10 / y r .  E s tim a te s  by th e  E nv ironm enta l P ro te c t io n  Agency, th e

N a tio n a l Academy o f  S c ie n c e s , and th e  m a n u fa c tu re rs  su g g e s t a  s ta n d a rd

7 7d e v ia t io n  o f  $1 .9  x  10 p e r  y e a r  around th e  Dewes e s t im a te .  F o llow ing

th e  p ro ced u re  o u t l in e d  in  S e c tio n  2 .5 ,  we can  use t h i s  s ta n d a rd  d e v ia ­

t i o n  in  m a rg in a l c o s ts  t o  p r e d ic t  a  p r o f i t  m o tiv a ted  v a r ia n c e  in  N0 x

2 2 e m iss io n s  (o  (NO ) )  o f  .01  (g m ./m i.)  . We w i l l  use  t h i s  f ig u r e  a s  an it x

ap p ro x im atio n  o f  th e  v a r ia n c e  t h a t  th e  c e n te r  would compute from  i t s  

own c o s t  d a ta  in  a s s e s s in g  th e  p r i c e s - q u a n t i t i e s  com parison . We w i l l  

f u r t h e r  assume t h a t  th e  2 0 % s ta n d a rd  d e v ia t io n  in  em iss io n s  induced  by 

p ro d u c t v a r i a b i l i t y  t h a t  was o b served  under q u a n t i ty  c o n t ro l  o f  CO a p p l ie s

t o  N0x a s  w e l l .  T h is  assum ption  t r a n s l a t e s  i n t o  a  v a r ia n c e  o f  .16
2 2 (g m ./m i.)  u n d er q u a n t i t i e s  a t  th e  48% re d u c t io n  l e v e l  (c  (NO ) ) .  S e n s i-q x

t i v i t y  a n a ly s i s  w i l l  a g a in  be r e q u ir e d  t o  h an d le  th e  c o rre sp o n d in g
2

v a r ia n c e  u n d er p r ic e s  (a (NO ) ) ;  th e  th r e e  t r i a l  v a lu e s  w i l l  b e  .0 4 , .1 6 ,
P *

2
and .3 6  (g m ./m i.)  .

We can now compute an in d iv id u a l iz e d  com para tiv e  ad v an tag e  o f  p r ic e s

f o r  n i t r o u s  o x id e s .  T ab le  ( 4 .4 )  sum m arizes th e  r e s u l t s  f o r  th e  th r e e  
2

v a lu e s  o f  a (NO ) i  N o tic e  t h a t  in  th e  f i r s t  two c a s e s ,  p r ic e  c o n t r o l s  
P ^

a r e  p r e f e r r e d ,  and th e  c e n te r  sh o u ld  choose t o  r e g u la te  b o th  p o l lu ta n t s

w ith  t a x a t io n  schem es. When c 2 ( N 0 ) = .36  (g m ./m i.)2 , how ever ( in d e e d
P *

7
Dewes, op . c i t . ,  p .  191.
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T ab le  4 .4

C om parative A dvantage o f  P r ic e s  a t  
48% R eduction  o f  N itro u s  Oxides

Bl l (KOx> * 0

C ,<N0 ) = $1 .8  x  107 / y r .  p e r  1%
XX X

o 2  (N0x ) = .01  (gm./mi.)2 

°q  = (gm./mi.)2

o 2 (N0 ) .p x  _______________________ A____________________

.04  ( 1 / 2 ) ( 1 . 8 ) ( .0 1  + .16 -  .0 4 )  x 107  > 0

.16  ( 1 / 2 ) ( 1 . 8 ) ( .0 1  + .16 -  .1 6 ) X 107  > 0

.36  ( 1 / 2 ) ( 1 . 8 ) ( .0 1  + .16 -  .3 6 ) X 107  < 0

2 2 when o (NO ) > *17 (g m ./m i.)  ) 9 th e  c e n te r  would be  w e ll  a d v ise d  to  mixp  X

i t s  c o n t ro l s  by  p la c in g  n i t r o u s  o x id e s  u n d er q u a n t i ty  s ta n d a rd s  and 

ca rb o n  monoxide un d er p r ic e  s ta n d a rd s .

E q u a tio n  ( 4 .2 .8 )  r e q u i r e s  us t o  e v a lu a te  th e  fo llo w in g  e x p re s s io n  

in  a s s e s s in g  th e  e f f e c t s  o f  th e  m iss in g  c ro s s  te rm s o f  th e  j o i n t  b e n e f i t  

fu n c t io n  on o u r  in d iv id u a l iz e d  r e s u l t s :

B^2 (Cov(C0  un d er p r i c e s ;  N0 x  u n d er p r ic e s )

-  Cov(C0 un d er q u a n t i t i e s ;  N0x  under q u a n t i t i e s ) ) .

What can we s a y  ab o u t th e  s ig n s  o f  th e  components o f  t h i s  e x p re s s io n ?

I t  h a s  been  th e  e x p e rie n c e  o f  Los A ngeles t h a t  carbon  monoxide and n i t r o u s  

o x id e s  r e a c t  t o  c r e a te  p h o to ch em ica l smog when th e y  a p p e a r  to g e th e r  in  

s u n l ig h t .  They a r e  th e r e f o r e  more h arm fu l when c o n fro n te d  to g e th e r  th a n
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a p a r t ,  and we conclude  t h a t  th e  m iss in g  m ust be n e g a t iv e .  I f  th e  

co v a ria n c e  o f  th e  e m iss io n s  o f  CO and N0x  i s  l a r g e r  u nder q u a n t i t i e s  

th a n  u n d er p r i c e s ,  th e n  t h i s  e n t i r e  e x p re s s io n  i s  p o s i t i v e  and p r i c e  

c o n t r o l  o f  b o th  p o l l u t a n t s  r e c e iv e s  a  p o s i t i v e  b i a s .  The o p p o s ite  

r e s u l t  s im i l a r l y  h o ld s  i f  th e  c o v a r ia n c e  u nder p r i c e s  i s  l a r g e r .  The 

o v e r a l l  im p o rtan ce  o f  t h i s  e f f e c t  d ep en d s , o f  c o u r s e ,  upon b o th  th e  

unknown a b s o lu te  m agnitude o f  and th e  s i z e  o f  th e  d i s p a r i t y  in  th e  

c o v a r ia n c e s .

The co rre sp o n d in g  e x p re s s io n  f o r  th e  m iss in g  c ro s s  te rm  o f  th e  j o i n t  

c o s t  fu n c t io n  i s  s im i l a r l y

Cj^fCovCCO under p r i c e s ;  N0 x  under p r i c e s )

+ Cov(CO u n d e r q u a n t i t i e s ;  N0x  u n d e r q u a n t i t i e s ) ) .

tfe sh o u ld  ex p ec t b o th  th e  p ro d u c t v a r i a b i l i t y  and th e  p r o f i t  m o tiv a te d  

v a r i a t i o n  to  te n d  t o  move th e  em iss io n s  o f  th e  two p o l l u t a n t s  i n  th e  

same d i r e c t i o n .  The two c o v a r ia n c e s  can th e r e f o r e  be  presum ed t o  be 

p o s i t i v e ,  so t h a t  th e  s ig n  o f  th e  e n t i r e  e x p re s s io n  tu r n s  on th e  s ig n  

o f  S in ce  e a r l y  carbon  monoxide c o n t r o l l i n g  d e v ic e s  a c t u a l l y  in ­

c re a se d  a v e ra g e  n i t r o u s  o x id e  e m is s io n s , we can  re a s o n a b ly  conclude  

t h a t  i s  a l s o  p o s i t i v e .  H ence, th e  m iss in g  c o s t  te rm  unam biguously

fa v o r s  p r i c e  c o n t r o l  o f  b o th  p o l l u t a n t s .
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C hap ter F ive 

THE REGULATION OF AN INTERMEDIATE GOOD

The in f lu e n c e  o f  s u b s t i t u t a b i l i t y  in  b o th  consum ption and produc­

t i o n  on th e  co m p ara tiv e  advan tage  o f  p r ic e s  was th o ro u g h ly  ex p lo red  in  

th e  p re v io u s  c h a p te r .  We w i l l  now e x ten d  th e  d is c u s s io n  o f  s u b s t i tu t io n  

in  one f i n a l  d i r e c t i o n  by in v e s t ig a t in g  th e  r e g u la t io n  o f  an  i n t e r ­

m ed ia te  good whose v a lu e  i s  r e g i s t e r e d  o n ly  th ro u g h  th e  f i n a l  good t h a t  

i t  i s  u sed  t o  p ro d u c e . C a l l in g  th e  f i n a l  good x  and th e  in te rm e d ia te  

good q ,  we w i l l  be  co n ce rn ed  p r im a r i ly  w ith  th e  e f f e c t  o f  th e  e l a s t i c i t y  

o f  s u b s t i t u t i o n  betw een q and a  second f a c t o r  o f  p ro d u c t io n ,  K, on th e  

co m p ara tiv e  ad v an tag e  o f  p r i c e s .  The e x is te n c e  o f  any p r o f i t  m o tiv a ted  

p r e s s u r e s  on th e  p ro d u c e r  o f  x t o  av o id  e i t h e r  mode o f  c o n t ro l  on q by 

i n t e g r a t i n g  i t s  p ro d u c tio n  i n t o  h i s  own p ro c e s s  w i l l  a l s o  be  c a r e f u l ly  

n o te d .

So t h a t  we can  c o n c e n tra te  on th e s e  e f f e c t s  a lo n e ,  we m ust assume 

t h a t  in v e n to r ie s  o f  th e  in te rm e d ia te  good a re  m a in ta in e d  a t  a  f ix e d  

l e v e l .  Any f lu c t u a t i o n  in  th e  o u tp u t o f  q i s  th e n  r e f l e c t e d  in  d e l iv ­

e r i e s  and th e r e f o r e  r e g i s t e r e d  a s  f lu c tu a t io n  in  th e  p ro f it-m a x im iz in g  

l e v e l s  o f  th e  o th e r  x -p ro d u c in g  in p u t .  F lu c tu a t io n  in  th e  o u tp u t o f  x 

r e s u l t s .  The e f f e c t  o f  lo o s e n in g  t h i s  c o n s t r a in t  on in v e n to r ie s ,  how­

e v e r ,  i s  e a s i l y  deduced in  a  co n c lu d in g  s e c t io n .  C o n s is te n t  w ith  o u r 

c o n tin u e d  s p e c i f i c a t i o n  o f  a  c o s t  fu n c tio n  f o r  q dependen t o n ly  upon 

th e  o u tp u t o f  q ,  we a l s o  assume t h a t  th e  second p ro d u c tio n  f a c t o r ,  K, 

i s  a v a i l a b l e  t o  th e  p ro d u c e r  o f  x a t  a  p e r  u n i t  c o s t  o f  r .

- i -  -1 9 0 -
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S e c tio n  5 .1 ;  The Extrem e Cases

The s im p le s t  way o f  d em o n stra tin g  t h a t  th e  e l a s t i c i t y  o f  s u b s t i t u ­

t i o n  betw een K and q (o )  has an  in f lu e n c e  on th e  com parative  advan tage  

o f  p r i c e s  i s  t o  p r e s e n t  th e  two extrem e c a s e s  in  ju x ta p o s i t io n :

(1 )  x = yK + ( l - y ) q ,  and

( 2 ) x  = m in(yK ; ( 1 -y  ) q ) .

K and q a re  p e r f e c t  s u b s t i t u t e s  i n  th e  f i r s t  exam ple (a = » ) ;  th e re  i s  

a b s o lu te ly  no  s u b s t i t u t i o n  o f  in p u ts  in  th e  second (a = 0 ) .  The m odel 

w ith in  w hich we w i l l  d is c u s s  th e s e  ex trem es i s  th e  ana log  o f  th e  s im p le  

m odel t h a t  h a s  been used  to  i n i t i a t e  th e  d is c u s s io n s  o f  each  o f  th e  

p re v io u s  c h a p te r s .  I t  i s  c h a ra c te r iz e d  by th e  fo llo w in g  l i s t  o f  q u i t e  

f a m i l i a r  a ssu m p tio n s:

( i )  The b e n e f i t  fu n c tio n  depends e n t i r e l y  upon x ;  u n ce r­

t a i n t y  i s  re c o rd e d  by n so t h a t  B = B (x ,n ) .

( i i )  The p ro d u c tio n  o f  q i s  summarized by a  c o s t  fu n c tio n  

t h a t  depends o n ly  upon q ; u n c e r ta in ty  h e re  i s  r e ­

co rded  by  6  and C = C (q ,0 ) .

( i l l )  The random v a r ia b le s  a r e  j o i n t l y  d i s t r i b u t e d .

( i v )  The in p u t K i s  a v a i la b l e  t o  th e  p ro d u ce r o f  x a t  th e

p e r  u n i t  c o s t  o f  r .

(v )  G iven a  q u a n t i ty  o r d e r ,  th e  p ro d u ce r o f  q w i l l  p ro ­

duce  e x a c t ly  t h a t  amount in  th e  m ost e f f i c i e n t  m anner;

t h a t  i s ,  he w i l l  s ta y  on h i s  c o s t  cu rv e  ( th e r e  does

n o t  y e t  e x i s t  an o u tp u t  d i s t o r t i o n  u nder q u a n t i ty
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c o n t r o l ) .  M eanwhile, th e  p ro d u c e r o f  q w i l l  m axi- 

. m ize p r o f i t s  in  re sp o n se  t o  a  p r i c e  o rd e r  w ith  

p e r f e c t  knowledge o f  th e  v a lu e  ta k e n  by 0 ; he  w i l l  

th e r e f o r e  s e t  th e  p r ic e  o rd e r  eq u a l to  C ^ (q ,6 ) .

Ve f u r t h e r  assum e, f o r  o u r im m ediate p u rp o se s , t h a t  th e  p ro d u c e r  o f  x 

must u se  a l l  o f  th e  in p u t q t h a t  i s  produced  and t h a t  he i s  charged  th e  ‘ 

ex p ec ted  m a rg in a l v a lu e  p ro d u c t o f  q  i n  ca se  ( 1 ) and some n o n -z e ro  p r ic e  

in  c a se  ( 2 ) . 1  The p ro d u ce r o f  x  i s  f i n a l l y  presum ed to  be  p u b lic  

s p i r i t e d  ( o r  governm ent c o n t r o l le d ,  e . g . )  in  th e  se n se  t h a t  in  d e c id in g  

th e  K -response  t o  th e  amount o f  q t h a t  he r e c e iv e s ,  he  m axim izes ex ­

p e c te d  s o c i a l  b e n e f i t s  minus th e  c o s ts  t h a t  he in c u r s .  T hese f i n a l  two 

assum ptions ap p ea r t o  be q u i t e  r e s t r i c t i v e ;  in  su b seq u en t s e c t i o n s ,  how­

e v e r ,  o u r  r e s u l t s  w i l l  be shown t o  be  s i g n i f i c a n t l y  in d ep en d en t o f  th e s e  

b e h a v io ra l  c h a r a c t e r i z a t i o n s .

We c o n s id e r  th e  ca se  o f  p e r f e c t  s u b s t i t u t e s  f i r s t ,  and o b se rv e  t h a t  

th e  x -p ro d u c in g  f irm  (x - f irm )  w i l l  r e a c t  t o  an in p u t d e l iv e r y  o f  q by 

s o lv in g

ECB^CyKCq) + ( l - y ) q )  ,n )  «y3 = r  ( 5 .1 .1 )

f o r  K (q ). E q u a tio n  ( 5 .1 .1 )  th e r e f o r e  im p l i c i t l y  d e f in e s  th e  K re s p o n se  

t o  any q u a n t i ty  q .  The c e n te r  cam th e n  d e te rm in e  th e  o p tim a l q u a n t i ty  

o r d e r ,  d , by ta k in g  K(q) and so lv in g

A ll  t h a t  i s  r e q u ir e d  f o r  o u r p u rp o ses  i s  t h a t  p ro d u c tio n  o c c u r  on 
th e  c o rn e r s  o f  th e  r i g h t  a n g le  is o q u a n ts  im p lie d  by c a se  ( 2 ) .  Were we 
t o  w orry ab o u t th e  p r o f i t a b i l i t y  o f  p ro d u c in g  x ,  a n o n -z e ro  up p er bound 
f o r  t h i s  p r i c e  would a l s o  e x i s t .
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CE[B((YK(q) + ( l - Y) q ) ,n )  -  rK (q ) -  C ( q ,0 ) ] ] .

The o p tim a l p r i c e  o r d e r ,  p ,  i s  s im i la r ly  de te rm in ed  by n o tin g  t h a t  th e  

r e a c t io n  fu n c tio n  o f  th e  q -p roducing  f irm  (q - f irm )  t o  any p r i c e  o r d e r ,

p = C ^q C p ,© ),© ),

can be summarized by

q ( p , 0 ) = h ( p , 0 ) .

The c e n te r  m ust th e r e f o r e  so lv e  th e  fo llo w in g

m“  {E[B(YK (h (p ,0 ) )  + (1 -Y) ( h ( p ,0 ) ) -  rK (h (p ,0 ) )  -  C (h (p ,0 ) ,0 ) ] } .

The amount o f  q d e l iv e r e d  to  th e  x - f irm  under p r i c e  c o n t r o l  i s  c l e a r ly  

h (j5 ,6 ) .' As a  r e s u l t ,  th e  amount o f  x produced under q u a n t i ty  c o n t ro l  i s  

c h a ra c te r iz e d  by

E[B1< (YK(6 p ) + ( I - y J ^ M )  • Y] = r ,

w h ile  th e  amount o f  x produced under p r ic e  c o n t ro l  f o r  any 0  i s  s im i la r ly  

g iv e n  by

ECB^YKdiCp,©)) + ( l - Y)h(fS,0)) ,n) * Y3 = r .

He can  c o n c lu d e , s in c e  th e  b e n e f i t  fu n c tio n  i s  a r b i t r a r y ,  t h a t  f o r  any 0 ,

CyK(4p) + ( l - Y ) ^  = CYK(h(£ ,0) )  + ( l - Y)h(fS,0)];

t h a t  i s ,  a s  th e  s t a t e s  o f  n a tu re  on th e  c o s t  s id e  change , th e  amount o f  

q d e l iv e r e d  to  th e  x - f i rm  ch an g es, b u t K i s  a d ju s te d  so  t h a t  t h e  o u tp u t
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o f  x  rem ains  c o n s ta n t .  In  p a r t i c u l a r ,  th e  o u tp u t  o f  x ,  and th u s  th e  

q u a n t i ty  in s e r t e d  in t o  th e  b e n e f i t  f u n c t io n ,  u n d er p r i c e  c o n t ro l  o f  q 

by p  i s  alw ays e q u a l t o  th e  o u tp u t o f  x  produced under q u a n t i ty  c o n t ro l  

o f  q  by 3 p . The co m p ara tiv e  advan tage  o f  p r i c e s ,  b e in g  a  r e l a t i v e  

m easu re , th e r e f o r e  r e f l e c t s  o n ly  th e  c o s t  e f f e c t s  o f  o u tp u t v a r i a t i o n .  

S in ce  th e  e f f i c i e n c y  g a in  u n d e r p r ic e s  has been  shown to  alw ays dom inate 

th e  in c re a s e  in  e x p e c te d  c o s ts  c re a te d  by o u tp u t v a r i a t i o n ,  p r i c e s  a re  

p r e f e r r e d  unam biguously .

The second  c a se  s p e c i f i e s  t h a t  a b s o lu te ly  no s u b s t i t u t i o n  be a llow ed  

betw een K and q in  th e  p ro d u c tio n  o f  x .  S in ce  we have e s ta b l i s h e d  a  

p r i c e  f o r  q t h a t  g u a ra n te e s  t h a t  x i s  p roduced  on th e  c o rn e r  o f  th e  

r i g h t  a n g le  is o q u a n ts ,  we can  o b serv e  im m ed ia te ly  t h a t  x = ( l - y ) q .  The 

b e n e f i t  fu n c tio n  i s  th e r e f o r e  e a s i l y  w r i t t e n  a s  a  fu n c t io n  o f  q ,  and i t  

becomes a  s im p le  m a t te r  t o  compute e i t h e r  an o p tim a l q u a n t i ty  o rd e r  o r  

an  o p tim a l p r i c e  o r d e r  f o r  q .  The o u tp u t o f  good x ,  how ever, now v a r ie s  

a s  th e  p ro d u c tio n  o f  q v a r i e s ,  so  t h a t  th e  co m p ara tiv e  ad v an tag e  o f  

p r i c e s  c a p tu re s  a  lo s s  in  ex p ec ted  b e n e f i t s  u nder p r ic e s  a s  w e l l  a s  th e  

c o s t  e f f e c t  j u s t  n o te d ;  i t s  s ig n  i s  th u s  in  d o u b t.

These few o b s e rv a tio n s  uncover a  fu n dam en ta l d i f f e r e n c e  in  th e  

p r ic e - q u a n t i ty  com parison  t h a t  i s  c r e a te d  by s h i f t i n g  th e  e l a s t i c i t y  o f  

s u b s t i t u t i o n  from  one ex trem e t o  th e  o th e r .  The re m a in d e r o f  t h i s  c h a p te r  

i s  dev o ted  t o  p u t t in g  t h i s  d i f f e r e n c e  i n t o  p e r s p e c t iv e  by c o n s id e r in g  th e  

in te rm e d ia te  exam ples. The p r e c i s e  fo rm u la tio n s  o f  th e  tw o c a s e s  w ith  

w hich  we have j u s t  m o tiv a te d  th e  q u e s tio n  a r e  c o n ta in e d  t h e r e i n .
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S e c tio n  5 .2 :  O utput Responses and E xpected  P r o f i t s

The c a se s  o f  in te rm e d ia te  s u b s t i t u t a b i l i t y  o f  in p u ts  a re  a l l  

r e p r e s e n te d  by th e  c o n s ta n t  e l a s t i c i t y  o f  s u b s t i t u t i o n  p ro d u c tio n  fu n c ­

t i o n

x = (yKp + ( l-Y )q P) 1 /p  ( 5 .2 .1 )

a s  p ra n g e s  from -«  to  1 . E q u a tio n  ( 5 .2 .1 )  red u ce s  t o  th e  Cobb-D ouglass 

form

x  = Ky q (1-Y ) ( 5 .2 .2 )

o
when p ap p roaches z e ro ;  t h i s  i s  a  s p e c ia l  c a se  whose im portance w i l l  

become c l e a r .  F o r th e  moment, how ever, we s e l e c t  an a r b i t r a r y  r e p r e s e n ta ­

t i v e  o f  t h i s  c l a s s  and deduce th e  o p tim a l re sp o n se  o f  x t o  v a ry in g  s iz e s  

o f  th e  d e l i v e r i e s  o f  in p u t  q .  A ssum ptions ( i )  th ro u g h  (v )  o f  S e c tio n  

5 .1  c h a r a c te r i z e  th e  m odel "below " th e  f i n a l  good; a  v a r i e ty  o f  be­

h a v io r a l  assum ptions f o r  th e  x - f irm  and p r ic in g  assum ptions f o r  th e

in te rm e d ia te  good q w i l l  be  e x p lo re d . The p r o f i t a b i l i t y  o f  p ro d u c in g  x

w i l l  a l s o  b e  ex p lo re d  a s  a  p e r ip h e r a l  i n t e r e s t  in  each c a s e ,  un d er th e  

assu m p tio n  t h a t  x  i s  s o ld  a t  a  p r ic e  e q u a l t o  th e  m a rg in a l b e n e f i t s  t h a t  

a c t u a l l y  o c c u r ( i . e . ,  B ^ (x ,n ) ) .  The p la n n e r  m ust alw ays know when h i s  

c o n t r o l s  on q c r e a te  p r e s s u re s  on th e  x - f i rm  to  t r y  t o  av o id  th o s e  con­

t r o l s  by p ro d u c in g  q i n t e r n a l l y .

5 .2 .1 :  A F i r s t  Model

He b e g in  o u r  a n a ly s i s  w ith  th e  m odel in  which p e r f e c t  s u b s t i t u t e s

2
H enderson and Q uandt, M icroeconomic T heo ry , p p . 87-88.
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w ere s tu d ie d  ab o v e . The x - f irm  s e l e c t s  h is  K re sp o n se  t o  th e  d e l iv e ry  

o f  q by m axim izing expec ted  b e n e f i t s  minus th e  c o s ts  t h a t  he in c u r s .

He i s  charged  th e  ex p ec ted  m a rg in a l v a lu e  p ro d u c t f o r  each u n i t  o f  q 

t h a t  i s  d e l iv e r e d .  The a n a ly s is  o f  t h i s  c a s e  w i l l  be  c o n s tru c te d  so 

t h a t  we w i l l  be a b le  to  draw h e a v ily  upon th e s e  p re s e n t  r e s u l t s  in  d i s ­

c u s s in g  su b se q u en t m odels.
A

The o p tim a l l e v e l  o f  p ro d u c tio n  f o r  th e  in te rm e d ia te  good, and 

th e  o p tim a l K re s p o n s e ,  Kq , can  be  de te rm in ed  by s o lv in g

max“  [E(B((yK P + ( l-Y )q P ) 1 / P ,n> -  X*K -  C ( q ,0 ) ) ] ,

f o r  th e  g iv e n  b e n e f i t  and c o s t  f u n c t io n s .  The f i r s t  o rd e r  co n d itio n s , 

t h a t  c h a r a c te r i z e  th e s e  optim a r e q u i r e  t h a t

E(BX • xK) = r ; ( 5 .2 .3 a )

E(B1  • x ) = E C C ^ . e ) ) . (5 .2 .3 b )

The sh ap es  o f  th e  fu n c t io n s  g u a ra n te e  th e  e x is te n c e  o f  q Q and s o  

t h a t  we can  expand th e  b e n e f i t  fu n c tio n  around  xq  = ( yKP+ ( 1 - y )§ P ) ^ P , 

and th e  c o s t  f u n c t io n  around 3Q* C o n s is te n t w ith  o u r p rev io u s  m odels, 

we assume t h a t  th e s e  app ro x im atio n s  a re  o f  th e  fo llo w in g  form :

B (x ,n )  = b (n )  + (B '+ B (n ))(x -X  ) + i  B .. (x -x  ) 2 ; (5 .2.**a)
O 2  I X  O

C (q ,e )  = a (0 )  + (C '+ o (0 ) ) (q -4 o ) t  |  Cu (q -$ 0 ) 2 . (5 .2 .4 b )

We can now r e w r i te  e q u a tio n s  ( 5 .2 .3 )  f o r  f u tu r e  r e f e r e n c e :
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(yK^ + ( 1 - Y ) ^ ) 1/P 1 

E [(B '+ B (n ))(-----2— z----------   > 3 8  r ;  (5 .2 .3 a )*
Ko

(Y l? + ( l -Y ) ^ ) 1 ' 0  j  
E [(B '+ 6 ( n ) ) ( -----   - -------) P] = C*. (5 .2 .3 b )*

A

« 0

One s im p le  o b s e rv a tio n  sh o u ld  be made in  p a s s in g ; e q u a tio n s  ( 5 . 2 . 3 ) '  can 

be  combined to  r e v e a l  t h a t

(K0 /q 0 )1_p = (Y C * /( l-Y )r) ;

a s  a  r e s u l t ,

Kq = ( Y C V ( l - Y > r ) \  H ( C ' / ? A o . 3  ( 5 .2 .5 )

The o u tp u t x  can  th e r e f o r e  b e  w r i t te n  o

xo = 40  ( y ( C '/ ? ) ° P + (1 -Y ))1/P = ^c (A (p )) .

In  te rm s o f  t h i s  more com pact n o ta t io n ,  e q u a tio n s  ( 5 .2 .3 )  red u ce  t o

B '(A (p ))1-p = C ';  ( 5 .2 .3 b ) "

B '( A ( p ) /C '/ r ) a ) 1"p = r .  ( 5 .2 .3 a ) "

Were th e  c e n te r  to  im pose q u a n t i ty  r e g u la t io n  on th e  in te rm e d ia te  

good, th e  o p tim a l q u a n t i ty  o rd e r  would c l e a r l y  be dQ. The x - f irm  would
A

de te rm in e  i t s  o p tim a l K re s p o n s e , K„ upon d e l iv e ry  o f  $o , by s o lv in g

3Under o u r s p e c i f i c a t i o n  o f  th e  CES p ro d u c tio n  fu n c t io n ,

c = l / U - p ) .

yiSfeVSt.-;- ■
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(yKP+ ( 1 -y )§ P
EC(B '+e(n)+B 1 1 ((YKP+ (l-Y )q ^ ) 1 /P -x o ))  • (--------------r - 2 — ---- ( 5 .2 .6 )

K

th e  f i r s t  o rd e r  c o n d i tio n  o f  i t s  d e c is io n  r u l e .  E q u a tio n  ( 5 .2 .3 a )

a s s e r t s  t h a t  K i s  th e  s o lu t io n  o f  ( 5 .2 .6 ) ,  and we can  conclude t h a t  x o  o

i s  in d e ed  p roduced  when a  q u a n t i ty  c o n t r o l  o f  qQ i s  p la c e d  on th e  p roduc­

t i o n  o f  q .  O bserve t h a t  (5 .2 .3 b )  th e n  d i c t a t e s  t h a t  a  p e r  u n i t  charge  

f o r  q o f  C' i s  le v ie d  upon th e  x -f irm  a s  i t  a c c e p ts

Any CES p ro d u c tio n  fu n c tio n  i s  l i n e a r l y  homogeneous, so  t h a t  E u le r 's  

theo rem  im p lie s  t h a t

q A (p) = ( V .-P-- ■ ■) 1 - p 3  ( C ' / r ) g + ( ^ ° A(— ( 5. 2 . 7)  
So (C V ? )°  40

We can  in v e s t ig a t e  th e  ex p ec ted  p r o f i t s  o f  th e  x - f irm  under o p tim a l 

q u a n t i ty  c o n t r o l  o f  q by m u lt ip ly in g  b o th  s id e s  o f  ( 5 .2 .7 )  by (B '+ 6 (n ) )  

and ta k in g  ex p ec ted  v a lu e s :

(E xpected  Revenues) * B '(4 QA (p))

= B '(  A<P> ( C ' / r ) q + B » ( - ^ - —)1"pa
( C '/ ? ) °  °  ( C '/ ? ) °  °

= r ( C ' / ? ) \  + C '4 o .

The te rm  ( r ( C ' / r ) a 40 ) i s  th e  t o t a l  e x p e n d itu re s  on K in  p ro d u c in g  x q ;

C'Q0 , t o t a l  e x p e n d itu re  on q . E xpected econom ic p r o f i t s  a r e  th e r e f o r e  

z e ro ,  and th e r e  does n o t e x i s t  p re s s u re  to  av o id  th e  q u a n t i ty  c o n t ro l  

on q  by  in t e g r a t i n g  th e  p ro d u c tio n  o f  q in t o  th e  p ro d u c tio n  o f  x .

The com pu ta tion  o f  an o p tim a l p r i c e  o rd e r  f o r  q ,  d e s ig n a te d  p ,  i s  

more in v o lv e d . The s ta n d a rd  p o in t  o f  d e p a r tu re  i s  th e  p r ic e  r e a c t io n  

fu n c t io n  o f  th e  q - f irm :
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h ( P s e )  = a + ( £ - £ £ ! ) ,

f o r  any  p r i c e  o rd e r  p .  The K re sp o n se  t o  h ( p ,0 ) ,  d e s ig n a te d  by K ( h (p ,0 ) ) ,  

i s  d e te rm in ed  by th e  f i r s t  o rd e r  c o n d it io n  o f  th e  x - f i rm  w ith  r e s p e c t  t o  

K:

E[(B»+0(n)+B 1 1 ( 2 l 2 l £ l ) )
11

(Y (K (h (p ,6 ) ) p+ ( l - Y)(q  + ( 2 l2 l£ l ) ) P ) 1 /P
U 1 1

K (h (p ,0 ) )

1-P

3 = r .  

( 5 .2 .8 )

E q u a tio n  ( 5 .2 .8 )  re d u c e s  t o

( 5 .2 .8 )*

i f  we a s s e r t  t h a t

K (h (p ,0 ) )  = ( C '/ ? ) a h (p ,0 )

= K_ + ( C V r ) q( P-~a ~-C- ) .  ( 5 .2 .9 )
11

The c e n te r  m eanwhile d e te rm in e s  th e  o p tim a l p r i c e  o rd e r  by s o lv in g  

CE(B((Y( K ( h (p ,0 ) ) ) p + ( l - Y ) ( h ( p ,0 ) ) p ) 1 / p ,n )  -  rK ( h (p ,0 ) )  -  C ( h ( p ,0 ) ,0 ) ] ,

th e  f i r s t  o rd e r  c o n d i t io n  f o r  w hich i s

(Y (K (p ,0 ))p+ ( l - Y) ( a  + ( S l 2 l£ l ) ) p ) 1 /p  

E[(B»+8 (n)+B , - ( P~--~C *) ) ( ( --------   1 1  '  '1 1 ' C11 K (p ,0 )
. P3K 3h 

dq 3p

Y(K(p , 0 ) )p+ (l-Y  ) (q o+( E ^ l £ l )  )P ) 1/P

t ( -
11

<30  +
11

x1 _P3hv 3 K 3 h  - / S h . ,  A

( 5 .2 .1 0 )
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O bserve t h a t  e q u a tio n  ( 5 .2 .8 )  i s  embedded in  (5 .2 .1 0 )  w ith  a  m u l t i ­

p l i c a t i v e  f a c t o r  o f  ( | “  ■!“ •)• T hat f a c to r  i s  o n ly  ( 1 / C ^ )  and (5 .2 .1 0 )  

re d u c e s  t o

y (K (p ,0 ) ) p+ ( l-Y )(q o+ ( ^ 5;:^ - ) ) P) 1/P  ±_p 
E[(B*+8 (n)+Bi;L( ^ l £ l ) ) ( ------------------------------------------- ) ( C r 1 )

1 1  J « L  + f e g— ))o u i;L

= PIC^) '1 (5 .2 .1 1 )

The l e f t  hand s id e  o f  ( 5 .2 .1 1 )  i s  th e  ex p ec ted  v a lu e  p ro d u c t o f  q . Even 

w ith o u t s o lv in g  ( 5 .2 .1 1 ) ,  we can th e r e f o r e  n o te  t h a t  th e  c e n te r  i s  op­

t im a l ly  buy ing  and s e l l i n g  q a t  th e  same p r i c e .  The a s s e r t io n  t h a t  

fS = C1 r e q u i r e s  t h a t  ( 5 .2 .1 1 )  be  red u ced  t o

B '(A (p ) )1_P = C* (5 .2 .1 1 )*

and t h a t  ( 5 . 2 . 8 ) '  be red u ced  to

b ,(_A (0 )_ )1-»  .  r  
(C * /?)

E q u a tio n s  ( 5 .2 .3 )  v e r i f y  th e  v a l i d i t y  o f  b o th  o f  th e s e  f i n a l  fo rm s, and 

we can  co n c lu d e  t h a t  o u r a s s e r t io n s  w ere c o r r e c t :

p = C*

q (e )  = 4o -  ( o ( 6 ) / C ^ ) , and

K(6 ) = K =  (C , / r ) a (o ( 6 ) /C 11) .  o 11

The p r o f i t a b i l i t y  o f  th e  x - f irm  u nder p r i c e  c o n t ro l  o f  q  c r e a te s  a  

s p e c ia l  problem  f o r  th e  c e n te r .  E u le r 's  theorem  can  b e  employed a 

second  tim e  t o  e v a lu a te  th e  ex p ec ted  economic p r o f i t s  o f  th e  x - f i rm :
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(§ o- a ( 0 )/C i;L)A(p) = ( A ( p ) / ( C V 5 ) 0 )1 "P ( C V ? ) (T(4 o- o ( e ) /C 11 )

+ (A(p)1“p(4o-o(e)/cn ).

M u ltip ly in g  b o th  s id e s  by (B ' + B(n) + B ^ ( C '/ r ) ° ( - a ( 0 ) / C j ^ ) )  and ta k in g  

e x p e c te d  v a lu e s ,  we se e  t h a t

(E xpec ted  Revenues) = [ B '( A ( p ) / ( C '/ r ) ° ) 1 _P(C , / r ) 0 (4 o ) ]

+ [B *(A (p))1 _P(q o )3

+ [ ( A (p ) / ( C V r ) a )1 "pCov((B+B1 1 (-o /C n ) ; ( C ' / ? ) a (qo-o /C 11) )

+ (A (p ))1 _pCov((B+B1 1 ( -a /C 1 1 ) ; ( ^ o-a /C 1 1 ) ) ] .  ( 5 .2 .1 2 )

The f i r s t  te rm  in  (5 .2 .1 2 )  r e p r e s e n ts  th e  ex p ec ted  t o t a l  e x p e n d itu re  f o r  

K; th e  second  te rm , th e  ex p ec ted  t o t a l  c o s t  o f  q . The sum o f  th e s e  ex­

p r e s s io n s  i s  co n se q u e n tly  th e  t o t a l  ex p ec ted  c o s ts  o f  ru n n in g  th e  x - f irm . 

E xpec ted  p r o f i t s  a r e  th e r e f o r e  c r u c i a l l y  dependen t upon th e  f i n a l  term

o f  ( 5 .2 .1 2 ) ,  th e  c o v a ria n c e  o f  s h i f t s  in  th e  m a rg in a l b e n e f i t  fu n c tio n

M*and s h i f t s  i n  th e  o u tp u t o f  x . O utpu t te n d s  to  in c re a s e  a s  th e  s e l l i n g  

p r i c e  f o r  x in c r e a s e s  i f  t h a t  c o v a r ia n c e  i s  p o s i t i v e ,  even though p e r  u n i t  

f a c t o r  c o s t s  rem ain  c o n s ta n t .  E xpected  re v e n u e s  exceed  ex p ec ted  c o s ts  in  

t h i s  c a s e ,  and th e  f irm  a v e ra g e s  a  p o s i t i v e  p r o f i t .  The o p p o s ite  s i t u a ­

t i o n  o c c u r s ,  how ever, when th e  c o v a ria n c e  i s  n e g a t iv e ;  th e r e  would th e n

if
A lg e b ra ic a l ly  com bining th e  argum ents o f  th e  f i n a l  b ra c k e te d  te rm  

o f  e q u a t io n  (5 .2 .1 2 )  by E u l e r 's  theo rem  a s  s t a t e d  ab o v e , we can  n o te  
t h a t  i t  i s  e q u a l  t o  (C o v ((0 (n ) + B1 1 ( - a /C 1 1 ) ) ; x ( 0 ) ) .
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e x i s t  p re s s u re  on th e  x - f irm  t o  av o id  t h i s  lo s s  s i t u a t i o n  by m anufac­

tu r in g  i t s  own q ,  r e g u la te d  i n t e r n a l l y  by q u a n t i t i e s .  We have a l r e  ’y 

shown t h a t  such in te g r a t io n  would b e  econom ica lly  v i a b l e ,  y ie ld in g  z e ro  

ex p ec ted  econom ic p r o f i t s .

C a re fu l exam in a tio n  o f  th e  c r u c i a l  c o v a rian ce  r e v e a ls  a  p erm anen tly  

n e g a t iv e  sub term :

C o v ( B i i ( ( C V r ) ( - a / C i i ) ) ; ( ( C ' / r ) ( - a / C i i ) ) )  = B ^ V arC C C '/rX -a /C ^ ))  < 0

T his te rm  r e p r e s e n ts  th e  lo s s  caused  by th e  c o r r e l a t i o n  o f  changes in  

o u tp u t and t h e i r  induced  changes in  m a rg in a l b e n e f i t s ;  r e c a l l  t h a t  th e  

a c tu a l  l e v e l  o f  m a rg in a l b e n e f i t s  has  been assumed t o  b e  th e  s e l l i n g  

p r ic e  f o r  x . A s ig n i f i c a n t  p o s i t i v e  c o r r e l a t i o n  betw een o u tp u t changes 

and uninduced  changes in  m a rg in a l b e n e f i t s  would th e r e f o r e  be r e q u ir e d  

t o  c r e a te  p o s i t iv e  ex p ec ted  p r o f i t s .  The m ere independence o f  n and 0 

cou ld  c r e a te  one o f  many p o s s ib le  c irc u m stan c es  in  w hich p r ic e s  c o u ld  

be p r e f e r r e d ,  b u t  f o r  w hich th e  ex p ec ted  economic p r o f i t s  o f  th e  x - f i rm  

cou ld  be n e g a t iv e .  The p r o f i t a b i l i t y  o f  th e  p ro d u c tio n  o f  x can t h e r e ­

fo re  be a  s e r io u s  problem  t h a t  w a rra n ts  f u r th e r  in v e s t ig a t io n .

5 .2 .2 :  V a r ia t io n  i n  th e  P r ic in g  P o lic y  and th e  P r o f i t a b i l i t y  o f  x

The fundam ental assum ption  o f  th e  p rece d in g  a n a ly s i s  has  been  t h a t  

th e  x - f i rm  i s  r e q u ir e d  to  u se  a l l  o f  th e  q t h a t  i s  d e l iv e r e d  to  him . 

O bserve t h a t  th e  p ro d u cer o f  x i s  th e r e f o r e  a b le  t o  compute h i s  K re sp o n se  

t o  q in d ep en d en t o f  th e  p r ic e  t h a t  he  i s  charged  f o r  q ; he sim ply  ta k e s  

th e  d e l iv e r y  o f  q a s  g iv en  and m axim izes th e  expec ted  v a lu e  o f  h i s  o b je c ­

t i v e  fu n c t io n  w ith  r e s p e c t  t o  K. In  t h i s ,  a s  w e ll  a s  i n  th e  p re v io u s
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s u b s e c t io n ,  t h a t  o b je c t iv e  fu n c tio n  i s  s o c i a l  b e n e f i t s ;  i t  w i l l  be 

e x p e c te d  p r o f i t s  i n  th e  n e x t s u b se c tio n . S in ce  th e  K -response  i s  

i n v a r i a n t  t o  o u r  p r ic in g  p o l ic y  on q in  e i t h e r  c a s e ,  we a re  n o t  r e q u ire d  

t o  rew ork th e  p re c e d in g  a n a ly s is  to  e n g in e e r  any p o te n t i a l  p r ic in g  

ch an g e s . Only th e  p r o f i t a b i l i t y  o f  th e  x - f irm  w i l l  r e f l e c t  th e  change.

P e rh ap s  th e  s im p le s t  p ro ced u re  would b e  t o  d e l iv e r  th e  q produced 

u n d er e i t h e r  p r i c e s  o r  q u a n t i t i e s  to  th e  x - f i rm  g r a tu s .  The above 

argum ent im p lie s  t h a t  th e  o p tim a l q u a n t i ty  o rd e r  rem ains 3 Q» th e  o p tim a l 

p r i c e  o rd e r  rem ain s  C' ,  and th e  x re sp o n se  t o  0  under such p r i c e  con­

t r o l  rem ain s

xQ -  (<x/Ci;L) A (p).

T here  i s ,  how ever, an av e ra g e  t r a n s f e r  o f  reven u e  in  th e  amount o f  C 'd o
5

u n d er e i t h e r  p r ic e s  o r  q u a n t i t i e s  from th e  c e n te r  to  th e  x - f i rm . One 

would e x p e c t t h a t  t h i s  t r a n s f e r  would r e n d e r  th e  x - f irm  p r o f i t a b l e ,  

even  g iv e n  th e  c o v a ria n c e  d i f f i c u l t i e s  l i s t e d  above, and th u s  e l im in a te  

th e  p re s s u re  t o  in t e g r a t e  p ro d u c tio n .

A p o l ic y  w ith  l e s s  s e v e re  d i s t r i b u t i o n a l  e f f e c t s  i s  su g g es ted  by 

th e  fo llo w in g  exam ple. Suppose t h a t  th e  c e n te r  were w i l l in g  t o  postpone  

payment f o r  q u n t i l  a f t e r  th e  co rresp o n d in g  x  had been  p roduced  and i t s  

a c t u a l  m a rg in a l v a lu e  known. The c e n te r  co u ld  th e n  ch a rg e  th e  x - f irm  

a p e r  u n i t  f e e  f o r  q p r e c i s e ly  e q u a l t o  th e  a c t u a l  m a rg in a l v a lu e  p ro d u c t 

o f  q  in  p ro d u c in g  x .  A l l  o f  th e  o p tim a l o rd e rs  and o u tp u t re sp o n se s

5F or any 8 , th e  paym ent fo regone  u nder th e  g r a tu s  scheme i s

th e  ex p ec ted  v a lu e  o f  t h i s  t r a n s f e r  i s

c l e a r l y  C'Qo .
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th e n  rem ain  th e  sam e, b u t ex p ec ted  rev en u es  o f  th e  x - f i rm  would d i f f e r  

from  ex p ec ted  c o s t s  by o n ly

Cov(3 + B .. ( (C , / r ) ° ( - a / C 11) ) ;  ( - W ...)1^  ( - a / C . . ) ) ,
11 11 c ’/r)

The tro u b le so m e  c o v a ria n c e  term  h as  been  e s s e n t i a l l y  " c u t  in  h a l f , "  

r e f l e c t i n g  th e  ch a rg in g  o f  a  n o n s to c h a s t ic  p r i c e  f o r  K.

Review ing t h i s  second v a r i a t io n  makes i t  c l e a r  t h a t  th e  d i f f i c u l t y  

i n  th e  p r o f i t a b i l i t y  o f  th e  x - f irm  u n d e r p r i c e  c o n t r o l  l i e s  in  th e  f a c t  

t h a t

(e x p e c te d  m a rg in a l v a lu e  p ro d u c t)  • ( q u a n t i ty  o f  in p u t )  t  

e x p e c te d ((m a rg in a l v a lu e  p ro d u c t)  • ( q u a n t i ty  o f  i n p u t ) ) .

Were th e  c e n t e r  t o  ch a rg e  th e  a c tu a l  m a rg in a l v a lu e  p ro d u c t o f  K f o r  

each  u n i t  o f  K used  in  p ro d u c in g  x ,  th e  p ro d u c tio n  o f  x would n e t  an 

ex p ec ted  econom ic p r o f i t  o f  z e ro  u n d er p r ic e s  as  w e ll  a s  u n d er quan­

t i t i e s .  I f ,  i n  a d d i t io n ,  th e  c e n te r  w ere t o  r e q u i r e  t h a t  th e  ex p ec ted  

v a lu e  o f  th e  a c t u a l  m a rg in a l v a lu e  p ro d u c t o f  K b e  p r e c i s e ly  e q u a l to  r ,  

th e  f i r s t  o rd e r  c o n d itio n  o f  th e  x - f i rm  w ith  r e s p e c t  t o  K would rem ain  

p r e c i s e ly  th e  same and th e  K re sp o n se  t o  q would a l s o  b e  p re s e rv e d .

The p re c e d in g  p a rag rap h s  have re c o rd e d  a  p r ic in g  p o l ic y  t h a t  b o th  

s o lv e s  th e  p r o f i t a b i l i t y  q u e s t io n ,  th e re b y  a l l e v i a t i n g  th e  p r e s s u r e  t o  

i n t e g r a t e ,  and le a v e s  th e  a n a ly s i s  o f  S e c tio n  5 .1  u n a l te r e d .  I t  w i l l ,  

how ever, g r e a t ly  f a c i l i t a t e  t h e  e x p o s i t io n  o f  f u r t h e r  c o m p lic a tio n s  in  

th e  m odel i f  we c o n tin u e  to  ch a rg e  th e  x - f irm  a  p e r  u n i t  ch a rg e  o f  th e

6
T h is  second  c o n d i t io n  g u a ra n te e s ,  in  a d d i t i o n ,  t h a t  th e  ex p ec ted  

re v e n u e s  o f  th e  c e n te r  t h a t  i s  now b u y in g  K a t  r  and s e l l i n g  K a t  th e  
a c t u a l  m a rg in a l v a lu e  p ro d u c t o f  K i n  p ro d u c in g  x a r e  z e ro .

v ; .
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ex p ec ted  m a rg in a l veilue p ro d u c t f o r  q and r  f o r  K. We w i l l  c o n seq u en tly  

m a in ta in  t h a t  p resu m p tio n  th ro u g h o u t th e  rem a in d e r o f  t h i s  c h a p te r .  The 

r e a d e r  sh o u ld  alw ays b e  aw are t h a t  th e  fo llo w in g  a n a ly s i s  i s  e q u a l ly  

v a l i d  u n d er th e  above p r i c in g  schemes t h a t  g u a ra n te e  p r o f i t a b i l i t y .

5 .2 .3 :  P r o f i t  M axim ization  by th e  P ro d u cer o f  th e  F in a l  Good

The p ro d u c e r  o f  th e  f i n a l  good, x ,  h a s  been  assumed th u s  f a r  t o  be  

a  m axim izer o f  s o c i a l  b e n e f i t s .  We w i l l  p r e s e n t ly  ex ten d  th e  a n a ly s is  

t o  m odel a  p r o f i t  m axim izing  p ro d u cer who i s  equ ipped  w ith  o n ly  a  d i s ­

t r i b u t i o n  o f  th e  p r i c e  a t  w hich he can  s e l l  h i s  p ro d u c t.  We assum e, 

in  p a r t i c u l a r ,  t h a t  th e  x -p ro d u c e r  b e l ie v e s  t h a t  th e  p r i c e  o f  x v a r ie s  

w ith  n ( i . e . ,  px = px ( n ) ) ,  and t h a t  n i s  d i s t r i b u t e d  by g ( n ) .  We 

f u r t h e r  p resum e, f o r  th e  moment, t h a t  o u r  p ro d u c e r knows th e  c o r r e c t  

mean o f  p r i c e s :

EB(p x ( n »  5 Px ( n )  g(n)  dn = b* (5 .2 .1 3 )

The o u tp u t re sp o n se s  u n d e r th e s e  c o n d i t io n s  w i l l  now be shown to  be 

p r e c i s e ly  th o s e  re sp o n se s  t h a t  w ere observed  f o r  th e  s o c i a l l y  m o tiv a ted  

p ro d u c e r  o f  S e c tio n  5 .1 .

Were th e  c e n te r  t o  i s s u e  a  q u a n t i ty  o rd e r  o f  to  th e  q - f i r m ,  th e  

p r o f i t  m axim izing K -resp o n se  o f  th e  x - f irm  would be g iv en  by th e  f i r s t  

o r d e r  c o n d it io n  t h a t

EgC(px (n )> (
(y(K «i0 ) ) p+ ( i - r ) q P  )1 /p  1-p 
--------------------------------------- ) ]  = r . (5 .2 .1 * )
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Combining equations (5 .2 .13 ) and (5 .2 .1 4 ) ,  we note th a t
,P \Up

B*
(Y (K (d  ) ) P+ (1 -Y )^ )1/P ,|.(--------2------------- 2----- ji-P = r .

K(qo )

E q u a tio n  ( 5 . 2 . 3 ) '  th e n  g u a ra n te e s  t h a t

m Q) = Ko = (C W r f

t h e  p r o f i t  m axim izing re sp o n se  to  3  rem ains i n t a c t ,  and

Eg[ (p x ( n ) ( A ( p ) / ( C '/ f ) 0 )1" p ]  = r . ( 5 .2 .1 4 ) '

E q u a tio n  ( 5 .2 .1 4 ) '  can be  used  to  d e te rm in e  th e  K -response  u nder 

o p tim a l p r i c e  c o n t r o l  o f  q . F o r any g iv e n  p r i c e  o r d e r ,  th e  re sp o n se  o f  

t h e  q - f irm  i s  a g a in  summarized by

h(P,e) = a + (Ê i£L).
o  t l l

The K -resp o n se  o f  th e  x - f irm  i s  th e n  d e f in e d  by

EgC(px(n ) ) ( l x (K (h (p ,6 A )A ( i- r ) (h (P ,8 ) )<-)^ .)l -p :i .  r  (5 . 2 . 15)

E q u a tio n  ( 5 .2 .1 5 )  re d u c e s  t o  ( 5 .2 .1 4 ) '  o n ly  i f

K (h (p ,6 ) )  = ( C ' / r ) a  h (p ,0 )

and  th e  o p tim a l p r i c e  o r d e r ,  p,  i s  a g a in  d e f in e d  by e q u a tio n  ( 5 .2 .1 1 ) .  

The o p tim a l p r i c e  o rd e r  rem ain s  C' ,  a s  a  r e s u l t , and

q(e) = 4o -  a ( 0 )/C 1 1 ;

K(6 ) = £ -  ( C ' / r ) a ( o ( e ) / C . . ) .
O J.JL
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The p i-o f i t  m axim izing re sp o n se s  a r e  th u s  p r e c i s e ly  th e  s o c i a l l y  o p tim a l 

re sp o n se s  d e r iv e d  in  th e  p re v io u s  s e c t io n .

The p r o f i t a b i l i t y  problem  th a t  e x i s t s  under th e  c u r r e n t  in p u t 

p r i c in g  scheme i n h e r i t s  a  second dim ension  in  t h i s  c a s e : th e  s u b je c t iv e

e x p ec ted  p r o f i t a b i l i t y  o f  th e  x - f irm  a s  viewed by th e  p ro d u cer o f  x ,  

h im s e lf .  We can  in f e r  from e q u a tio n  (5 .2 .1 2 )  t h a t  ex p ec ted  p r o f i t s  

u n d er p r ic e  c o n t r o l  o f  q depend c ru c ia l ly ,  on th e  s u b je c t iv e  c o v a ria n c e  

o f  px (n )  and x ( 6 ) = ($  -(oC O J/C jj^M A  ( p ) ) ) .  Were th e  x -p ro d u c e r  t o  

f e e l  t h a t  t h i s  c o v a ria n c e  i s  n e g a t iv e ,  he would ex p ec t su b zero  p r o f i t s  

and e x p e rie n c e  p re s s u re  t o  avo id  such c o n t ro l  o f  q . I t  sh o u ld  be  c l e a r ,  

how ever, t h a t  th e  in p u t p r ic in g  scheme o u t l in e d  a t  th e  end o f  th e  l a s t  

s u b s e c tio n  w i l l  s o lv e  n o t o n ly  th e  a c tu a l  p r o f i t a b i l i t y  p rob lem , b u t 

a l s o  t h i s  s u b je c t iv e  p r o f i t a b i l i t y  prob lem .

The assu m p tio n  th a t  th e  x - f irm  p o s se s se s  th e  c o r r e c t  p r ic e  mean 

i s  n o t  a s  r e s t r i c t i v e  as  i t  m ight i n i t i a l l y  seem. T here do e x i s t  

p o l ic y  o p tio n s  f o r  th e  c e n te r  t h a t  w i l l  n e u t r a l i z e  th e  e f f e c t s  o f  an 

in c o r r e c t  mean t h a t  l i e  w e ll  s h o r t  o f  p ro v id in g  th e  c o r r e c t  d i s t r i b u t i o n  

in  i t s  e n t i r e t y .  Suppose, f o r  exam ple, t h a t

Were th e  c e n te r  t o  a s s e r t  t h a t  th e  p e r  u n i t  c o s t  o f  K would be

Cr -  (B*-Px ) ( A ( p ) / ( c V ? ) a ) 1‘ p] -  A,

r a t h e r  th a n  sim p ly  r ,  th e  f i r s t  o rd e r  c o n d it io n  w ith  w hich th e  x - f i rm  

d e te rm in e s  i t s  K -response t o  Qo would become
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( y (K (8  ) )  + ( 1 - y ) ( 3  ) ) .  A
E9 [ ( p ( D ) ) ( ---------- 2----------^-----1°---------- )1 -P ]  = A. (5 .2 .1 6 )

g *  (C W r f

I n s e r t i n g  K(Qq ) = ( C ' / r ) ff̂ o in to  (5 .2 .1 6 )  confirm s t h a t  th e  s o c i a l l y  

o p tim a l K -response  has been  p re s e rv e d . A s im i la r  argum ent ex ten d s  t h i s  

c o n c lu s io n  t o  p r i c e  c o n t r o l s ,  a s  w e l l .

H aving d em o n stra ted  a  p o l ic y  t h a t  w i l l  n e u t r a l iz e  th e  e f f e c t s  o f  

an  in c o r r e c t  p r i c e  mean when th e  c e n te r  knows o f  th e  e r r o r ,  we c lo s e  

t h i s  s u b s e c tio n  by a sk in g  w hat such  knowledge has a llow ed  th e  c e n te r  t o  

a v o id .  We, t h e r e f o r e ,  assume t h a t  th e  c e n te r  supposes t h a t  th e  x -p ro d u c e r  

p o s s e s s e s  th e  c o r r e c t  mean when, in  f a c t ,  he does n o t .  The o p tim a l quan­

t i t y  o r d e r  h a s  been  shown t o  b e  , b u t th e  K -response t o  i s  d e t e r ­

m ined by s o lv in g  th e  a n a lo g  t o  e q u a tio n  ( 5 .2 .1 4 ) :

<Y(K ( 4  ) ) p+ Q - p ) « i  ) P ) 1 / P
p (-------! _ 2 -----------------2------------P= r . ( 5 .2 .1 4 ) "

K (3 ) e o

T here  e x i s t s  a  p o s i t i v e  r e a l  number e such t h a t  

K (d ) = eK = c ( C ' / r f  Q ;
G O O • O

we th u s  taiow from  ( 5 .2 .1 4 ) "  t h a t

,  , W r i W > ' i - r ) ) 1/ V -> .  r  ( 5 .2 .3 .7  )
X e (C ' / r )

The o p tim a l p r i c e  o rd e r  i s  m eanwhile p = C ',  and th e  K -response t o  q ( 6 ) 

i s  g iv e n  by

(YKe. ( 5 ( 0 ) ) p+ ( l - Y ) ( i l ( e ) ) p );L/p . A
P ( E--------------------------------------------------= r . (5 .2 .1 8 )

K ( 5 ( 8 )
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H ere Kg (0 )  = e ( C '/ r ) ° q ( 0 ) ,  e q u a tio n  (5 .2 .1 8 )  would re d u c e  t o  e q u a tio n  

(5 .2 .1 7 )  and e q u a l i ty  would b e  a s s u re d .  He co n c lu d e  t h a t

K (0 )  = eK -  e ( C '/ ? ) a ( a (0 ) /C 11) = eK (0 ). e o IX

The p ro d u c tio n  o f  x  u n d er e i t h e r  mode o f  c o n t ro l  i s ,  a s  sh o u ld  be ex­

p e c te d ,  su b o p tim a l. The d e te rm in a tio n  o f  th e  r e l a t i v e  m e r i ts  o f  p r ic e s  

and q u a n t i t i e s  in  t h i s  c o n d i t io n  re m a in s , n o n e th e le s s ,  a s i g n i f i c a n t  

q u e s t io n .

5 .2 .4 :  The O utpu t D is to r t io n

He have th u s  f a r  ig n o re d  th e  p o t e n t i a l  i n a b i l i t y  o f  th e  p ro d u cer 

o f  q t o  f u l f i l l  a  q u a n t i ty  o rd e r  e x a c t ly .  To c o r r e c t  t h i s  o m iss io n , 

we w i l l  now in t ro d u c e  th e  f a m i l i a r  o u tp u t d i s t o r t i o n  in to  a  model in  

w hich th e  p ro d u c e r  o f  x m axim izes s o c i a l  b e n e f i t s  and i s  charged  th e  

e x p e c te d  m a rg in a l v a lu e  p ro d u c t f o r  q .  The q u a n t i ty  d e l iv e re d  t o  th e  

x - f i r m ,  q ^ ,  i s  assum ed t o  b e  a d d i t i v e l y  r e l a t e d  t o  th e  q u a n t i ty  o rd e re d , 

q ^ , a s  f o l lo w s :

qd = qp + *(C).

The c o s t  fu n c t io n  m ust a l s o  r e f l e c t  th e  a d d i t io n  o f  t h i s  d i s t o r t i o n  

and i s  r e p r e s e n te d  i n  ap p ro x im atio n  by :

C(q,0,£) = a (0 ,O  + (C '+a(0 ,O )(q-4o) + J  ^ ( q - ^ ) 2.

He n eed  w orry  o n ly  a b o u t a  change in  th e  o p tim a l q u a n t i ty  o r d e r ,  s in c e  

4 ( 0  e f f e c t s  o n ly  th e  q u a n t i ty  mode. The o p tim a l p r i c e  o rd e r  f o r  q 

rem ain s  C ' ,  w h ile  th e  o u tp u t re sp o n s e  o f  th e  x - f irm  i s  s t i l l
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5 1 ( 0 , 5 )  = ( $ Q -  a ( e , 5 ) / C u ) A ( p ) .

The c e n te r  w i l l  d e te rm in e  th e  o p tim a l q u a n t i ty  o r d e r ,  q ^ , by

m axim izing  ex p ec ted  b e n e f i t s  minus ex p ec ted  c o s t s .  The f i r s t  o rd e r

c o n d i t io n  t h a t  i t  th e r e f o r e  c o n f ro n ts  i s :

(Y (K (ai (C ) ) )P+ ( l - Y ) ( ^ ( 5 ) ) P )1 /P  i - p a„
E [((B »+ e(n)+B 1 1 ( a , ( o - a  ) ) ( ( ---------- ------------------------2---------------->

1 1  d °  K(^d ( 5 ) )  3<*

( y ( k ( ^ ( 5 ) ) ) p + ( i - y ) ( ^ ( 5 ) ) p ) 1 / p i - p
+ (---------- 2 ------------------------2 --------------- ) ) ]  .  r

-  (C* + a  + C1;L ( ^  + ♦ (? )  -  qo ) )  = 0 .

The x - f i rm  w i l l  meanwhile s e l e c t  i t s  K -response t o  a  d e l iv e r y  o f  ^ + $ ( 5 )  

by s o lv in g  '

E [ ( B ' + B ( n )  +  B1 1 (<Y(K(Qp+ < K e ) ) ) P + ( 1 - Y ) ( ^ p + 4 * ( 5 ) ) P ) 1 / P  -  §Q A < p ) ) 3

Y(K(3 + * (5 ) ) )P+ (1 -Y )(a  + * (5 ) )P )1/P  1-p
x  [  -E--------------------------- -E--------------------]  = r . ( 5 . 2 . 2 0 )

K ( ^ + * ( 5 »

Were we t o  a s s e r t  t h a t  ^  -  E $(£) and

K (^**(5)) = (C, / r ) ° ( a p+'K5)),

th e n  e q u a t io n s  ( 5 .2 .1 9 )  and (5 .2 .2 0 )  would re d u c e  t o

B '(A (p ) )1”p = C ',  and ( 5 .2 .1 9 ) 1

B, (A (p )/C , / ? ) ° ) 1~P « r .  ( 5 .2 .2 0 ) '

The v a l i d i t y  o f  th e s e  l a s t  tw o e q u a tio n s  i s  g u a ran teed  by e q u a tio n s
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( 5 .2 .3 ) 1, and we have found th e  optim al q u an tity  o rder:

4p = %  -  E # (£ ) , and 4d = -  E4 + M O -

The r e a d e r  sh o u ld  n o te  t h a t  t h i s  a n a ly s i s  i s  v a l id  u nder any o f  

th e  p r i c in g  m odels p re s e n te d  in  th e  p re c e d in g  two s u b s e c t io n s .  The 

p ro d u c tio n  o f  x  w i l l  be

($o  -  E<fr + * (5 ) )  A (p) ,

in  a l l  c a s e s ,  sav e  th e  one in v o lv in g  an u n c o r re c te d  s u b je c t iv e  p r ic e  

d i s t r i b u t i o n  e r r o r  made by a  p r o f i t  m axim izing p ro d u c e r  o f  x .  O utput 

w i l l  be

( 3 o -  E* + * (C )) (Y( e ( C V ? ) ° ) p + ( 1 - y ) ) 1 /p  

in  t h i s '  lo n e  e x c e p tio n .

S e c tio n  5 .3 :  The C om parative Advantage o f  P r ic e s

He w i l l  e x p lo re  th e  co m p ara tiv e  ad v an tag e  o f  p r ic e s  in  th e  c o n te x t 

o f  th e  o u tp u t  d i s t o r t i o n  t h a t  we have j u s t  r e in t r o d u c e d .  I d e n t i c a l  

q u a n t i ty  re sp o n s e s  have  been  d em o n stra ted  i n  a l l  b u t  one o f  th e  v a r io u s  

b e h a v io ra l  and p r i c e  s e t t i n g  com binations  p re s e n te d  in  S e c tio n  5 .2 .  

P o s tp o n in g  th e  e x c e p tio n  u n t i l  th e  end o f  t h i s  s e c t io n  ( th e  p r o f i t  

m axim izing p ro d u c tio n  o f  x  u n d er an  in c o r r e c t  s u b je c t iv e  p r i c e  m ean), 

we can  a s s e r t  t h a t  th e  o p tim a l q u a n t i ty  o rd e r  i s  -  E ( $ ( £ ) ) .

A c tu a l d e l i v e r i e s  o f  q a r e  th e n

^ ( O  = 4p + * ( e ) ,
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and th e  o u tp u t o f  th e  f i n a l  good i s  s p e c if ie d  by

8 (5 )  = A(p)(§da ) ) . (5 .3 .1 a )

The o p tim a l p r ic e  o rd e r  i s  meanwhile C1, so  th a t

3 ( e ,€ )  ~ ~ ( a ( e ,5 ) /C i;L) ,  and

8 ( 9 , 5 )  = ( 3 ( 6 , 5 ) )  A(p) . (5 .3 .1 b )

The com para tiv e  advan tage  o f  p r ic e s  i s  now com putable:

A(p) = y  Bu  ( V a r (S (9 ,5 ) ) -V a r (8 (5 ) ) )  + Cov ( 0 ( n ) ; U - a ) )

+ y cU  (Var(q(9,5))+Var(3d( 5 ) ) )  -  Cov(a(0 ,5 ) ;qd( 5 ) ) .  ( 5 . 3 . 2 )

The te rm s on th e  c o s t  s id e  o f  ( 5 .3 .2 )  a r e  a l l  f a m i l i a r  from C hap ter Two. 

The b e n e f i t  s id e  i s  e q u a l ly  f a m i l i a r  when we r e c a l l  t h a t  o n ly  th e  f i n a l  

good i s  r e g i s t e r e d  in  th e  b e n e f i t  fu n c t io n .  V a r ia t io n  in  th e  o u tp u t o f  

q m ust be t r a n s l a t e d  in t o  v a r i a t io n  in  th e  o u tp u t o f  x b e fo re  i t s  e f f e c t  

on th e  l e v e l  o f  ex p ec ted  b e n e f i t s  i s  re c o rd e d . The b e n e f i t  s id e  o f  

• ( 5 .3 .2 )  th e r e f o r e  com pares th e  lo s s e s  o r  g a in s  in  ex p ec ted  b e n e f i t s  

c r e a te d  by t h i s  induced  v a r i a t i o n  i n  x u nder b o th  modes o f  c o n t r o l ,  in  

th e  c o n te x t o f  a  random ly s h i f t i n g  m arg in a l b e n e f i t  s c h e d u le . The more 

d e t a i l e d  i n t e r p r e t a t i o n  found i n  th e  second c h a p te r  i s  th u s  p e r f e c t ly  

a p p l ic a b le .

He can  ex p re ss  e q u a tio n  ( 5 .3 .2 )  e n t i r e l y  in  te rm s o f  q by em ploying 

e q u a tio n s  ( 5 .3 .1 ) :
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A(p) = i - B i:L (A (p ) 2  (V a r (q (0 ,5 ) )  -  V ar(qd( 5 ) ) )

+ A (p) C o v (8 (n );q d (5 ) -q (6 ,C )V  -  C ov(a(0 , 5 ) 5^ ( 0 )

+ | ci ;l (V a r(q (0 ,5 ) )  + V a rC q ^ S ) ) ) .  (5 .3 .2 )*

The e l a s t i c i t y  o f  s u b s t i t u t i o n  between K and q ap p ea rs  o n ly  in  th e  

m u l t i p l i c a t i v e  f a c t o r  A (p ); i t  i s  th e  same f a c t o r  t h a t  t r a n s l a t e s  

q u a n t i t i e s  o f  th e  in te rm e d ia te  good in t o  q u a n t i t i e s  o f  th e  f i n a l  good. 

E q u a tio n  ( 5 . 3 . 2 ) '  s t r o n g ly  su g g e s ts  t h a t  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  

th e re b y  d e te rm in e s  th e  im portance  o f  th e  b e n e f i t  s id e  o f  th e  p r ic e s  

v e rs u s  q u a n t i t i e s  d is c u s s io n .  We now i n i t i a t e  an in v e s t ig a t io n  o f  t h i s  

seco n d a ry  i n t e r p r e t a t i o n  by re v ie w in g  th e  two ex trem e c a s e s  w ith  which 

we m o tiv a te d  t h i s  e n t i r e  c h a p te r .

We a rg u ed  in  S e c t io n  5 .1  t h a t  when K and q a r e  p e r f e c t  s u b s t i t u t e s ,  

t h e  o u tp u t o f  x  w i l l  rem ain  c o n s ta n t  even a s  q v a r i e s .  T h is  c o n c lu s io n  

i s  t r u e ,  o f  c o u rs e ,  r e g a r d le s s  o f  th e  so u rc e  o f  th e  v a r ia t io n  in  q ,  and 

t h u s ,  r e g a r d le s s  o f  t h e  mode o f  c o n t r o l  p la c e d  on q . The com para tive  

a d v an tag e  o f  p r i c e s  would th e r e f o r e  be t o t a l l y  v o id  o f  a  b e n e f i t  s id e :

A (p= l) = | ci ;l (V a r($ (0 ,5 ))+ V a r(4 d ( 5 ) ) )  -  C o v t e O . O j ^ U ) ) .

O nly t h e  l a s t  te rm  can  b e  n e g a t iv e  and t h a t  o n ly  when th e  m a rg in a l c o s t  

s c h e d u le  and th e  o u tp u t d i s t o r t i o n  a r e  p o s i t i v e l y  c o r r e l a t e d .  The f i r s t  

te rm  r e g i s t e r s  th e  alw ays p o s i t i v e  n e t  b i a s  o f  th e  e f f i c i e n c y  g a in  under 

p r i c e s  com bined w ith  t h e  in c re a s e  in  ex p e c te d  c o s ts  due t o  th e  r e s u l t i n g  

v a r i a t i o n  i n  o u tp u t .  T here i s  no c o u n te rb a la n c in g  e f f ic ie n c y  g a in  tinder 

q u a n t i t i e s ,  so  th e  second  v a r ia n c e  te rm , th e  in c r e a s e  i n  ex p ec ted  c o s ts  

due t o  o u tp u t  v a r i a t i o n  under q u a n t i t i e s ,  i s  a l s o  a  p o s i t i v e  b ia s  tow ard

ĵ £;v
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p r i c e s .  A (p=l) i s  th e re f o r e  q u i t e  l i k e l y  t o  be p o s i t i v e ,  e s p e c i a l l y  

when C1X i s  l a r g e .  F or o u r p r e s e n t  p u rp o se s , how ever, t h i s  o b s e rv a tio n  

i s  overshadow ed by th e  r e s u l t  t h a t  p e r f e c t  s u b s t i t u t i o n  o f  in p u ts  has 

caused  th e  b e n e f i t  s id e  o f  th e  com para tive  ad v an tage  to  d is a p p e a r .

The f ix e d  c o e f f i c i e n t s  c a s e  was a l s o  n o te d  i n  S e c tio n  5 .1 ;  r e c a l l  

t h a t  when th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  i s  z e r o ,  x = ( l - y ) q .  The

co m p ara tiv e  ad v an tag e  o f  p r ic e s  under th e s e  c irc u m sta n c e s  i s

A(p = » ) = j  Bn  (1 - y ) 2  [V ar q -  Var

+ ( i - y ) C ov(e(n);Q d -  $)

+ j  C1]L (V ar 3 + Var §d > -  C ov(g (n) ;§d ) .

The b e n e f i t  s id e  has  been  m o d ified  by pow ers o f  (1 - y ) ,  and s in c e  

(1 —y )' < 1 *  th e  im p o rtan ce  o f  t h e  b e n e f i t  s id e  i s  s t i l l  d im in is h e d . T h is  

d e c r e a s e ,  t o  b e  s u r e ,  i s  th e  r e s u l t  o f  th e  t r a n s l a t i o n  o f  o u tp u t v a r i a ­

t i o n  i n  q  t o  sm ellier o u tp u t v a r i a t i o n  in  x ; i . e . ,  a  one u n i t  change in  

th e  p ro d u c tio n  o f  q w i l l  cau se  a  ch an g e . in  th e  p ro d u c tio n  o f  x o f  l e s s  

th a n  one u n i t .  Both i n t e r p r e t a t i o n s  c l e a r ly  show p ro m ise , b u t th e  

tro u b le so m e  in te rm e d ia te  c a se s  a r e  s t i l l  t o  be c o n s id e re d .

The d i f f i c u l t y  w ith  th e  in te rm e d ia te  c a se s  l i e s  n o t i n  th e  d e t e r ­

m in a tio n  o f  th e  com para tiv e  ad v an tag e  o f  p r i c e s ,  b u t  r a t h e r  in  th e  

d e te rm in a tio n  o f  th e  e f f e c t  on th e  com para tive  ad v an tag e  o f  a  change in  

th e  e l a s t i c i t y  o f  s u b s t i t u t i o n .  The p re v io u s  a n a ly s i s  i s  v a l id  f o r  an 

a r b i t r a r y  v a lu e  o f  p , and th u s  f o r  an a r b i t r a r y  v a lu e  o f  o , b u t  th e s e  

v a lu e s  w ere s p e c i f i e d  a t  th e  o u t s e t . The .ap p ro x im a tio n s  t h a t  we p e r ­

form ed r e q u i r e  t h a t  th e s e  v a lu e s ,  once s p e c i f i e d ,  rem ain  f ix e d .  He now
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c a l l  t h a t  th e  v a lu e  pQ, t o  em phasize t h a t  th e  p o in t s  around w hich th e  

ap p ro x im atio n s  were made c l e a r l y  depend on pQ.  As we now change th e  

e l a s t i c i t y  o f  s u b s t i t u t i o n ,  we c o n tin u e  to  u se  th e  p re v io u s  approxim a­

t i o n s  and r e q u i r e ,  f o r  th e  sak e  o f  com parison , t h a t  th e  change be 

a f f e c te d  s o  t h a t  th e  o p tim a l l e v e l  o f  q -p ro d u c tio n  i s  h e ld  a t  The

K -response  f o r  th e  x - f i rm  to  f o r  any p ,  i s  th e n  '

Kqq = ( C V r ) ° (p) Qo * Ko  (<r(p) = ( 1 / 1 - p ) ,  

and t h e  o u tp u t  o f  x  becomes

* o  = 4 0 (Y < C V ? )p a ( p )  + <1-Y )1 /P  = D ( p ) .

The o p tim a l p r i c e  o r d e r ,  how ever, rem ains  p = C*, so  t h a t  

5 < 0 ,O  = 50  -  ( a C e . O / c ^ ) ,

Kp ( e ,5 )  = (C V r ) a (p )  5 ( 6 , 0 ,  and 

*p ( 0 , O  = 5 ( 6 , 0  D (p).

The o p tim a l q u a n t i ty  o rd e r  u n d er th e  o u tp u t d i s t o r t i o n  i s  s im i la r ly  

5p = 5 0  -  E (* C O ), so  t h a t

5d = 5p + ♦ < « ;

Kp ( 0  = (C V ? )° (P ) 5 , j ( 0 ;  and

V 5 )  = V 5 )  D ( p ) *

The co m p ara tiv e  a d v a n ta g e  can now be ex p ressed  in  e x a c t ly  t h e  same form 

a s  b e f o r e ,  b u t  i t  s ta n d s  v a l id  f o r  any e l a s t i c i t y  o f  s u b s t i t u t i o n  in
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th e  neighborhood  o f  ( l / ( l - p o ) ) :

M p / p o ) = | bi ;l (D (p ) )2 (V ar(^ (9 ,5 ) )  -  Var(^d<C))

+ D(p) Cov(0(n)s  -  q) -  Cov(a(0 ,C);  §d)

+ y c U  (V ar(q (0 ,£ ) )  + Var($d( 5 ) ) ) .  ( 5 . 3 . 3 )

I t  re m a in s , t h e r e f o r e ,  o n ly  t o  compute th e  e f f e c t  on D(p) o f  a  

change in  p :

-  ( l / p 2 ( l-p ) )D (p )  [ t n ( Y(C V ? )p 0 (p ) + ( 1 - y ))D

(Y ( C '/ r ) p a ( p ) ) [ i n C C '/ r ) ] .  (5.3.1*)

The s ig n  o f  e q u a tio n  ( 5 . 3 . 4 ) ,  and th u s  th e  d i r e c t io n  o f  th e  e f f e c t  o f  

t h e  change in  p ,  depends c r u c i a l l y  on th e  s ig n s  o f  th e  lo g a r i th m ic  

te rm s . T ab le  5 .1  sum m arizes th e s e  s ig n s  f o r  th e  v a r io u s  c a s e s .

T ab le  5 .1  

The S ign  o f  (3 D (p )/3 p )

(C '/? )> 0 ( C '/ r ) < 0
Term 0 <p<l p < 0 0 <p<l p < 0

tn< Y < C '/?)p a (p )+ ( l -Y ) ) (+) ( - ) ( - ) (+ )

A n (C '/r ) (+) (+ ) ( - ) ( - )

(3 D (p )/3 p ) ( - ) (+ ) ( - ) (+ )

He can  i n f e r  from  th e  t a b l e  t h a t  when 0  < p < 1 , an in c r e a s e  in  th e

e l a s t i c i t y  o f  s u b s t i t u t i o n  w i l l  c au se  a  d e c re a se  in  th e  D(p) c o e f f i c i e n t .  

The o u tp u t e f f e c t  o f  v a r i a t i o n  in  th e  d e l iv e r i e s  o f  th e  in te rm e d ia te

. . .  . • • '
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good a re  seen  t o  d im in ish . T h is  co n c lu s io n  i s  q u i te  c o n s is te n t  w ith

o u r o b s e rv a tio n  t h a t  p e r f e c t  s u b s t i t u t e s  a llo w  $o to  be p roduced in  a l l

s t a t e s  o f  n a tu r e .  We can c e r t a in ly  view  t h i s  a s  a  d e c re a se  in  th e

im p o rtan ce  o f  th e  b e n e f i t  s i d e , c e t e r i s  p a r ib u s , and n o te  t h a t  t o  th e
7

e x te n t  t o  which th e  c o s t  s id e  te n d s  t o  fa v o r  p r i c e s ,  i t  c r e a te s  a  p o s i t i v e

b ia s  f o r  p r ic e  r e g u la t io n .  The o p p o s ite  c o n c lu s io n  i s  drawn when p < 0 .

The o u tp u t e f f e c t  o f  d e l iv e ry  v a r i a t i o n  in c re a s e s  from th e  f a c t o r  o f

( 1 - y )  when K and q a r e  n o n - s u b s t i tu t a b le , and th e  im portance  o f  th e

b e n e f i t  s id e  in c r e a s e s .  The K -response  o f  th e  x - f irm  a c c e n tu a te s ,  r a t h e r

th a n  a l l e v i a t e s ,  th e  e f f e c t s  o f  q - v a r ia t io n  in  t h i s  c a se  when p < 0 .

The o u tp u t e f f e c t  o f  d e l iv e ry  v a r i a t io n  o b v io u s ly  re a c h e s  a  maximum
0

i n  th e  Cobb-Douglas c a se  in  w hich

x = ( y C '/ ( l - y ) r ) Y q . ( 5 .3 .5 )

The v a r i a t io n  in  d e l iv e r i e s  o f  th e  in te rm e d ia te  good i s  th e r e f o r e  exag­

g e ra te d  in  v a r i a t io n  o f  x  when yC' > ( 1 - Y > r ,  reduced  when yC ' < ( l - y ) r ,  

and  t r a n s f e r r e d  i n t a c t  when yC ' = ( l - y ) r .  We n o te  t h a t  i t  i s  th e re b y

We argued  s e v e r a l  p a rag rap h s  above t h a t  i t  i s  q u i t e  l i k e l y  t h a t  
t h e  c o s t  s id e  be  p o s i t i v e .

0
E q u atio n  ( 5 .3 .5 )  can be d e r iv e d  d i r e c t l y  by n o tin g  t h a t  

J J j  £n(D (p) = (1 /p )  in  (y (y C V ( l-Y ) r )p o (p ) + (1 -y ) )

S y in  ( y C '/ ( l - y ) r )

( u s in g  L 1 H o s p i ta l 's  r u l e ) .  Thus

D(p) = ( y C '/ ( l - y ) r ) Y.
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p o s s ib le  t h a t  th e  v a r i a t i o n  in  th e  o u tp u t o f  th e  f i n a l  good w i l l  n e v e r  

exceed  t h a t  o f  th e  in te rm e d ia te  good, r e g a r d le s s  o f  th e  e l a s t i c i t y  o f  

s u b s t i t u t i o n  o f  th e  p ro c e s s  t h a t  c r e a te s  x from q .

We sh o u ld  a l s o  n o te ,  b e fo re  te rm in a t in g  t h i s  s e c t io n ,  t h a t  a l l  o f  

th e  c o n c lu s io n s  t h a t  were developed  in  th e  p re v io u s  c h a p te rs  co n ce rn in g  

th e  extrem e v a lu e s  o f  and a r e  s t i l l  v a l i d .  The co m para tive  ad­

van tag e  when th e  p r o f i t  m axim izing p ro d u cer o f  x u se s  th e  wrong p r i c e  

d i s t r i b u t i o n  i s  a l s o  a  f a m i l i a r  r e s u l t ;  th e  b e n e f i t  s id e  would th e n  

c o n ta in  b o th  th e  second moment and th e  r e le v a n t  c o v a r ia n c e s  m easured 

around th e  in c o r r e c t l y  computed mean. N e ith e r  o f  th e s e  fined , o b se rv a ­

t i o n s  i s  s u r p r i s in g ,  so  th e y  a r e  re c o rd e d  w ith o u t f u r t h e r  j u s t i f i c a t i o n .

S e c tio n  5.*»: The R ole o f  In v e n to r ie s

No d is c u s s io n  o f  a  v e r t i c a l  p ro d u c tio n  p ro c e s s  would be com plete

w ith o u t a t  l e a s t  a  b r i e f  d is c u s s io n  o f  in v e n to r ie s  and t h e i r  e f f e c t s .

T h e ir  in f lu e n c e ,  in  ou r d i s c u s s io n ,  i s  t o  red u ce  th e  v a r i a t io n  in  th e

amount o f  q  d e l iv e r e d  to  th e  x - f i r m ,  th e re b y  re d u c in g  th e  v a r i a t io n

in  th e  o u tp u t o f  x ,  i t s e l f .  I t  w ould , in  f a c t ,  be p o s s ib le  t o  m a in ta in

th e  s to r e  o f  q  so  t h a t  d co u ld  be d e l iv e r e d  in  a l l  s t a t e s  o f  n a t u r e .o

T h a t s to r e  c o u ld  be  m a in ta in e d  i n d e f i n i t e l y ,  s in c e

E (40  "  = E (d 0  -  E# + H O )  = d0 -

In  t h i s  ex trem e c a s e ,  xq would alw ays b e  p roduced r e g a r d le s s  o f  th e  

o u tp u t o f  th e  q - f i r m ,  and v a r i a t io n  in  th e  p ro d u c tio n  o f  q would b e  

r e f l e c t e d  in  th e  c o s t  s id e  a lo n e . T h is  c irc u m s ta n c e  was d is c u s s e d  

f u l l y  i n  th e  p e r f e c t  s u b s t i t u t i o n  ca se  o f  S e c tio n  5 .3 .  We sh o u ld  a l s o
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n o te ,  in  p a s s in g ,  t h a t  s in c e  would be d e l iv e r e d  in  a l l  s t a t e s  o f  

n a t u r e ,  th e  x - f irm  i s  a s su re d  t h a t  ex p ec ted  c o s ts  w i l l  n e v e r  exceed 

ex p ec ted  re v e n u e s , even u nder ex p ec ted  m a rg in a l v a lu e  p r ic in g .

The m a in tenance  o f  p o s i t iv e  in v e n to r ie s  im p ly , o f  c o u rs e ,  a  lo s s  

in  fo reg o n e  consum ption , and i t  i s  u n l ik e ly  t h a t  l e v e l s  s u f f i c i e n t  t o  

g u a ra n te e  a  c o n s ta n t d e l iv e ry  o f  would b e  o p tim a l. To th e  e x te n t  

t h a t  in v e n to r ie s  a t  any l e v e l  d im in ish  th e  v a r ia t io n  in  d e l i v e r i e s ,  

how ever, th e y  d im in ish  th e  im portance  o f  th e  b e n e f i t  s id e  o f  th e  com­

p a r a t iv e  ad v an tag e  o f  p r i c e s .  As a  r u l e ,  th e r e f o r e ,  p r ic e s  become more 

p r e f e r r e d ,  o r  q u a n t i t i e s  l e s s  p r e f e r r e d ,  a s  th e  l e v e l  o f  in v e n to r ie s  

in c r e a s e s .  O bserve f i n a l l y  t h a t  an in c re a s e  in  th e  number o f  im p e r fe c t ly  

c o r r e l a t e d  f irm s  p ro d u c in g  q w i l l  c r e a te  th e  v e ry  same e f f e c t .  The d e­

c re a s e  in  th e  v a r i a t i o n  o f  t o t a l  o u tp u t o f  q a s  t h a t  number in c re a s e s  

was a  p rim ary  r e s u l t  o f  th e  t h i r d  c h a p te r .

S e c tio n  S .5: C onclu sions

We have seen  t h a t  th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  a f f e c t s  o n ly  th e  

d eg ree  t o  w hich th e  v a r i a t io n  o f  th e  in te rm e d ia te  good i s  t r a n s l a t e d  

i n t o  th e  v a r i a t i o n  in  th e  o u tp u t o f  th e  f i n a l  good. R a th e r th a n  fa v o r in g  

one mode o f  c o n t r o l  o v e r th e  o th e r ,  an  in c re a s e  ( e . g . )  in  t h a t  e l a s t i ­

c i t y  w i l l  in c r e a s e  o r  d e c re a se  th e  im p o rtan ce  o f  th e  b e n e f i t  s id e  o f  th e  

com parison o f  p i s  l e s s  th a n  o r  g r e a t e r  th a n  zero. I m p l i c i t  i n  t h i s  

r e s u l t  i s  t h e  c o r o l l a r y  t h a t  maximum t r a n s l a t i o n  o f  v a r i a t i o n  o ccu rs  

when th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  i s  u n i ty .

The p r o f i t a b i l i t y  o f  p ro d u c in g  th e  f i n a l  good was a  seco n d ary  

i n t e r e s t  b ecau se  n e g a t iv e  expec ted  p r o f i t s  cou ld  c r e a te  p r e s s u re  f o r
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a tte m p t in g  t o  av o id  any r e g u la t io n  o f  th e  in p u t by in te g r a t i n g  i t s  

p ro d u c tio n  i n t o  th e  f i n a l  p ro d u c tio n  p ro c e s s .  P r ic in g  p o l i c i e s  were 

d e m o n s tra te d , how ever, t h a t  b o th  e l im in a te  t h i s  d i f f i c u l t y  and le a v e  o u r 

a n a ly s i s  o th e rw is e  i n t a c t .

The r o l e  o f  in v e n to r ie s  was a l s o  b r i e f l y  s tu d ie d .  To th e  d eg ree  

t h a t  in v e n to r ie s  le s s e n  th e  v a r i a t io n  i n  in p u t  d e l i v e r i e s ,  th e  im portance 

o f  th e  b e n e f i t  s id e  o f  th e  p r i c e - q u a n t i t i e s  com parison  i s  d im in ish e d .

An in c re a s e  in  th e  number o f  im p e r fe c t ly  c o r r e la te d  f irm s  p rod u c in g  th e  

in te rm e d ia te  good was found  t o  p roduce th e  same r e s u l t .  T h is  f i n a l  

o b s e rv a tio n  le a n s  h e a v i ly  upon th e  c o n c lu s io n s  o f  th e  t h i r d  c h a p te r .
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C hap ter S ix  

CONCLUDING REMARKS

The p resu m p tio n  t h a t  p r ic e  c o n t r o l s  a r e  g e n e r a l ly  b e t t e r  th a n  quan­

t i t y  c o n t ro ls  has been  shown t o  be a  p o t e n t i a l l y  s e r io u s  e r r o r  in  ju d g e ­

m ent. The r e l a t i v e  m e r i ts  o f  p la c in g  e i t h e r  a  s in g u la r  p r i c e  o rd e r  o r  a  

s in g u la r  q u a n t i ty  o rd e r  on a  p a r t ic u la r -  s e t  o f  goods a re  d e te rm in ed  by 

b o th  th e  m agnitude and th e  n a tu re  o f  t h e  o u tp u t v a r i a t i o n  t h a t  i s  c re a te d  

by th e s e  two p o s s ib le  modes o f  c o n t r o l .  The im pact o f  t h i s  v a r i a t io n  on 

s o c i a l  w e l f a r e ,  and th u s  th e  im portance  o f  th e  p r i c e s - q u a n t i t i e s  com pari­

son , depends upon th e  c u rv a tu re  and in te rd e p e n d e n c e  p a ra m e te rs  o f  th e  

c o s t  and b e n e f i t  fu n c t io n s  f o r  th e  goods i n  q u e s t io n .  We have c l e a r l y  

d em o n stra ted  th e  e x is te n c e  o f  c irc u m sta n c e s  in  w hich p r ic e  c o n t r o l s  a r e  

s i g n i f i c a n t l y  i n f e r i o r  t o  q u a n t i ty  c o n t r o l s . The r e v e r s e  c a s e  . i s , o f  

c o u r s e ,  a l s o  q u i t e  p o s s ib le .

We have asked  a  v e ry  s p e c ia l  second  b e s t  q u e s t io n :  in  th e  fa c e  o f

u n c e r t a in t y ,  i f  a  r e g u la t in g  agency can  i s s u e  e i t h e r  a  s in g le  p r ic e  

o rd e r  o r  a  s in g le  q u a n t i ty  o r d e r ,  w hich one sh o u ld  i t  choose t o  m aximize 

e x p e c te d  s o c i a l  w e lfa re ?  The s in g u la r ,  o n c e - a n d - f o r - a l l  c h a r a c te r  o f  

t h i s  q u e s t io n  h a s  a llo w ed  us t o  fo cu s  o u r  a n a l y t i c  a t t e n t i o n  upon th o s e  

p r o p e r t i e s  o f  p r ic e s  and q u a n t i t i e s  t h a t  have a  d i r e c t  b e a r in g  on t h e i r  

r e l a t i v e  v a lu e  a s  o u tp u t c o n t r o l s .  To th e  e x te n t  t h a t  a g e n c ie s  seek  

s in g u la r  s im p l ic i ty  in  t h e i r  c o n t r o l  o r d e r s ,  ou r a n a ly s i s  i s  a p p l ic a b le  

t o  s e v e r a l  a re n a s  o f  c u r r e n t  p o lic y  d e b a te  in  t h i s  c o u n try ;  o u r  c a s u a l 

au to m o tiv e  i l l u s t r a t i o n  c e r t a in l y  s u g g e s ts  one t im e ly  exam ple. I t  i s ,
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how ever, t h i s  same s p e c i a l i t y  t h a t  l i m i t s  th e  t h e o r e t i c a l  ran g e  o f  ou r 

p r e s e n t  a n a ly s i s .  We c lo s e  o u r  s tu d y ,  t h e r e f o r e ,  w ith  a  cu rso ry  c a ta lo g u e  

o f  th e  d i r e c t io n s  in  w hich f u r th e r  r e s e a rc h  can p ro c e e d , and th e re b y  p la c e  

t h i s  s tu d y  in  i t s  p ro p e r  t h e o r e t i c a l  p e r s p e c t iv e .

O bserve i n i t i a l l y  t h a t  we have n o t y e t  developed  a  model t h a t  ade­

q u a te ly  h an d les  th e  g e n e ra l  p o l lu t io n  problem  w hich m o tiv a ted  o u r d i s ­

c u s s io n  in  th e  I n t r o d u c t io n .  To do s o ,  how ever, we need o n ly  t o  e n v is io n  

such  a  p o l lu ta n t  t o  be a  p o s i t i v e  in p u t  in t o  th e  p ro d u c tio n  o f  a  f i n a l  

good, ast w e ll  as a  n e g a t iv e  e n t ry  i n t o  th e  b e n e f i t  fu n c t io n .  O ther in p u ts  

would th e n  be  th o u g h t t o  s u b s t i t u t e  f o r  th e  p o l lu ta n t  i n  th e  p ro d u c tio n  

p ro c e s s ,  and th e  e l a s t i c i t y  o f  s u b s t i t u t i o n  would r e g i s t e r  th e  ea se  o r  

d i f f i c u l t y  w ith  w hich th e  p o l lu ta n t  co u ld  be c o n t r o l le d .  In  te rm s o f  

o u r  o r i g i n a l  exam ple , th e n ,  we would c o n s id e r  a f f lu e n t  s c ru b b e rs  to  be 

c a p i t a l  s u b s t i t u t e s  f o r  th e  s u l f u r  d io x id e  em iss io n s  o f  a  c o a l-b u rn in g  

power p l a n t .  I f  we i n s e r t  th e  in te rm e d ia te  good o f  th e  C hap ter F ive 

model i n t o  th e  b e n e f i t  f u n c t io n ,  we s h a l l  have c o n s tru c te d  an a n a ly t ic  

framework f o r  w hich t h i s  g e n e ra l p o l lu t io n  ca se  i s  a c c e s s ib le .

A seco n d , more fu n dam en ta l l i m i t a t i o n  c f  o u r a n a ly s is  i s  i t s  p a r t i a l  

e q u i lib r iu m  n a tu re .  In  s p e c ify in g  a  c o s t  f u n c t io n ,  f o r  in s ta n c e ,  we 

t a c i t l y  assume t h a t  th e  p ro d u c e rs  o f  th e  goods t o  be  c o n t ro l le d  e x e r t  

no in f lu e n c e  on th e  f a c t o r  p r ic e s  o f  t h e i r  in p u t s .  T h is ,  o f  c o u rs e , 

need  n o t b e  th e  c a s e ,  and th e  v a l i d i t y  o /  o u r r e s u l t s  in  g e n e ra l e q u i l ib ­

rium  sh o u ld  be  t e s t e d  b e fo re  th e y  a r e  a p p l ie d  to  any la r g e  s e c to r s  o f  an 

economy. An im p o rta n t a re n a  in  w hich t h i s  t e s t  c o u ld  be  conducted  a s  p a r t  

o f  a  d u a l  r e s e a r c h  p r o je c t  would be a  g e n e ra l  e q u i l ib r iu m  com parison o f  

t a r i f f s  and q u o ta s  u n d er in t e r n a t i o n a l  u n c e r ta in ty .
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Ours h as  a l s o  been a  v e ry  s t a t i c  a n a l y s i s .  The ty p e  o f  c o n t r o l  t o  

b e  im posed , a s  w e ll  as  i t s  chosen  l e v e l ,  was de te rm in ed  by th e  c e n te r  

b e fo re  t h e  p ro d u c tio n  p e r io d  began . The c e n te r  was assumed t o  be u n ab le  

t o  change e i t h e r  th e  v a lu e  o r  th e  g en re  o f  th a t  c o n t r o l  as th e  p e r io d  

p ro g re s s e d , even though  th e  a c tu a l  s t a t e  o f  th e  w orld  co u ld  have been 

d e te rm in e d  (o r  a t  l e a s t  th e  number o f  p o s s i b i l i t i e s  l i m i t e d ) .  W hile 

t h i s  may n o t  be a  r e a l i s t i c  fram ew ork, i t  d id  a c c e n tu a te  th e  d i f f e r e n c e s  

betw een p r i c e s  and q u a n t i t i e s  by l e t t i n g  th e  consequences o f  each  ru n  

t h e i r  e n t i r e  c o u rs e . Were we t o  a llo w  t h e  c e n te r  an  a d ju s tm en t p ro c e s s  

f o r  each  mode, we sh o u ld  ex p ec t th e  d i f f e r e n c e s  i n  outcom es betw een th e  

two modes t o  l e s s e n ;  th e  s o c i a l  im pact o f  th e  p r i c e s - q u a n t i t i e s  c h o ic e ,  

t h e r e f o r e ,  would a l s o  be c o rre sp o n d in g ly  d im in ish e d .

A more s ig n i f i c a n t  r e s t r i c t i o n  i s  t h e  c e n t e r 's  c h o ic e  o f  e i t h e r  a  

s in g le  p r i c e  c o n t r o l  o r  a  s in g le  q u a n t i ty  c o n t ro l .  W hile t h i s  s e t  o f  

c h o ic e s  a llo w ed  us t o  in v e s t ig a te  th e  g e n e r a l  p r e f e r e n c e  f o r  p r i c e s ,  i t  

c e r t a i n l y  need n o t c o n ta in  th e  b e s t  f e a s ib l e  r e g u la to r y  scheme. S e v e ra l  

r e c e n t  p a p e r s ,  n o ta b ly  a  p o l lu t io n  c o n t r o l  s tu d y  by M ichael Spence and 

Marc R o b e r ts , * su g g e s t mixed schemes t h a t  a r e  p r e f e r r e d  to  e i t h e r  p r i c e  

c o n t r o l s  o r  q u a n t i ty  c o n t r o l s .  Inasmuch a s  such schem es a re  d i s c r e t e  

s te p s  tow ard  th e  f i r s t  b e s t  co n tin u o u s  co n tin g en cy  o r d e r s , th e s e  a r e  

n o t  s u r p r i s in g  r e s u l t s .  They a r e ,  n o n e th e le s s ,  s i g n i f i c a n t  s te p s  tow ard  

a  g e n e r a l iz a t io n  t h a t  shou ld  be  made. A c a r e f u l  s e a rc h  o f  some s im p le  

c l a s s e s  o f  fu n c t io n s  on p r i c e s - q u a n t i t i e s  space  may pay h ig h  d iv id e n d s

^Jftrc R oberts  and M ichael Spence, " E f f lu e n t  C harges and L icen ses  
u n d er U n c e r ta in ty ."
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in  t h i s  r e g a rd .  He sh o u ld  n o t r u le  o u t ,  how ever, th e  p o t e n t i a l  e x is te n c e  

o f  c irc u m sta n c e s  in  which one o f  o u r p r e s e n t  two c h o ic e s  i s  th e  o p tim a l 

c o n t r o l .

F in a l ly ,  r e c a l l  t h a t  th e  p e r ip h e ry  was assumed t o  be e n t i r e l y  r i s k  

n e u t r a l ,  s im ply  seek in g  to  maximize p r o f i t s .  Here t h i s  n o t th e  c a s e ,  

l i t t l e  would change in  th e  p r i c e s - q u a n t i t i e s  com parison . O utput v a r ia ­

t i o n  u n d er p r ic e s  would s t i l l  emerge a s  one o f  th e  c r u c i a l  d e te rm in a n ts ;  

i t  s im p ly  would n o t  have th e  co n v en ien t fu n c tio n e d  form t h a t  i s  d isp la y e d  

when th e  p e r ip h e r a l  f irm s  a re  a l l  p r o f i t  m ax im izers . As soon as  we g iv e  

th e  p e r ip h e r a l  d e c is io n  m aker a  u t i l i t y  fu n c tio n  and a llo w  him t o  r e a c t  

in  h i s  own b e s t  i n t e r e s t ,  how ever, we open th e  p o s s i b i l i t y  o f  c o n s tru c t in g  

an  in c e n t iv e  fu n c tio n  t h a t  i s  s o c i a l l y  s u p e r io r  t o  e i t h e r  mode o f  c o n t ro l  

d is c u s s e d  h e r e ,  and p e rh ap s even to  th e  p re v io u s ly  su g g es ted  m ixes . A 

s e a rc h  f o r  an  o p tim a l in c e n t iv e  fu n c tio n  in  th e  c o n te x t  o f  u n c e r ta in ty  

co u ld  p roduce  a  u s e f u l  and p o te n t i a l l y  s i g n i f i c a n t  g e n e r a l iz a t io n .
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Appendix A 

PROOF OF LEMMA 4

He w i l l  d e m o n s tra te  th e  ca se  i n  w hich a ( 0 ,5 )  > 0 ,  f i r s t .  S e le c tin g  

( 0 ,5 )  a r b i t r a r i l y  and draw ing AB p a r a l l e l  t o  CD in  F ig u re  ( A . l ) ,  we see  

t h a t  DE = AE and DE = (C E /tan  tt) .  We know t h a t  CE = a ( 0 ,5 ) ,

AE = - g ( a ( 0 ,5 ) ,p )  and ta n ( i r ( 0 ,5 ) )  i s  th e  s lo p e  o f  m a rg in a l c o s ts  a t  

(4 q + g ( o ( 0 ,5 ) ,p ) ) .  Mote t h a t  m a rg in a l c o s ts  have t h e i r  s m a l le s t  s lo p e  

a t  q  = 0 , in d e p en d en t o f  ( 0 ,5 )  and d e f in e  M' t o  be  th e  v a lu e  o f  th e  

s lo p e  a t  t h a t  p o in t  ( C ^  -  ^  C-jr i  qQ) .  Then, s in c e  (0 ,5 )  i s  a r b i t r a r y ,  

f o r  any  ( 0 , 5 ) su ch  t h a t  a ( 0 , 5 ) > 0 ,

( - g ( a ( 0 , 5 ) , P ) )  = n r  

£  DE

= ( a ( 0 ,5 ) / t a n  ir)

< (o (0 ,5 ) /M » ) .

m j

P

F ig u re  (A .l)
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On th e  o th e r  h a n d , suppose t h a t  ( 0 ,1 )  i s  a r b i t r a r i l y  chosen  such  

t h a t  a ( S ,5 )  < 0 ; th e  o u tp u t d is tu rb a n c e  i s  th e n  p o s i t i v e .  N o tic e  in  

F ig u re  (A .2 ) t h a t  EB = ED and ta n (5 (0 j ,5 ) )  i s  th e  s lo p e  o f  m a rg in a l c o s t  

a t  th e  p o in t  (4 Q + g ( o ( 6 ,5 ) ,p ) ) .  T h e re fo re ,

g ( o ( 0 ,5 ) ,p )  = EB >_ED = - ( a ( 0 , f ) / t a n ( 6 ( 0 , 5 ) ) ) »

The h ig h e s t  v a lu e  p can  assume i s  th e  l e a s t  u pper bound o f  B ^ (0 ,n ) o v e r 

a l l  s t a t e s  o f  n a tu re  ind ex ed  by n . He c e r t a i n l y  do n o t  lo s e  econom ic 

g e n e r a l i ty  in  assum ing t h a t  t h a t  bound i s  f i n i t e .  D efine qmax t o  b e  th e  

p o in t  w here th e  m a rg in a l c o s ts  in  th e  l e a s t  c o s t l y  s t a t e  o f  n a tu re  e q u a l 

t h i s  u p p er bound and o b se rv e  t h a t  th e  s lo p e  o f  m a rg in a l c o s ts  a r r i v e s  

a t  i t s  r e le v a n t  maximum a t  t h a t  p o in t .  I f  we d e f in e  M" to  be t h a t  s lo p e  

< C1 1  + j  ) ,  we conclude  t h a t  f o r  any ( 0 , 0  such t h a t

o ( 0 , 5 ) < 0 ,

g (a (0 ,5 ) ,f> )  > ( - a ( 0 ,5 ) / t a n 5 ( 0 ,5 ) >  > -o (0 ,5 )/M '* .

F ig u re  (A .2 )
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Appendix B

In  o rd e r  to  de te rm in e  th e  (q  i = l ,  . . . ,  n )  as  d e f in e d  in  Sub-"oi

s e c t io n  3 . 1 . 2 , we m ust s o lv e  th e  fo llo w in g  system  o f  e q u a tio n s :

° 1 ( 0 1 ) + Cl l (% r V ) = ° i ( e i ) + Cl l (^ o i‘ ^ o i ) v i= 2 *-***n *

n
I  (q  . -  3 . )  = 0  . L. Hoi Mo i  i= l

W ritin g  t h i s  system  in  m a tr ix  n o ta t io n ,

cll - CL
0  . . . % 1  ■‘ ^ o l a 2 ( e 2 ) -  W

cii
•••

0

•••

<.  -  
•

•
•

. . .  0

•
•
•

^ 0 2  ■'  ^o 2 ° 3 ^ 0 3^ -  “ i ( e i >

•
•
•

•
•

c ^

•
•
•
•

o

•
• •

•

•
•
•
•

0  - c ” , ct ( 0 )

•
•
•
•

-  a . ( 0 . )
U1 1 11 n n 1  1

1 1 1  1 ^on ■ « o 2
0

so  t h a t  by C ram er’s  R u le , we se e  t h a t

,2

^ o i  ”  ^ o i

1
11
1
11

-C

1
11
1
11

11

0

0

0

1

. . .
(Og—O^) . ..

(da "Cl. ) . . .
X • <L

• • •  c

- c11
1

-2 2 7 -
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In d u c tio n  on th e  number o f  f irm s  i s  r e q u ir e d  t o  compute t h e  d e te rm in a n ts

in  e q u a tio n  ( A . l ) ;  we w i l l  t a c k le  th e  d enom inato r f i r s t .  To s im p lify
•  •

t h e  c a l c u la t io n ,  we assume t h a t  f o r  a l l  i  and j .  We q u ic k ly

verify* t h a t  f o r  n = 2 and n = 3 , th e  d enom inato r e q u a ls  n C ^ ” ^ .  We 

th e r e f o r e  assume t h a t  f o r  n = m,

C11 - Cl l   0

'11

'11

1

= mC,m-l
11 *

and seek  an e x p re s s io n  f o r  th e  s o lu t io n  when n = (m+1 ) on th e  b a s is  o f  

t h a t  a ssu m p tio n . By re a r r a n g in g  columns and ro w s , we s e e  t h a t

C11 “ CU * 

C11 0
= ( - 1)

m- 1

'11

C1 1  -C1 1 '

'11
1

-C
11

0

* -Cl l  ° 
1  1

11

“ Cl l  °  *** 0

-c11 + ( - l )nrt‘1( - l ) n*’1c11

11 11

C11 °.

= ( -  I ) ® ” 1  ( -  I ) ® ” 1  + ( -  l ) 2® Cn  (m C®"1 )

= (m + 1 ) C jr
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We can now a t t a c k  th e  num era to r in  l i k e  fa s h io n . For n = 2 ,

C1 1  ( 0t2 " ° l ) C1 1

* ( “ 2  -  a l>  *

1  0 0 1

For n = 3 , th e r e  

(1 ):

( 2):

( 3 ) :

G e n e ra liz in g  th e s e  r e s u x x s , we assume xnax r o r  n  = m ana  r o r  any i  

th e  d e te rm in a n t e q u a ls

cJ i  °k(e,') ' (” ' “  c“ 2
k / i

and q u e s tio n  i t s  v a lu e  when n = (m+1 ) :

a r e  th r e e  p o s s ib le  c a s e s :

'11

'11

1

-c11
1

C1 1  (W 2 “ 2 >

< « ,-« !>

( V V

-c11

0 -c11

1

C11 (V “3 -2ai>

'11

: 1 1

1

-c11

0

^° 2 _0 l )

( a 3 -a i> C11 (a l +a3‘ 2 a 3 )
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C 1 1  ~ C1 1

'11

( i )

*(V ° 1 )
* * . -c 11

1

= ( - 1)m- 1

(i)
c .. . .  -C..L11 m+l 1 11
C11 -Ci i " - V ai  •• *«c * .“11' i . 10

ci r •  • • • • •  Q • •  •m # 1 -cl l  0

i .
•

( i )

- C n - o f O i ..........? cn  c i i  : ............ )

0• e • • : - c i i

= ( - D ^ f C y • * •• Q* "Cl* •• x • JL •

: ;
9

c i a . — I ”  0 1
: : .11

’ • c
: : * . n

1 . . . .  0 ............1 i ...................: ............. i

+ ( - 1 ) " H'1 C11C I  ak (0k ) - ( m - l ) a i (0 i ) ] C ^ }  
k = l 
k * i

m p.hi-2 . (A .2)

m _ 2  m_ 2
The f i r s t  d e te rm in a n t i n  (A .2 ) e q u a ls  ( - 1 )  ~ C^~ ( a . - o ^ ) , s in c e  th e  

( O j - a ^ - s u b m a t r ix  h a s  a  row o f  z e r o s .  The second  m a tr ix  i s  a  b i t  s t i c k i e r .  

An in d u c t io n  argum ent s i m i l a r  t o  t h a t  u sed  t o  compute th e  denom inato r 

r e v e a l s ,  how ever, t h a t  i t  e q u a ls  ( - l ) m"’1 C®“1 . The e x p re s s io n  on th e  

r i g h t  hand s id e  o f  (A .2 )  th e r e f o r e  re d u c e s  t o

a . s2m-3_m-l . * /  _ % ,  % — 2  —.tn—1  . .- 1 )  C1JL ( o . - a ^  + ( - 1 )  ( - 1 )  CX 1  (a m + 1  -  0 l )

+ ( - I ) 2® C® ’ 1  [  I  ok (0 k ) -  (m -1) o . ( 0 . ) ]  c” "*} 

k / i

m „m-2 .

m+ 1 m- 1

*  ^  W  -  < - >  W 3 c I i

w i
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T hus, we have shown t h a t  th e  num era to r o f  (A .l )  i s  p r e c i s e ly  

m+ 1  ,
w  -  c T ik = l

m

f o r  any i  a n d , a s  a  r e s u l t ,  we have shown th a t

(% i ‘ 4 o i ) = C E ° k ( 0 k ) “ (n_1) « i< 0 i ):,/nCi r  k = l
k / i

f o r  any i  = 1 , . n .

§;•
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Appendix C

We a r e  r e q u ir e d  t o  p rove  th e  fo llo w in g  c o r o l l a r y  when th e  c o r r e l a ­

t i o n  c o e f f i c i e n t  a c ro s s  id e n t i c a l  f irm s  i s  p o s i t i v e .

C o ro l la ry  1 (page 11*0:

Suppose t h a t  q u a n t i ty  c o n t ro ls  a r e  p r e f e r r e d  when th e  

in d u s t r y  i s  ta k e n  as  a  w hole. T here e x i s t s  a  su b se t o f  

m f irm s  such  t h a t  a  mix th a t  c o n t ro l s  th o s e  in firm s by 

p r i c e s  and th e  rem a in in g  (n-m) f irm s  by q u a n t i t i e s  i s  

f a v o re d  to  in d u s try -w id e  q u a n t i ty  c o n t r o l  i f  and o n ly  i f

t o  be th e  co m p ara tiv e  advan tage  o f  p r ic e s  o v e r q u a n t i t i e s  f o r  a  su b se t 

o f  m f irm s  ta k e n  in  th e  c o n te x t o f  th e  cu m u la tiv e  p o s i t io n  in  th e  in d u s ­

t r y  (p i s  th e  c o r r e l a t i o n  c o e f f i c i e n t  o f  o u tp u t  v a r ia t io n  under p r ic e s  

a c ro s s  f i r m s ) .  Then
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( l / n ) |B u /C11 | < 1 ( 3 .2 .5 )

R e c a l l  t h a t  we have d e f in e d

Bi i 0  2
A(m/n) = ( m /n ) { p [ ^ ( - ~ — ) + ^  + (1 -p )  [■ n 2. 2  n

2 2
n 2 •) + 2

(l/n^B^CjjJ <1

< ^ > ( 1  + ( l / n ) ( B u /C 11) )  > 0  

2 B „ o 2
< - ^ ( l / n ) ( 2 - +  i  ( - ^ —)) = A ( l/n )  > 0 

2  n  2  —

We c o n c lu d e , t h e r e f o r e ,  t h a t

-2 3 2 -
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( 1 /n ) |B 1 1 /C1 1 | > 1  

im p lie s  t h a t  A ( l /n )  <_ 0 . O bserv ing  t h a t

A(m/n) <_ A ( l /n )  ; V m >_ 1 

when p > 0 , we s e e  t h a t

( I A O I B j j /C jjJ  > 1

im p lie s  im m ed ia te ly  t h a t

A(m/n) <. A ( l / n ) . <. 0 ,

a s  w e ll .  T here  can n o t e x i s t  any s u b s e ts  in  which p r i c e s  a r e  p r e f e r r e d  

a s  lo n g  a s  ( 1 /n )  I b ^ / C ^ I  > 1 .

C o n v e rse ly , when (1 /n )  Ib^ / C ^ I  £ 1 ,  th e n  A ( l/n )  £ . 0 ,  so  t h a t  th e r e  

e x i s t s  a t  l e a s t  th e  s in g le to n  s u b se t f o r  which p r ic e s  a re  p r e f e r r e d .  

S u f f ic ie n c y  i s  th e r e f o r e  t r i v i a l l y  co n firm ed . The o p tim a l number o f  

f irm s  in  th e  p r i c e  c o n t ro l le d  s u b s e t ,  m, can  e a s i l y  b e  shown t o  be th e  

in te g e r  c l o s e s t  t o

p - l - n C C - . /B . ,)

,  K ,.
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